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METHODES  MODERNES  D' ANALYSE  ET  DE  TRAITEMENT  DU  SIGNAL  UTILISEES  EN  ACOUSTIQUE  ET 
VIBRATION  ET,  PLUS  PARTICULIEREMENT ,  APPLIQUEES  A  L ' AEROACOUSTIQUE 


par  M.  PERULLI* 

Chef  de  la  Division  Acoustique 

Office  National  d' Etudes  et  de  Recherches  Aerospatiales ,  92320  Chatillon  -  FRANCE 


RESUME 


Apres  une  breve  revue  des  procedes  classiques  de  traitement 
du  signal,  de  nouvelles  methodes  sont  presentees  en  precisant 
leurs  bases  ainsi  que  leur  champ  d' applications .  Sur  des  exem- 
ples  concrets,  leur  mise  en  oeuvre  est  decrite.  A  titre  -d' illus¬ 
tration,  les  interactions  entre  acoustique  et  vibrations  sont 
exposees  dans  le  cas  du  rayonnement  en  champ  acoustique  loin- 
tain. 


MODERN  DATA  ANALYSIS  TECHNIQUES  IN  NOISE  AND  VIBRATION  PROBLEMS  WITH 
PARTICULAR  EMPHASIS  ON  AEROACOUSTIC  APPLICATIONS 


ABSTRACT 


After  a  brief  review  of  classical  methods,  the  principles 
and  general  theorems  and  domains  of  application  of  modern  me¬ 
thods  of  data  analysis  will  be  presented.  This  will  be  followed 
by  details  of  the  instrumentation  requirements  for  the  implemen¬ 
tation  of  these  methods  and  of  the  practical  problems  which  ari¬ 
se.  Finally,  applications  to  noise  and  vibration  problems  will 
be  considered,  with  reference  to  particular  examples,  many  of 
which  are  chosen  to  illustrate  the  intimate  connection  between 
acoustics  and  vibrations  in  aeroacoustics . 


1 .  INTRODUCTION 


Dans  les  domaines  de  1’ acoustique  comme  dans  celui  des  vibrations  le  traitement  du 
signal  integre  dans  une  methodologie  de  travail  prend  de  plus  en  plus  d' importance .  En 
effet,  l'ingenieur,  pour  un  obiectif  donne,  doit  concevoir  un  schema  logique  lui  permet- 
tant  d'atteindre  cet  objectif  (fig.  1). 

L'objectif  etant  fixe,  le  chercheur  definit  alors  et  met  en  oeuvre  le  ou  les  dispo- 
sitifs  de  prises  d' inf ormations  :  moyens  les  mieux  appropries  pour  sonder  le  systeme  a 
analyser.  Ces  moyens  peuvent  etre  : 

-  des  transducteurs  sensibles  a  la  pression,  a  1* acceleration,  aux  deplacements,  a 
la  temperature,  etc... 

-  des  systemes  optiques  de  detection  :  radiometrie  infrarouge,  mesures  de  vitesse 
par  effet  Doppler,  strioscopie,  mesures  de  concentration  par  fluorescence,  mesures  de 
densite  par  diffusion  Rayleigh,  etc... 

Puis  le  chercheur  analyse  ces  informations  ainsi  que  les  traitements  les  plus  per- 
formants,  compte  tenu  : 

i  )  de  la  pauvrete  des  prises  d' inf ormations ,  c!est-a-dire  de  leur  caractere  gene- 
ralement  partiel,  car  limite  dans  leurs  performances  et  lacunaires  dans  leur  repartition 
spat i ale  ; 

i^)  de  la  definition  de  niveaux  de  controle  de  ces  informations  au  cours  de  leur 
traitement  afin  d'en  assurer  la  validite  dans  le  cadre  de  la  methodologie  choisie  ; 

i?)  de  ce  que  1 ’ enchainement  des  operations  permettra  d'atteindre  l'objectif 
choisi  ; 

i^)  des  eventuels  defauts  de  la  methodologie  eu  egard  aux  objectifs  initialement 
fixes. 


*et  Prof esseur  a  1 'Uni vers it e  de  Technologie  de  Compiegne 


2 


Les  differents  exposes  qui  seront  presentes  au  cours  de  cette  semaine  de  travail 
n1 aborderont  pas  1* aspect  descriptif  des  moyens  de  prises  d’ inf or mat ions .  Neanmoins 
ceux-ci  seront  parfois  presentes  sommairement  afin  de  pouvoir  discuter  les  limitations 
des  procedes  decrits. 

Par  contre,  1’ accent  sera  mis  sur  le  choix  de  methodes  d’ analyse  et  de  traitement 
du  signal  face  a  des  objectifs. 

Cela  amenera  a  rappeler  des  notions  d' acoustique  et  de  vibrations  au  travers  d’un 
souci  commun  :  le  rayonnement  acoustique  en  champ  lointain. 

En  effet  que  ce  soit  pour  les  moyens  de  transport  dont  1*  aeronaut ique  civile,  les 
equipements  militaires,  1* Industrie  lourde,  les  Mens  de  consommation,  etc...  ce  souci 
est  maintenant  un  parametre  dimensionnant  pris  en  compte  au  niveau  des  avant-pro jets . 
Cette  prise  en  compte  est  justifiee  soit  par  la  legislation,  en  vigueur  ou  a  venir,  soit 
par  des  raisons  de  securite. 

Le  theme  dominant  de  ce  cours  (commun  a  1' acoustique  et  aux  vibrations)  conduit  de 
fagon  naturelle  a  presenter,  parallelement  aux  methodologies,  les  aspects  fondamentaux 
des  methodes  de  traitement  du  signal,  en  s'attachant  a  bien  faire  ressortir  : 

-  leurs  hypotheses  de  base, 

-  leurs  champs  d ’ application, 

-  leurs  utilisations  effectives  en  precisant,  en  particulier,  les  impasses  que  1'on 
est  oblige  de  faire  dans  ces  utilisations. 

Be  ce  fait,  les  seances  de  travail  de  cette  semaine  constituent  une  balance  dont  on 
trouve  dans  les  plateaux  : 

-  d’une  part,  le  point  de  vue  du  chercheur  attache  a  des  objectifs  et  pour  lequel 
le  traitement  du  signal  est  un  outil,  ce  chercheur  souhaitant  connaitre  a  priori  la  me- 
thode  de  traitement  ou  le  mode  de  representation  le  plus  performant 

et 


-  d' autre  part,  le  specialiste  de  methodes  de  traitement  du  signal  plus  rigoureux 
dans  les  principes  et  qui  est  pret  a  les  ajuster  compte  tenu  des  informations  accessi- 
bles  et  des  objectifs  a  atteindre. 

Aussi  ne  doit-on  pas  s'attendre  a  des  developpements  theoriques  tres  fondamentaux 
et  tres  rigoureux  mais  a  des  presentations  basees  sur  des  compromis  dans  lesquels  le 
pragmatisme  n’est  pas  exclu  mais  dans  lesquels  les  fondements  rigoureux  restent  sous- 
jacents . 

2.  MODES  DE  REPRESENTATION 


II  est  tres  ambitieux  de  vouloir  effectuer  une  presentation  exhaustive  des  diffe- 
rentes  transformations  auxquelles  on  peut  soumettre  un  signal  dans  le  cadre  de  la  theo- 
rie  des  representations. 

A  titre  d ' introduction  a  cette  serie  d1 exposes,  nous  allons  tenter  de  degager  les 
grandes  lignes  des  theories  qui  seront  presentees  en  essayant  de  les  classer.  Pour  ce 
faire,  nous  nous  aidons  fortement  du  cours  de  M.  B.  PICINBONO,  [13  Professeur  a  l'Uni- 
versite  d'Orsay,  a  l’Ecole  Superieure  d ’ Electricite  et  Directeur  du  Laboratoire  des  Si¬ 
gn  aux  et  Systemes. 

3.  CLASSIFICATION  DES  SIONAUX  ET  DES  MODES  DE  FILTRAGE 


Les  signaux  que  nous  rencontrons  generalement  sont  : 

a)  -  a  temps  discrets  ou  continu.  Pour  les  specialistes  de  1' acoustique  ou  des  vibra- 
tions^  il  s’agirait  d’une  suite  de  nombres  semblable  a  celle  que  l'on  obtient  par  echan- 
tillonnage  de  signaux  continus  dans  le  temps  ; 

b)  -  a  valeurs  discretes  ou  continues.  II  est  evident  que  des  signaux  numeriques  sont 
tou jours  a  valeurs  discretes  mais  on  ne  peut  af firmer  a  priori,  sauf  redondance  et  pre¬ 
cautions  particulieres ,  que  des  signaux  a  valeurs  discretes  representent  des  signaux  a 
valeurs  continues  ; 

c)  -  signaux  deterministes  a  temps  et  valeurs  continus.  On  sait  qu’ils  sont  bien  decrits 
par  leur  transf ormee  de  Fourier  (T.E.)  ou  de  Laplace  (T.L.)  c’est-a-dire  qu’ils  sont 
parfaitement  compatibles  avec  le  filtrage  lineaire. 

En  fait,  c'est  le  filtrage  lineaire  qui  introduit  les  representations  de  Fourier  et 
de  Laplace  (cf.  B.  PICINBONO)  dont  les  proprietes  essentielles  sont  : 

i)  un  filtre  lineaire  est  un  convoluteur  continu  ou  discret, 

i2)  un  filtre  lineaire  est  un  systeme  lineaire  et  invariant  dans  le  temps, 

i^)  les  filtres  lineaires  sont  des  sjystemes  lineaires  dont  les  fonctions  propres 
sont  les  signaux  exponentiels  :  ce  resultat  est  d’une  importance  pratique  capita- 
le. 
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Be  ces  proprietes  on  deduit  : 

-  la  fonction  de  transfert  du  filtre  H(p)  qui  est  reliee  a  la  transformee  de  Laplace  bi- 
laterale  R(t ) , 

-  le  gain  complexe  du  filtre  lineaire  H(2  in  v)  =  G(v ) , 

-  les  fonctions  propres  des  filtres  lineaires  qui  constituent  une  base  pour  le  develop- 
pement  des  signaux. 

II  est  a  remarquer  que  dans  le  cas  de  signaux  discrets,  le  filtrage  lineaire  dis- 
cret  est  un  convoluteur  discret  et  les  fonctions  propres  de  ce  filtrage  sont  les  expo- 
nentielles  zn  ;  la  transformee  z  (T.z)  est  alors  definie  par  la  suite  discrete  : 

x(z)  =  I  xn  z~n 

Bans  le  cas  de  ces  signaux  deterministes  a  temps  et  valeurs  continus,  une  propriete 
fondamentale  pour  les  applications  est  a  rappeler  :  la  T.P.  d'une  fohction  reelle  x(t) 
possede  une  symetrie  hermitienne  ce  qui  entraine  que  les  frequences  negatives  n'appor- 
tent  aucune  information  nouvelle  sur  x(v).  On  definit  le  filtre  en  quadrature  Fq  qui 
associe  a  tout  cosinus  le  sinus  de  meme  frequence  et  on  passe  de  x(t)  a  y(t)  par  la 
transformation  de  Hilbert  definie  par  : 

y(t)  =  f  — x  dQ  ,  sachant  que  x(t)  =  f  — - — dB 

n (t  -  B)  Ji(t  -  e; 

On  peut  alors  definir  un  filtre  analytique  F^  par  :  F^  =  Fj  +  i  Fq  qui  per- 
met  de  construire  le  signal  analytique  (S.A.)  z(t)  associe  au  signal  reel  x(t) .  On  mon- 
tre  alors  que  les  parties  reelles  et  imaginaires  du  S.A.  sont  transformees  de  Hilbert 
l'une  de  1* autre.  Cette  propriete  se  retrouve  dans  1' etude  de  la  causalite  :  ce  qui  de¬ 
finit  un  critere  pratique  caracterisant  un  signal  done,  par  extension,  le  milieu  emet- 
tant  ce  signal.  (Rappelons  que  si  le  signal  x(t)  est  nul  pour  t  <  0,  on  dit  qu'il  est 
causal.  Bans  ce  cas  sa  T.L.  est  monolaterale  et  la  T.L.  bilaterale  est  equivalente  a  la 
T.F.). 

Mentionnons,  de  plus,  que  pour  ces  signaux  on ^peut  egalement  utiliser  des  filtres 
dynamiques,  des  filtres  numeriques  et  des  filtres  recursifs.  Les  theories  correspondan- 
tes  seront  presentees  par  ailleurs. 

d)  -  Signaux  aleatoires  a  temps  continus  et  discrete ..  Nous  savons  que  le  signal  aleatoi- 
re  se  differencie  du  signal  deterministe  par  le  fait  qu'il  a  une  forme  imprevisible  a 
l'avance  et  qu'il  ne  peut  etre  decrit  par  une  fonction  mathematique  x(t)  connue. 

Be  ce  fait  et  par  usage  (cf.  le  cours  de  M.  B.  PICINB0N0) ,  on  introduit  des  notions 
de  calcul  des  probabilites  et  de  variable  aleatoire  (Y.A.).  J.K.  HAMMONB  presentera  de 
fagton  plus  rigoureuse  les  notions  de  base  associees  a  ces  signaux,  sachant  que  l'on 
transpose  au  cas  des  signaux  aleatoires  les  notions  d' analyse  utilisees  pour  des  signaux 
deterministes.  Be  plus,  on  considere  des  proprietes  specifiques  sans  lesquelles  le  trai- 
tement  de  ces  signaux  se  heurterait  a  de  serieuses  difficultes  : 

i)  la  stationnarite  :  cette  propriete  des  signaux  aleatoires  (S.A.)  implique  que 
certaines  de  leurs  proprietes  statistiques  sont  invariantes  dans  toutes  trans¬ 
lations  de  l'origine  du  temps.  On  peut  montrer  que,  sous  certaines  hypotheses, 
cette  propriete  se  conserve  par  filtrage  lineaire  ; 

i2)  1 1 ergodisme  :  cette  propriete  des  S.A.  est  beaucoup  plus  subtile.  Elle  equi- 

vaut,  en  gros,  a  considerer  que  des  moyennes  d' ensemble,  en  general  inaccessi- 
bles,  sont,  dans  la  pratique,  approximables  par  des  moyennes  temporelles  pri¬ 
ses  sur  une  epreuve,  tout  au  long  de  l'histoire  du  mecanisme  considere. 

Suite  a  ces  quelques  rappels  de  base  qui  conduisent  aux  notions  classiques  de  cor¬ 
relations,  de  moments,  de  densites  spectrales  pour  lesquelles  la  notion  de  filtrage  li¬ 
neaire  reste  valable,  nous  allons,  a  1'aide  d'exemples  concrets,  montrer  d’autres  deve- 
loppements  dont  les  premices  sont  prometteuses . 

4.  SIGNATURES  COMPAREES 


Une  premiere  idee  consiste  a  se  demander  dans  quelle  mesure  la  signature  acoustique 
d'une  distribution  circulaire  de  sources  monopolaires  coherentes  en  phase,  differe  de 
celle  d'une  distribution  incoherente. 

Cette  situation  se  trouve  pratiquement  dans  le  cas  d ' ecoulements  libres  issus  d'une 
tuyere.  En  effet,  la  zone  de  melange  se  compose  d'une  zone  laminaire  (cone  potentiel) 
entouree  d'une  couronne  circulaire  fluctuant e  dans  laquelle  se  superposent,  d'apres 
1' experience  et  certaines  theories,  des  structures  deterministes  et  des  structures  alea¬ 
toires.  La  question  fondamentale  qui  se  pose,  en  vue  de  la  reduction  du  champ  sonore 
lointain,  est  la  contribution  sonore  relative  de  ces  deux  classes  de  structures  qui  cor¬ 
respondent  a  des  mecanismes  physiques  differents. 

Une  amorce  de  reponse  est  apportee  a  1'aide  de  mesures  circulaires  effectuees  en 
champ  lointain  par  deux  microphones.  En  effet,  1'un  etant  fixe,  l'autre  mobile  sur  un 
cercle  centre  sur  l'axe  de  1'ecoulement  et  situe  dans  le  plan  des  sources,  on  calcule  la 
fonction  d*  intercorrelation  spatiale  qui  ne  depend  que  de  1' angle  separant  les  deux 
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microphones  [2]  .  On  constate  la  quasi-impossibilite  de  distinguer  la  signature  de  ces 
deux  sortes  de  structure  des  que  le^ nombre^ des  modes  azimutaux,  existant  simultanement 
dans  les  sources  coherentes,  est  superieur  a  6. 

La  figure  2  est  relative  a  un  nombre  de  Strouhal  fD/C  =  ( 1  / n )  w  r0/C  -  0,32  et  la 
figure  3,  au  nombre  de  Strouhal  Str  -  1,6.  II  est  a  remarquer  que  cette  propriete  est 
conservee  en  champ  proche  :  figure  4  pour  Str  -  0,32  et  figure  5  pour  Str  -  1,6. 

Ces  resultats  montrent  les  difficultes  d'une  interpretation  physique  des  resultats 
de  mesure  dont  les  signaux  ont  ete  traites  suivant  une  certaine  logique  :  systeme  cylin- 
drique  d'ou  correlations  polaires,.  Seulement  cette  logique  conduit,  dans  ce  cas,  a  une 
impasse. 

5.  SIGNATURE  ACOUSTIQUE  D'UN  PAQUET  D 1 ONDES 


Prenons  comme  objectif  d'une  etude  de  bruit  d ' ecoulements  libres,  la  confrontation 
aux  modelisations  theoriques  (cf.  fig.  1). 

5.1  -  La  modelisation  d' ecoulements  libres  subsoniques  repose  essentiellement  sur  des 
concepts  de  turbulence  stationnaire .  De  ce  fait,  des  correlations  spatio-temporelles  ef- 
fectuees  dans  le  volume  source  de  bruit  devraient,  par  double  af finite,  conduire  a  une 
courbe  unique  etroitement  liee  a  la  fonction  de  correlation  de  ce  volume  source. 

La  figure  6,  qui  n'est  qu'un  exemple  parmi  d'autres,  montre  qu'il  existe,  d'une 
part,  une  dispersion  non  negligeable  des  temps  et  des  amplitudes  d'ou  une  non-stationna- 
rite  du  milieu  et,  d' autre  part,  la  presence  de  parties  negatives  dont  1' amplitude  non 
negligeable  laisse  presager  que  l'on  se  trouve  en  presence  d'un  probleme  multi-echel- 
les . 


5.2  -  Dans  le  but  d'effectuer  une  bonne  separation  d’echelles,  nous  avons  developpe 
des  techniques  de  traitement  du  signal  faisant  appel  au  filtrage  non  lineaire  et  basees 
sur  1' echantillonnage  conditionnel  [33  •  Elies  nous  permettent  de  suivr7^  Involution  de 
paquets  d'ondes  definis  par  des  criteres  d' amplitude  et  de  phase,  de  telle  sorte  que 
l'on  puisse  en  prevoir  ou  en  montrer  les  consequences  acoustiques  [4,  5,  6]  ,  avec  ou 
sans  recouvrement  frequentiel  partiel  du  a  des  mecanismes  differents. 

Pour  illustrer  cette  separation  d'echelles,  nous  presentons  des  vues  obtenues  dans 
un  jet  libre  chaud  de  forte  vitesse  a  l'aide  de  la  strioscopie  conditionnelle  a  couteau 
(fig.  7)«  Cette  methode  equivaut  a  effectuer  de  la  stroboscopie  a  partir  des  conditions 
(amplitude  et  phase)  appliquees  a  un  signal  (issu  d'un  radiometre,  d'un  microphone,  d'un 
fil  chaud  ou  d'un  anemometre  laser).  Ainsi  en  superposant  les  images  obtenues  avec  quel- 
ques  centaines  d' eclairs,  on  isole  le  phenomene  choisi  (c ' est-a-dire  que  l'on  ameliore 
le  rapport  signal  sur  bruit  au  sens  du  contraste)  (fig.  8),  puis  a  l'aide  d'un  disposi- 
tif  electronique  on  peut  faire  se  deplacer  le  phenomene  visualise  et  definir  ainsi  son 
domaine  d' existence.  Sur  la  figure  9,  trois  images  sont  presentees  : 

a)  la  structure  est  assez  nette  ; 

b)  on  l'a  deplacee  arbitrairement  et  elle  commence  a  se  degrader  ; 

c)  elle  se  degrade  de  plus  en  plus  pour  disparaitre. 

Connaissant  les  conditions  de  traitement  du  signal,  on  peut  deduire  la  vitesse  a 
laquelle  se  deplace  le  phenomene  ainsi  isole  et  son  extension  spatiale. 

5.3  -  Dans  1' exemple  presente  ci-dessus,  1 ' inf ormation  microphonique  quantifiee  (en 
amplitude  et  phase)  permet  d'y  associer  un  mecanisme  physique  dans  le  volume  source  de 
bruit.  Lorsque  celui-ci  n'est  pas  accessible  on  peut  effectuer  un  releve  d ' inf ormations 
de  pression  instationnaire  en  champ  proche  sous  forme  d'une  matrice  plane  dont  on  peut 
deduire  des  lignes  d' isophase  et  d ' iso-amplitude . 

Avec  le  souci  precedent  de  connaitre  l'efficacite  acoustique  d'un  paquet  d'ondes  on 
peut,  de  plus,  deduire  ces  lignes  isophases  et  iso-amplitudes  correlativement  a  un  petit 
element  de  volume  de  l'ecoulement  libre.  Un  exemple  est  presente  sur  les  figures  10  et 
11: 


-  la  figure  10  represente  des  lignes  iso-amplitude  dont  la  directivite  semble  indiquer 
que  1' emission  maximale  serait  proche  du  plan  de  sortie  de  la  tuyere  ; 

-  la  figure  11  montre  des  lignes  isophases.  II  est  a  mentionner  que  la  distance  entre 
deux  isophases  dont  la  difference  est  egale  a  2  n  est  compatible  avec  la  celerite  du 
son  a  1 1  inf ini . 

On  deduit  ce  remarquable  resultat  :  en  terme  de  longueurs  d'ondes  rapportees  au 
diametre  de  la  tuyere,  le  champ  proche  contient  des  paquets  d'ondes  dont  une  partie  de 
son  energie  est  vehiculee  a  la  vitesse  du  son,  done  est  propagative. 

6.  TRAITEMENT  SYNCHRONE  NON  LINEAIRE 


Dans  le  cas  de  systemes  tournants  en  mouvement,  le  traitement  synchrone  non  lineai¬ 
re  ameliore  de  fagon  remarquable  le  rapport  signal  sur  bruit  et  surtout  facilite  la  con¬ 
frontation  avec  la  theorie. 
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6.1  -  Pour  des  systemes  tournants  au  point  fixe,  le  depouillement  des  mesures  en 
synchronism©  avec  la  rotation  est  maintenant  classique  et  fournit  des  inf ormations ,  en 
general,  simples  d ' interpretation  et  inaccessibles  autrement. 

Dans  le  cas  de  la  propagation  du  son  dans  des  conduits,  la  mesure  des  spectres  de 
nombres  d' ondes  a  quitte  le  domaine  du  laboratoire  pour  etre  aisement  utilisee  par  les 
industriels.  II  est  ainsi  possible  de  verifier  la  relation  de  dispersion  et/ou  des  codes 
de  calcul  de  propagation  en  milieux  heterogenes  (cf.[7]par  exemple) . 

6.2  -  Pour  des  systemes  tournants  en  mouvement  il  n'en  est  plus  de  meme.  Prenons  le 
cas  d'une  mesure  de  bruit  de  survol  d'avion  de  tourisme  [8] . 

Entre  la  source  de  bruit  et  le  point  de  mesure  au  sol,  les  ondes  sonores  sont  dis- 
persees  et  absorbees  par  1! atmosphere ,  puis  se  reflechissent  au  sol.  Cette  derniere  pha¬ 
se,  a  laquelle  nous  nous  interesserons  ici,  peut  modifier  fortement  le  bruit  pergu  par 
un  microphone  situe  a  1,2  m  du  sol,  par  rapport  a  ce  qu'il  serait  en  espace  libre. 

6.2.1  -  Reflexions  au  sol 

L' avion  effectuant  son  survol  a  une  altitude  de  1000  pieds,  les  ondes  acoustiques 
qui  atteignent  le  sol  peuvent  etre  representees  par  des  ondes  planes.  Au  voisinage  du 
sol,  il  se  cree  un  systeme  d 1  interferences  et  la  pression  a  une  hauteur  h  au-dessus  du 
sol  resulte  de  la  superposition  du  champ  direct  et  du  champ  reflechi. 

Il  existe  de  nombreux  modeles  pour  representer  les  proprietes  de  reflexion  du  sol, 
mais  nous  n'avons  retenu,  dans  cette  premiere  approche,  que  le  modele  le  plus  simple  : 
le  sol  a  .une  impedance  reelle. 

Les  interferences  entre  le  champ  direct  et  le  champ  reflechi  se  caracterisent  loca- 
lement  par  1* existence  de  frequences  pour  lesquelles  1* interference  est  totale  (frequen¬ 
ces  d’ extinction) . 

Il  est  classique  que  les  frequences  d' extinction  (fig.  12)  pour  une  onde  plane 

(2n  +  1  )c 

incidente  sous  un  angle  ot,  soient  prevues  par  la  formule  f^  =  - *  c'est-a-dire 

4h  sin  ct 

qu'elles  se  presentent  comme  des  "trous"  dans  le  spectre  de  bruit  regu,  a  des  frequences 
qui  sont  des  multiples  d'une  frequence  dite  frequence  fondamentale  d' extinction  du  si¬ 
gnal  (fig.  13);  Cette  derniere  est  fonction  de  la  position  de  1* avion  a  1* instant  ou  les 
ondes  ont  ete  emises  et  evolue  au  cours  du  survol. 

Cette  evolution,  calculee  theoriquement,  peut  se  comparer  a  ce  que  1'on  deduit  des 
mesures  de  survol  de  la  fagon  suivante  :  prenant  un  enregistrement  de  bruit,  qui  dure 
environ  30  s,  on  fait  une  analyse  spectrale  du  signal  toutes  les  secondes,  et  on  releve 
sur  chaque  spectre  la  frequence  d’ extinction  fondamentale  que  l’on  compare  aux  valeurs 
predites.  Malgre  le  faible  temps  df integration  (1  s) ,  1* evolution  rapide  des  spectres  en 
niveaux,  due  a  la  directivite  ^de  la  source,  et  le  deplacement  des  raies,  du  a  l'effet 
Doppler,  on  arrive  assez  bien  a  suivre  le  mouvement  de  l'appareil. 

De  la  comparaison  des  maxima  et  des  minima  successifs  des  niveaux  sur  les  spectres, 
on  peut  egalement  deduire,  dans  le  cadre  de  ce  modele,  la  valeur  du  coefficient  de  re¬ 
flexion  r. 

Celui-ci  est  donne  [9],  en  fonction  des  niveaux  de  pression  p(f)  par  : 

(1  +  r)2  |p(2nfd)| 2 
(1  -  r)2  | p(2n  +  1  )fd| 

6.2.2  -  Analyse  de  survols  :  traitement  du  signal 
a)  -  Principe 


L'idee  generale  est  d'eliminer  le  glissement  de  frequences  du  a  l'effet  Doppler 
cree  par  le  mouvement  de  lfappareil  en  pilotant  1’ analyse  de  Fourier  du  signal  par  une 
frequence  multiple  de  la  source  corrigee  de  l'effet  Doppler.  Le  probleme  principal  sou- 
leve  par  cette  procedure,  que  l1 on  trouve  evoquee  dans  la  litterature,  est  celui  de  la 
detection  de  la  frequence  de  pilotage. 

Certains  auteurs  [10]  ont  propose  de  proceder  a  une  trajectographie  optique,  de  de¬ 
terminer  par  le  calcul,  connaissant  la  position  et  la  vitesse  de  1' avion,  la  frequence 
que  l'on  devrait  theoriquement  percevoir,  et  d'asservir  la  numerisation  a  cette  frequen¬ 
ce.  Il  est  d'un  emploi  beaucoup  plus  souple,  et  c'est  la  solution  que  nous  avons  rete- 
nue.  d'asservir  la  numerisation  au  signal  acoustique  lui-meme  (t rajectographie  acousti- 
que) .  Les  difficultes  soulevees  par  cette  technique  et  les  procedures  utilisees  pour  les 
surmonter  sont  detaillees  en  [1 1 ] .  ■ 

b)  -  Resultats  de  1' analyse 


Les  traitements  ont  ete  faits  sur  des  enregistrements  de  bruit  de  survol  communi¬ 
ques  par  le  Service  Technique  de  la  Navigation  Aerienne  (STNA)  et  fournissent  : 
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-  devolution  au  cours  du  temps  de  survol,  d'une  frequence  caracteristique  de  l'appareil 
(fig.  H)  ; 

-  1' evolution  au  cours  du  temps  des  niveaux  sur  les  raies  que  l'on  desire  analyser  (fig. 
15  et  16). 

Si  f  est  la  frequence  emise  par  la  source,  M  le  nombre  de  Mach  d!  avancement ,  la 
frequence  pergue  lorsque  1* avion  est  a  l1 inf ini  amont  est  : 

f ^  =  — — -  et  ±2  = — -  lorsque  1' avion  est  a  1* inf ini  aval. 

1  -  M  1  +  M 


On  en  deduit  :  M  =  ^ — ~  ;  f  =  2fl  7r~ 

fi  +  f2  fi  +  f2 

Ces  resultats  sont  en  bonne  concordance  avec  les  conditions  de  vol  affichees. 
7*  CONCLUSIONS 


Ces  quelques  exemples  de  traitement  du  signal  au  sens  : 

-  d'une  numerisation  non  lineaire  des  informations  afin  de  s'affranchir  (ou  d'inclure) 
de  l'effet  Doppler  lie  au  mouvement  du  systeme, 

-  d'un  filtrage  non  lineaire  dans  le  but  de  privilegier  un  mecanisme  physique  particu- 
lier, 

montre  que  le  champ  d* investigation  est  vaste  d'autant  que,  dans  cette  presentation  in- 
troductive,  nous  avons  volontairement  omis  d'autres  techniques  de  traitement  : 

-  1* analyse  spectrale, 

-  1' analyse  factorielle, 

des  techniques  de  mesure  a  traitement  du  signal  integre  : 

-  1 ' intensimetrie  sonore, 

-  1* holographie  acoustique  dans  le  spectre  audible. 

Ces  techniques  feront  l'objet  de  presentations  specifiques. 

De  meme,  des  exposes  seront  consacres  a  la  definition  de  criteres  de  rayonnement  en 
champ  lointain  qui  completent  celui  presente  au  paragraphe  5*3  ci-dessus. 
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NON  CONDiTIONNE 


CONDITIONNEL 


Fig.  8—  Visualisation  par  strioscopie 
conditionnelie. 


Evolution  des  structures  visua Usees. 


Microphones 


Fig.  10 —  Lignes  d' iso-amplitude  entre  un  radiometre  et  fes 
microphones. 


Fig.  11  —  Lignes  isophases  correspondant  a  la  figure  10. 
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In  noise  and  vibration  problems,  the  basic  physical  phenomena  are  those  of  stress  wave  fields  in 
materials.  The  fundamental  nature  and  behaviour  of  these  fields  in  real  materials,  and  in  particular  any 
aspects  thereof  that  are  common  to  materials  in  general,  thus  are  of  especial  importance  in  connection  with 
questions  of  data  analysis  techniques,  both  because  the  development  and  use  of  such  techniques  is  in  response 
to  demands  for  ways  of  measuring  these  basic  physical  phenomena,  and  not  just  done  for  its  own  sake,  and 
because  in  real  material  systems  these  basic  stress  wave  phenomena  are  usually  very  complicated,  so  that  the 
type  of  technique  has  to  be  carefully  selected  and  interpreted  in  order  that  useful  rather  than  confusing 
information  is  obtained. 

The  most  important  aspect  of  fluctuating  stress  wave  fields  in  engineering  systems  of  materials,  in 
this  connection,  is  that  more  often  than  not  the  mechanical  behaviour  is  linear,  or  nearly  so:  in  other 
words,  the  principle  of  superposition  is  usually  applicable.  Even  when  physical  non-linearity  is  significant, 
the  notorious  difficulty  and  complexity  of  full  non-linear  theory  is  such  that,  for  engineering  purposes,  it 
is  usually  preferable  to  think  in  terms  of  theoretical  models  that  are  "piecewise  linear" ,  or  at  least  to 
use  "mathematically  linear"  tools,  such  as  Galerkin-type  methods  involving  linear  superposition  of  orthogonal 
"shape  functions",  etc.  The  well  known  Lighthill  "acoustic  analogy"  used  in  aeroacoustics  theory  in  fact  is 
an  important  case  in  which  all  the  non-linearity  is  consigned  into  a  supposedly  known  "equivalent  source" 
function  driving  an  "equivalent"  linear  system;  in  this  case  "piecewise  linearity"  has  been  taken  to  the 
limit,  with  all  the  non-linearity  being  taken  out  of  the  analysis  problem  itself,  and  with  quite  successful 
results. 

The  finite  difference  forms  of  the  partial  differential  equations  for  linear  continuous  mechanical 
systems  correspond  to  those  for  three-dimensional  lumped  parameter  networks,  the  lumped  elements  including 
masses,  springs,  and  dashpots  (or,  in  the  electrical  network  analogy,  inductances,  inverse  capacitances, 
and  resistances) .  Such  lumped  parameter  networks  are  often  not  directly  useful  in  analysis,  because  the 
systems  of  interest  are  seldom  compact  enough  to  allow  representation  with  a  reasonably  small  number  of 
degrees  of  freedom.  This  correspondence  is  conceptually  useful,  however,  and  often  of  indirect  analytical 
use,  because  of  the  clear  one-to-one  correspondence  between  the  denumerable  eigenvalues  and  eigenfunctions 
of  the  continuum  representation  (the  first  N  of  those,  say)  and  the  N  eigenvalues  and  eigenvectors, 
respectively,  of  the  finite  difference  representation.  Indeed,  as  reference  to  Volume  I,  Chapter  VI  of 
Lord  Rayleigh's  Theory  of  Sound  shows,  consideration  of  the  correspondence  can  lead  directly  to  formulation 
of  the  Rayleigh-Ritz  method  (and  hence  Galerkin,  etc.,  variational  and  weighted  residual  methods)  for 
approximate  solution  of  eigenvalue  problems.  Also,  the  book  by  L.  Brillouin,  Wave  Propagation  in  Periodic 
Structures ,  is,  almost  in  its  entirety,  an  example  of  the  fruitfulness  of  this  correspondence  (and  thinking 
in  terms  of  networks)  as  a  basis  for  developing  useful  analytical  tools. 

Another  aspect  of  this  correspondence  of  some  interest  is  that  it  is  relatively  easy  to  understand  how 
complicated  networks,  in  particular  cases,  can  be  approximated  by  simpler  ones,  and  in  this  way  some  insight 
can  be  gained  into  how  approximate  partial  differential  equations  can  be  devised  to  replace  the  full 
elasticity  equations  representations  of  structures  such  as  beams,  plates  and  shells,  which  are  "acoustically 
compact"  (i.e.,  small  compared  to  relevant  wavelengths  of  the  continuum  elastic  stress  waves)  in  one  or  more 
dimensions . 

The  homogeneous  isotropic  Hookean  (stress  proportional  to  strain)  continuum  is  perhaps  the  simplest 
ideal  continuum  model  of  considerable  generality  in  both  theory  and  application.  It  can  provide  a  good 
representation  of  small  amplitude  stress  wave  fields  in  solids,  and  in  fluids  when  the  shear  stress 
coefficients  are  taken  to  be  negligible.  The  Kelvin-Voigt  thermovis coelastic  continuum  model  allows  one 
to  include  viscous  and  thermal  stresses  as  well,  with  addition  of  stresses  proportional  to  rates  of  strain 
and  temperature,  as  well  as  to  strain.  This  continuum  model  thus  includes,  as  special  cases,  both  Stokesian 
(viscous  and  thermally  conducting)  fluids  and  Hookean  solids,  and,  independently,  Cauchy  thermoelastic 
materials.  A  reliable,  self-consistent  basic  description  of  these,  and  other  useful  continuum  models,  is 
contained  in  the  book  by  A.C.  Eringen,  Mechanics  of  Continua. 

Although  to  date  it  has  been  applied  almost  exclusively  to  aeroacoustics,  Lighthill' s  "acoustic 
analogy"  is  applicable,  in  a  formal  way,  to  any  continuum,  and  this  has  consequences  relevant  to  the  analysis 
of  stress  wave  fields  in  general.  For  any  mass  conserving  continuum,  the  equation  of  mass  transport  is 


3p/3t  +  ann/aXj^  =  0,  (1) 

where  p  is  the  mass  density  and  m^  is  the  linear  momentum  density,  nu  =  pv^,  v^  being  the  bary centric  (local 
centre  of  mass)  velocity.  The  equation  of  linear  momentum  transport  is 


3m./9t  +  3p/3x.  +  3{(m.m./p)  +  cr..}/3x.  =  pf .  , 

X  X  1  J  J  X 


(2) 


where  p  is  the  thermodynamic  pressure,  a^.  5  p^ .  -  p6^.  is  the  stress  tensor  p^  .  less  the  isotropic  thermo¬ 
dynamic  pressure  stress,  <5^.  being  the  KrJneckeJ  delta'J  and  f^  is  the  extemal'LJorce  per  unit  mass  (due  to 
gravitational  and/or  electromagnetic  force  fields) .  Elimination  of  the  linear  terms  in  m^  between 
equations  (1)  and  (2)  gives 
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32p/3x±2  -  32p/8t2  =  -  32{(mim_./p)  +  0±^}/dx±dx^ .  (3) 

On  the  reasonable  assumption  that  a  thermodynamic  constitutive  equation  relating  p  and  other  thermodynamic 
variables  is  available,  of  the  form,  say,  p  =  p(p,S,...),  where  (...)  represents  the  possibility  that  there 
may  be  independent  thermodynamic  (i.e.,  "internal  energy")  variables  in  addition  to  p  and  the  entropy  S, 
and  with  the  concise  notation  pg  meaning  (3p/3S)  ,  the  subscript  p,...  meaning  that  p  and  the  other 

thermodynamic  variables  are  constant,  and  in  particular  p  =  (3p/3p)  =  1/c2,  one  has 

p  b  , . . . 

32p/8x.2  -  3{  (1/c2)  3p/3t}  =  3  (p„  3s/3t) /3t  +  (...)  +  3(pf.)/3x.  -  32{(m.m./p)  +  a. . }/3x. 3x. , 

l  b,,..  11  13  1J  1  3 

(4) 

which  is  evidently  an  inhomogeneous  scalar  wave  equation  for  the  normal  stress  p,  with  a  variable  wave 
speed  c,  and  "equivalent  source  distribution"  terms  on  the  right-hand  side. 

Similarly,  if  one  takes  the  curl  of  equation  (2)  ,  one  obtains  (in  mixed  vector  notation) 


3  (curl  in)  ^/3t  +  (curl{8(a^  +  imnn  /p)  /3x^  })  ^  =  (curl  pf)^  (5) 

For  a  Hookean  continuum  in  small  amplitude  motion  about  a  uniform  equilibrium  rest  state  (curl ( 3ck . /3x . ) )  ^ 
would  be  simply  PQc2  Q(curl  curl  curl  £)  ^  and  (curl  in)  .  would  be  pQ(curl  ££/3t)^,  where  a  subscript  zeJo 
(Jenotes  a  constant  ecjuilibrium  value,  c  is  the  equilibrium  speed  of  transverse  shear  stress  waves  and 
£  is  the  barycentric  material  displacemlh?.  Hence  the  solenoidal  component  of  the  displacement  (and/or 
the  shear  stress)  satisfies  an  inhomogeneous  vector  wave  equation 


3{  (1/c2  ,Q)  3Ci/3t}/3t  -  32Ci/3x;.2  -  X*/  (6) 

Xi  being  the  solenoidal  vector  curl (p f^) /pQc2  .  A  formally  similar  result,  with  a  variable  shear  wave 
speed  and  a  differently  defined  source  term  evidently  can  be  obtained  in  cases  when  the  material  is  not 
of  simple  Hookean  type. 

Hence  the  normal  stress,  and  the  Cartesian  components  of  the  shear  stress,  for  any  continuum,  all  can 
be  regarded  as  satisfying  forms  of  the  inhomogeneous  scalar  wave  equations,  with  a  variable  wave  speed  and 
a  suitably  defined  "equivalent  source  distribution".  These  are.  useful  insofar  as  the  "equivalent  source 
distribution"  can  be  specified,  even  if  only  approximately,  independently  of  knowledge  of  the  dependent 
stress  variable  itself,  which  is  to  be  determined  by  solution  of  the  equation.  The  many  applications  of 
equation  (4)  to  aeroacoustics ,  and  the  cited  example  of  a  Hookean  solid,  together  with  consideration  of 
the  forms  of  these  "equivalent  source  distribution"  terms  in  more  general  cases  (for  example,  Lord 
Rayleigh  pointed  out  how  scattering  problems  could  be  modelled  in  this  way)  indicate  that  at  least 
approximate  specification  of  these  terras  is  possible  in  a  very  wide  variety  of  situations. 

When  the  energy  transport  equation  is  considered,  along  with  the  mass  and  momentum  equations  (1)  and 
(2) ,  it  turns  out  that  in  addition  to  the  irrotational  normal  stress  and  solenoidal  shear  stress  motions, 
a  thermal  diffusion  motion  may  also  occur,  with  the  entropy,  say,  as  the  dependent  variable,  satisfying 
an  inhomogeneous  scalar  diffusion  equation  of  the  form 


32S/3xi2  -  (l/Ks)3S/3t  =  -qs(xk,t), 

where  is  the  coefficient  of  thermal  conductivity  and  qs(x^.,t)  is  an  equivalent  (non-linear)  entropy 
source  distribution. 

When  gradients  of  one  or  another  of  mean  quantities  (such  as  stresses,  barycentric  velocities, 
temperatures,  etc.)  are  not  suitably  small,  the  source  terms  of  the  resulting  scalar  wave,  vector  wave  and 
diffusion  equations,  respectively,  contain  terms  that  are  linear  in  the  other  fluctuations:  i.e.,  the 
source  term  for  the  pressure  has  terms  linear  in  the  shear  stress  and  thermal  fluctuations,  etc.  Thus 
the  normal  stress,  shear  stress  and  thermal  stress  motions  are  then  linearly  coupled  in  proportion  to  the 
magnitudes  of  these  mean  gradients.  The  source  term  for  the  pressure  fluctuations  p,  for  example,  can 
still  be  specified  independently  of  knowledge  of  p,  to  first  order,  but  not  without  knowledge  to  first 
order  of  the  shear  stress  and  entropy  fluctuations. 

Finally,  when  mean  motion  is  appreciable,  convection  of  the  stress  and  thermal  fluctuations  with  the 
material  motion  occurs,  and  thus  it  may  be  desirable,  in  the  inhomogeneous  wave  and  diffusion  equations, 
to  transfer  some  right-hand  side  "equivalent  source"  terms  to  the  left-hand  side  to  represent  these  mean 
convection  effects  as  distinct  from  "generation"  effects,  these  terms  being  linear  in  the  respective 
fluctuating  quantities  and  their  derivatives  but  having  spatially  dependent  coefficients,  known  when  the 
mean  velocity  field  is  known. 

Thus,  with  considerable  generality,  acoustic  and  vibration  problems  can  be  regarded  as  those  of  the 
solution  of  sets  of  inhomogeneous  scalar  wave  and  diffusion  equations,  perhaps  of  convected  form  and 
perhaps  linearly  coupled  through  their  respective  "equivalent  source"  terms,  together  with  appropriate 
boundary  conditions  on  the  surfaces  separating  their  respective  domains  of  validity. 

The  wave  speeds  in  these  equations  are  in  general  functions  of  the  thermodynamic  variables,  and 
hence  not  even  the  homogeneous  forms  of  the  equations  are  linear,  unless  the  fluctuations  in  the  wave  speeds 
can  be  neglected  and  their  spatial  dependence  can  be  specified  (through  knowledge  of  the  mean  temperature, 
say)  .  Again,  it  is  very  often  reasonable  to  make  such  approximations  and  specifications,  and  then  one 
has  equations  of  the  form,  written  here  specifically  for  the  pressure  fluctuations  (as  an  example)  ,  with 
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p(x^,t)  now  assumed  to  represent  fluctuations  of  zero  time  average, 

c2(xk)  32p(xk,t)/3xi2  "  s2p(xk't) /3t2  =  -BCXfcft),  (7) 

all  equivalent  source  terms  {times  c2)  now  being  represented  by  Q ( , t) .  With  these  simplifications,  one 
has  a  linear  second  order  inhomogeneous  partial  differential  equation,  but  with  coefficients  arbitrarily 
dependent  on  the  space  variables.  Analytic  solution  of  such  equations  is  usually  impracticable,  being 
either  impossible  or  very  difficult,  but  numerical  integration  is  now  possible,  by  using  methods  such  as 
Runge-Kutta  and  large  computers  (for  long  times  (1))  .  This  can  be  done  also  in  cases  when  there  are 
convective  space  derivative  terms  in  p  on  the  left-hand  side,  with  specified  spatially  varying  coefficients, 
as  in  the  acoustics  of  sheared  mean  flows. 

A  reasonable  variety  of  analytic  methods  are  available  for  solution  of  equation  (7)  only  when  c2(x^) 
is  a  constant,  and  similarly  for  convected  forms  of  equation  (7)  only  when  the  mean  velocity  is  constant. 
This  can  always  be  arranged,  of  course,  by  a  piecewise  representation  in  which  the  domains  of  validity 
are  taken  small  enough  so  that  the  mean  temperatures  and  velocities,  say,  cstn  be  regarded  as  constants 
within  them  -  but  the  domains  may  have  to  be  taken  so  small  that  one  is  back,  or  nearly  back,  to  the 
finite  difference,  lumped  parameter  forms  of  the  equations  so  that  there  is  no  point  in  the  continuum 
field,  partial  differential  equation  representation. 

Despite  these  various  difficulties,  equation  (7)  with  a  constant  c  E  cq  has  a  formal  validity,  and 
because  of  its  linearity  the  effects  of  all  components  of  the  equivalent  source  distribution  Q(xk,t)  are 
additive.  If  the  correct,  physical  values  of  Q(x^,t)  are  not  used,  the  resulting  approximate  pressure 
field  can  be  exactly  corrected  simply  by  adding  to  it  the  pressure  field  produced  by  the  difference 
between  the  correct  source  and  the  approximate  source  that  was  used. 

This  feature  of  formal  validity  is  of  even  more  importance  because  of  certain  uniqueness  and  other 
properties  of  the  solutions  of  the  inhomogeneous  scalar  wave  equation,  with  constant  c  (as  assumed  in  what 
follows  unless  otherwise  specified) .  The  case  of  "constant"  c  does  not  exclude  consideration  of  viscous 
and  thermal  attenuation  effects  on  the  waves,  as  these  can  be  represented  to  a  good  approximation  in  most 
cases  of  interest  by  taking  c  to  be  of  the  form  cq(1  +  TQ3/3t) ,  cq  being  the  lossless  wave  speed  and  the 
relaxation  time  t  being  a  linear  function  of  the  (constant)  reference  state  viscosity,  thermal  conduction 
and  other  relaxation  process  coefficients.  For  simplicity,  however,  such  losses  are  not  included 
explicitly  in  what  follows;  in  very  many  cases  the  attenuation  per  wavelength  is  very  small  and  as  far  as 
the  source  power  output  is  concerned  radiation  losses  are  dominant.  Also,  for  simple  harmonic  motion 
(i.e.,  when  the  pressure  spectral  density  is  being  considered,  the  lossy  result  can  be  obtained  from  the 
lossless  one  simply  by  replacing  c  by  cq(1  +  iwTo)  r  the  Fourier  transform  convention  here  being 

00  oo 

p(xk,u>)  -  f  p(xk,t)  e  1Wtdt,  p(xk,t)  =  /  p(xk,m)  elwtdio.  (8) 


Many  of  the  important  and  useful  properties  of  solutions  of  equation  (7)  with  c  =  cq,  which  can  be 
written  conveniently  as 


p(xR,t)  =  -  qfx^t)  ,  (9) 


q  being  Q  from  equation  (7)  divided  by  c  2  ,  can  be  obtained  from  the  formal  solution  in  terms  of  a  Green 
function  (i.e.,  a  point-impulse  response?  and  boundary  values.  The  pressure  p(x,  ,t)  is  assumed  to 
satisfy  equation  (9)  in  a  space-time  domain  D.  The  Green  function  p^(xk,t)  is  then  defined  to  satisfy 


3V 


C  2  at2 
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P6(xk't;  x£rt')  ®  -<5(t  -  t')6(xk  -  xk’) 


(9a) 


in  D,  with  (x£,t')  also  in  D,  6  (  )  being  the  Dirac  delta  function,  and  also  to  satisfy  appropriate 
boundary  and  initial  conditions  (i.e. ,  space  time  boundary  conditions)  . 


Then  multiplying  equation  (9)  by  p^  and  equation  (9a)  by  -p,  adding  the  resulting  equations  and 
integrating  over  the  domain  D  gives 


p(x^.,t')  =  /  q  p6  dD  +  /  /p 
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(10) 


The  Green  function  can  be  taken  to  be 


pg  =  6(t'-t-|xk  -  x£|/cq)  /4tt  |  Xj^  -  x£|,  (11) 

which  is  a  particular  solution  of  equation  (9a)  (since  6  (t  -  t')  -  6(t*  -  t)  ,.  being  an  even  function)  ,  plus 
any  complementary  function  satisfying  the  homogeneous  form  of  equation  (9a) ,  which  in  turn  can  be 
arbitrarily  set  equal  to  zero  (since  the  initial  and  boundary  conditions  on  the  Green  function,  as  an 
auxiliary  function,  can  be  arbitrarily  specified,  within  reason) .  This  form  (11)  for  the  Green  function 
is  not  a  customary  one,  such  as  can  be  found,  with  more  detailed  discussion  of  the  physics,  in  Methods  of 

Theoretical  Physics,  by  P.M.  Morse  and  H.  Feshbach.  The  form  (11)  appears  to  violate  causality,  with 

(t1  -  t)  appearing  instead  of  (t*  -  t)  ,  but  in  fact  this  is  perfectly  valid  mathematically  because,  as 

already  mentioned,  S(t  -  t')  is  an  even  function.  It  is  convenient  to  use  the  form  here  to  shorten  the 
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analysis  without  loss  of  mathematical  rigour.  With  this  choice  of  p^  ,  and  application  of  Green's  theorem, 
equation  (10)  becomes 


=  1 
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q(x^,T') 
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Here  T*  is  the  retarded  time  t'  -  |  x^.  -  XjJ/c Q,  V  is  the  spatial  volume  implicit  in  the  domain  D  and  S  is 
its  boundary  surface.  The  last  integral  in  equation  (12) ,  over  D  explicitly,  can  be  shown  to  represent 
the  effects  of  initial  conditions:  that  is  to  say,  it  represents  disturbances  from  sources  which  have  been 
turned  on  before  the  commencement  of  the  time  interval  implicit  in  D,  and  which  are  hence  completely 
independent  (because  of  both  causality  and  linearity)  of  the  prescribed  source  distribution  q.  Because  of 
the  linearity,  such  effects,  if  there  are  any,  can  always  be  calculated  separately,  given  knowledge  of 
previous  excitation,  and  added  in  at  whatever  stage  in  the  calculations  is  convenient.  The  assumption,  to 
be  adopted  here,  that  the  integral  is  zero  is  equivalent  to  assuming  that  the  system  in  D  was  quiescent 
before  application  of  the  specified  source  q.  The  first  term  in  the  integral  explicitly  over  t  and  S  in 
equation  (12)  self-evidently  represents  contributions  from  a  surface  source  distribution  of  monopole  type, 
of  strength  3p/3n  per  unit  area,  as  after  integration  over  t  it  can  be  written  simply  as 


/ 

S 


1 

4,Mxk  '  *kl 


The  second  term  in  this  integral  is  similarly  recognizable,  upon  replacing  36/9n  by  its  formal  definition, 
in  which  n ^  is  the  unit  vector  normal  to  the  surface  S , 

3£  36_  =  lim,  5(t'  -  t  -  -  xk  -  (e/2)n.|/co)  -  6  (f  -  t  -  |  -  xk  +  (e/2)n.|/co) 

3n  ”  nj  3Xj  ”  nj  e-K)  e  n^  9 

as  the  contribution  of  a  surface  source  distribution  of  dipole  type,  the  dipole  moment  being  in  the  direction 
normal  to  the  surface % and  of  magnitude  p(x^,t).  (From  this  formal  definition  this  dipole  term  is  readily 
seen  to  be  the  contribution  of  an  impulsive  monopole  of  strength  p(xk,t)  per  unit  area  on  one  side  of  the 
surface  together  with  one  of  equal  and  opposite  strength,  -p(x^.,t)  ,  on  the  other  side  of  the  surface.) 

Equation  (12)  thus  shows  that  the  pressure  field  p(x£,t')  is  the  sum  of  elementary  spherical  wave 
contributions  direct  from  each  volume  element  of  the  source  distribution  (the  first  integral  over  V)  ,  and 
elementary  spherical  and  dipole  wave  contributions  from  the  boundary  surface,  each  arriving  at  the 
observation  point  x/  with  the  corresponding  retarded  times  t'  **  t*  -  |  x£  -  to  account  for  the  time 

of  travel  |  x,  1  -  XjjVco  between  the  local  source  point  x^.  and  the  observation  point  x^.  Dynamically,  the 
monopole  surface  source  distribution  represents  the  rate  of  fluctuating  injection  of  mass  into  the  volume 
V  and  the  dipole  surface  distribution  the  normal  force  on  the  material  in  V,  both  due  to  either  the  motion 
of  the  boundary  or  the  reaction  of  the  boundary,  if  motionless,  on  the  material  waves  impinging  on  it. 
Obviously,  in  equation  (12)  the  primed  and  unprimed  variables  can  be  interchanged  and  redefined,  so  that 
(x^,t')  are  the  space- time  source  co-ordinates  and  (x^,t)  those  of  the  observation  point,  and  it  is 
notationally  convenient  to  do  this  in  what  follows.  For  a  point  source,  it  is  evident  that  the  expressions 
in  the  two  cases  are  identical,  and  this  proves  the  "Principle  of  Reciprocity":  that  the  pressure  due  to 
a  point  source  at  x£  observed  at  x^  is  the  same  as  that  which  would  be  observed  at  x^.  if  the  point  source 
were  at 

For  a  spatially  unbounded  domain  D  corresponding  to  negligible  scattered  or  direct  contributions  from 
the  surface  S  and  with  the  non-zero  source  region  confined  to  a  finite  region,  the  surface  integral  terms 
vanish,  under  assumption  of  the  Sommerfeld  radiation  condition.  It  can  then  be  shown  that 


lim 
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47rlxkJp(xk,t) 


is  a  four- dimensional  Fourier  transform  of  the  source  distribution  q(x^,t)  (see  Chapter  1  of  Noise  and 
Acoustic  Fatigue  in  Aeronautics,  E.J.  Richards  and  D.J.  Mead,  editors).  Thus,  because  of  the  uniqueness 
of  Fourier  transform  pairs,  this  far  field  radiated  pressure,  on  the  surface  of  a  large  sphere  of  radius 
| XjJ  wholly  surrounding  the  non-zero  source  distribution  region,  has  a  unique  one-to-one  relationship  with 
the  source  distribution,  and  from  full  knowledge  of  this  far  field  the  source  distribution  can  be 
reconstructed.  Babinet's  principle  can  be  regarded  as  a  special  case  of  this  in  which  the  source  region 
is  an  infinitely  thin  illuminated  aperture  in  a  screen,  and  other  cases  where  there  is  a  surface  source 
distribution  rather  than  a  volume  source  distribution  can  be  similarly  included  as  special  cases.  This 
result  is  an  especially  important  one,  and  there  can,  and  have  been,  misconceptions  about  it,  as  well  as 
practical  limitations  in  applying  it.  For  example,  an  observer  without  access  to  the  field  over  the 
whole  sphere  at  large  distances,  and  to  a  clock  in  the  source  region,  cannot  reconstruct  the  source:  he 
could  be  fooled  by  "mirrors"  or  lack  of  knowledge  of  "source  time";  also,  he  could  be  fooled  by  an 
applied  mathematician  using  addition  theorems  to  represent  the  field  as  due  to  a  collection  of  physically 
impermissible  but  mathematically  "correct"  singular  point  monopoles,  dipoles,  quadrupoles,  etc.,  at  some 
arbitrary  position  and  then  misinterpreting  his  representation  by  saying  that  the  actual  source  is  thus 
not  unique ■ (J) •  Furthermore,  there  are  obvious  practical  limitations  because  of  the  well-known  half¬ 
wavelength  resolving  power:  the  structure  of  the  source  distribution  with  length  scales  smaller  than  a 
half-wavelength  simply  could  not  be  determined  in  practice.  Also,  as  mentioned,  the  theorem  is  not 
obtained  even  mathematically  if  singular  source  distributions  are  assumed  to  exist;  such  as  point 
monopole,  dipole,  quadrupole,  etc.,  distributions  which  are  physically  impossible,  because  they  imply  the 
existence  of  discontinuous  "holes"  in  the  continuum.  Despite  these  limitations,  this  unique  far  field/ 
source  distribution  relationship  is  the  ultimate  basis  for  development  of  "source-location"  techniques , 
which  are  of  increasing  importance  in  practice. 
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Another  uniqueness  theorem  which  can  be  deduced  from  equation  (12)  by  some  further  arguments  is  that 
the  pressure  (stress)  field  in  the  volume  V  is  uniquely  determined  by  the  source  distribution  and  the  value 
of  p,  or  3p/3n,  or  by  the  vanishing  of  a  linear  combination  of  p  and  3p/3n,  say  A(S(x,  ,t))p  +  3p/3n,  on  the 
surface.  Here  A(S(xk))  is  in  effect  an  admittance  (which  is  the  inverse  of  the  specific  acoustic  impedance, 
which  in  turn  is  the  ratio  of  p  to  the  normal  barycentric  velocity  at  the  surface)  .  The  function 
A (S (x^) ) ,  as  indicated  by  the  notation,  may  vary  arbitrarily  from  point  to  point,  and  in  time,  along  the 
surface.  This  theorem  can  be  established  by  taking  pA^  +  3p/3n  =  0.  Then 

3p  9p6  3p6 

p«  to  - p  =  -  pspflP  - p  •  <13> 

As  has  been  mentioned,  a  boundary  condition  on  p^ ,  as  an  auxiliary  function,  can  be  prescribed  arbitrarily, 
and  also  it  can  be  shown  that  p  as  calculated  from  equation  (12)  is  independent  of  this  choice  (because  of 
the  fact  that  p^  as  given  in  equation  (11)  is  a  particular  solution  of  equation  (9a) ,  and  any  solution 
of  the  corresponding  homogeneous  equation  can  be  added  to  it.  Thus,  if  one  takes  p^  as  satisfying  the 
same  boundary  condition  as  p,  namely  Ap^  +  3p„/3n  -  O  (p^  then  being  obviously  the  point  impulse  response 
of  the  material  region  of  interest) ,  the  right-hand  side  of  equation  (13)  evidently  vanishes  and  hence  so 
do  the  surface  integral  terms  in  equation  (12).  For  this  choice  of  the  boundary  condition  on  p^ ,  therefore, 
only  the  volume  integral  term  on  the  right-hand  side  of  equation  (12)  is  non-zero,  and  this  then  evidently 
includes  both  the  waves  directly  emanating  from  the  source  region  and  those,  previously  emitted,  which  have 
been  singly  and  multiply  scattered  at  the  boundaries  before  reaching  the  observer. 

These  interpretations  of  equation  (12)  are  clearly  in  accord  with  experimental  observations  of  the 
causality,  propagation,  and  scattering  properties  of  real  wave  phenomena. 

They  can  be  illustrated  by  working  out  the  solution  of  the  idealized,  but  by  no  means  physically 
un representative,  case  of  a  "point  source"  in  an  acoustic  medium  contained  in  a  rectangular  parallelepiped 
considered  to  have  walls  with  constant  pressure  reflection  coefficients,  independent  of  angle  of  incidence. 

If  the  free  field  wave  from  the  point  source  (at  x')  is  Lp(t  -  |  x^  -  ^l/Co)/!3^  -  x£|  ,  where  L  is  a 
suitable  constant  with  the  dimensions  of  length,  then  the  wave  scattered  from  a  plane  surface,  for  which 
the  vector  from  the  source  to  the  surface  along  the  normal  is  h^,  is  RLp(t-|xk  -  -  2h^,|)/|x^  -  x£  -  2h^|, 

the  reflection  coefficient  R  being  a  constant.  If  the  rectangular  parallelepiped  walls  are  at 
x1  =  (0, a) ,  x2  -  (0,b) ,  and  x^  *  (0,d) ,  and  the  six  respective  pressure  wall  reflection  coefficients  are 
denoted  by  R(0,~,-)  ,  R(a,-,-) ,  R(-,0,-)  ,  R(-,b,-)  ,  etc.,  and  the  normal  vectors  similarly  by  h^(0,~,-)  , 
h^(a,-,-) ,  etc.,  then  the  solution  of  equation  (12)  is,  exactly, 


ptx^t)  =  Lp(t  -  I  Xj^.  -  k^,  |  /  co)  / 1  -  x£|  +  R(0,-,-)Lp(t  -  -  *£  -  2hk(0,-,-)  |/co)  +  ... 


+  R(0,-,-)R(-,0,-)Lp(t  -  I**  -  -  2h£(0,-,-)  -  2h£(-,0,-)  | /cQ)  +  ...  +  etc.  (14) 

The  situation  is  clearly  that  of  a  three-dimensional  "Versailles"  hall  of  mirrors,  but  with  imperfect 
mirrors,  reflection  from  each  mirror  reducing  the  strength  of  the  image  source  in  the  corresponding  g 
three-dimensional  image  space  room  by  a  factor  R(0,-,-)  R(a,-,-)  R(-,0,-)  R(- ,b,-)  qR(- ,- ,0)  R(-,-,d)  ,  the 

integers  l,  m,  n,  q,  r,  s  corresponding  to  the  numbers  of  times  the  wave,  in  travelling  from  the  source  to 
observation  point,  has  been  reflected  from  the  x^  -  (0,a) ,  x^  —  (0,b)  and  x^  =  (0,d)  walls.  Evidently, 
in  addition  to  the  wave  amplitude  reductions  on  each  reflection,  there  are  reductions  in  proportion  to  the 
inverse  of  the  distances  the  waves  have  travelled  from  the  positions  of  their  respective  "image"  source 
locations.  Choice  of  the  R's  as  ±1  corresponds  to  perfectly  rigid  and  perfectly  soft  (stress  release) 
walls,  respectively,  two  extreme  cases  in  neither  of  which  is  any  energy  transmitted  to  the  exterior  of 
the  box,  and  values  between  -1  and  1  correspond  to  varying  degrees  of  energy  transmission,  with  all  the 
R's  zero  being  the  free  field  condition  in  which  only  the  direct  wave,  the  first  term  of  equation  (14) , 
remains.  Thus  in  this  simple  example  one  has,  in  effect,  a  representation  of  all  cases  of  energy 

loss(J).  With  order  of  magnitude  guesses  of  the  reflection  coefficients,  therefore,  estimates  of  the 

relative  importance  of  the  direct  radiation,  and  the  wall-scattered  radiation  in  all  directions,  can  be 
easily  made. 

For  real  physical  problems,  neither  dominance  nor  insignificance  of  one  class  of  waves  relative  to 
the  others  usually  occurs,  unless  by  conscious  design.  When  it  is  known  to  occur,  obviously,  processing 
and  interpretation  of  data  can  be  appropriately  and  appreciably  simplified.  When  it  does  not,  as  is  all 
too  often  the  case,  it  must  be  kept  firmly  in  mind  that  the  observed  pressure  (stress)  time-history  is 
most  probably  composed  of  very  many  superposed  stress  wave  components,  perhaps  each  with  a  family 
resemblance  to  the  direct  signal  (in  the  example  the  usual  complication  of  dispersion  upon  each  reflection 
was  ignored  -  i.e.,  each  reflected  signal  is  usually  spectrally  distorted,  not  being  just  a  reduced 
amplitude  carbon  copy  of  the  incident  signal,  but  almost  certainly  multiply  overlapping  in  time. 
Determination  of  the  principal  paths  along  which  energy  arrives  at  the  observation  point  then  obviously 
becomes  a  difficult  problem  (!).  The  development  of  signal  processing  techniques,  such  as  cepstral 
ones ,  by  means  of  which  contributions  arriving  at  different  times  can  be  identified,  is  therefore  of 
very  great  importance  in  acoustics  and  vibration  problems. 


The  overall  picture  can  be  filled  in  with  some  reference  to  the  relatively  well-known  techniques  of 
modal  analysis.  Because  the  system  is  approximately  equivalent,  in  finite  difference  terms,  to  a 
"piecewise"  collection  of  finite  degree  of  freedom  systems ,  eigenfrequencies  and  eigenfunctions  of  the 
whole  system  are  known  to  exist,  and  can  be  determined,  albeit  approximately,  by  suitable  steady  state, 
or  other,  testing  methods  or  from  operational  models.  For  discussing  the  possibilities  in  this 
connection,  it  is  appropriate  to  consider  the  pressure  (stress)  spectral  density,  as  defined  in  equation 
(8) .  For  the  spectral  density,  equation  (12)  becomes  simply 


P(xk#t*>)  = 


q(x^,w)  < 


-ito  x. 


f*kl/co 


4^ 


*k  - 


ta*(xk'“)  - 
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With  the  eigenfrequencies  and  eigen functions  known,  the  free  space  Green  function  spectral  density 
^(olxk-x^l/Co 

47flxk  -  *k  I  ' 

or  a  Green  function  spectral  density  satisfying  any  other  convenient  boundary  conditions,  being  of  known 
analytical  form,  can  be  expressed  as  an  expansion  in  the  eigenfunctions  (i.e,,  in  effect,  the  orthonormal 
shape  functions  of  the  free  vibrations  of  the  system) ,  or  in  any  other  convenient  set  of  orthonormal 
functions  suitable  to  the  volume  or  surface  under  consideration.  By  performing  the  volume  and  surface 
integrations  in  equation  (15),  either  numerically  or  analytically,  as  most  convenient,  p(x^,m)  can  then  be 
obtained  in  the  form  of  an  expansion  in  these  functions,  \J)  (x^;  V  or  S)  ,  say,  the  "V  or  S"  indicating  that 
these  functions  depend  on  the  volume  or  surface  under  consideration  (it  is  important  to  note  that  these 
shape  functions  are  purely  geometrical  in  that  they  do  not  depend  on  the  excitation  frequency  to,  or  on  any 
dynamical  or  material  parameters  such  as  the  stress  wave  speed) .  This  expansion  will  be  of  the  form 
(the  representation  is  simplified  to  emphasise  the  significant  point) 


p(xk,to)  =  T,  an(m,co)  ^(x^S  or  V),  (16) 

n 

with  the  coefficients  an  carrying  the  frequency  and  material  property  information.  Such  representations 
have  the  very  important  property  that,  because  of  the  orthonormality  of  the  eigenfunctions  (shape  functions) 
the  integral  over  the  volume  (surface)  of  the  squared  modulus  of  the  pressure  (stress)  spectral  density 
becomes  simply 


/ 1 £>(3^,0))  |2dV(or  S)  =  Z|  (an(u>,co)  |2.  (17) 

n 

Since  this  volumetric  (surface)  average  of  |pn(xk,w)|2  is  representative  of  the  average  mean  square 
pressure  (stress)  fluctuation  over  the  volume  (surface) ,  representations  such  as  equation  (17) ,  being  a 
sum  of  positive  definite  quantities,  depending  only  on  frequency  of  excitation  and  material  parameters, 
are  obviously  of  great  practical  use  (nothing  is  easier  than  adding  up  a  series  of  positive  numbers, 
provided  it  converges  quickly  enough  I) . 


As  well  as  global  mean  square  stresses,  mean  energy  flux  due  to  fluctuating  motion  can  be  expressed 
in  terms  similar  to  equation  (17) .  What  is  not  evident  in  such  expressions  is  that  which  is_  evident,  in 
all  its  complications,  from  expressions  such  as  equations  (12)  and  (14)  ,  which  show  clearly  the  intricacies 
of  interference  (i.e.,  superposition  of  signals  from  different  space- time  origins)  that  inevitably 
complicate  most  wave  phenomena.  Unless  a  wave  is  present  it  cannot  possibly  carry  energy,  whether  or  not 
it  is  subject  to  interference  from  other  waves. 


An  important,  and  little-known  result,  applicable  to  pressure  (stress)  spectral  density  is  that  a 
mean  value  theorem  applies  to  the  homogeneous  scalar  Helmholtz  equation  (92p/9x.2)  +  k2p  =  O,  k  and  p  real, 
as  well  as  to  the  Laplace  equation  92<|)/9x^2  =  0.  From  the  Laplace  equation,  the  mean  value  theorem  is 
that  at  a  point  x^,  surrounded  by  a  surface  S,  tf>(xk)  is  equal  to  its  average  value  over  the  surface  S; 
i.e.. 


<Mx,  ) 


ft  ♦<*£> 


as 


<*k> 


For  the  scalar  Helmholtz  equation,  the  result  is  rather  different  (it  appears  to  be  due  to  PSckels  (1886) 
and  has  been  largely  ignored  since) :  it  is  that  for  any  sphere  of  radius  nX/2,  where  X,  the  wavelength,  is 
equal  to  k/27T  and  n  is  any  positive  integer,  the  value  of  p  averaged  over  the  volume  interior  to  the  sphere 
is  zero.  This  means  that  p  has  at  least  one  null  surface  passing  through  this  sphere,  and,  thus, 
broadly  speaking,  that  any  pressure  (stress)  standing  wave  field  of  frequency  co  has  negative  minima  (or 
positive  maxima)  separated  by,  on  spatial  average,  a  wavelength,  which  is  not  surprising  in  view  of  known 
solutions  like  sin  (or  cos)  kx,  (sin  kr)  /  r,  etc. 


However,  a  deduction  from  this  result  is  somewhat  more  surprising:  it  is  that  the  amplitude  of  any 
harmonic  standing  wave  field,  of  frequency  co,  being  expressible  as  |pj  =  i/p  ^  ,  where  both  the  real 

and  imaginary  parts  p  and  p^  satisfy  the  mean  value  theorem,  is  the  square  root  of  the  sum  of  the  squares 
of  only  two  such  spatially  oscillating  functions  (as  well  as  of  an  infinity  of  particular  spatially 
oscillating  functions,  of(  alill  wavelengths,  as  implied  by  eigenfunction  representation).  By  working 
back  from  this  it  can  be  proved  that  a  plane  progressive  harmonic  wave  is  the  only  pressure  (stress)  wave 
having  a  spatially  constant  amplitude. 


Conclusions  and  recommended  guidelines  for  the  future  are  as  follows,  in  an  order  which  is  not  that 
followed  in  the  preceding  discussion. 


(i)  Because  of  their  well-known  convenient  mathematical  properties,  discrete  or  continuous  orthogonal 

representations  of  stress  wave  fields  (eigenfunction  series,  or  Fourier  frequency  or  wavenumber 

transforms)  are  at  present  the  most  reliable  for  analytical  and/or  computational  purposes. 

* 

(ii)  When  wave  signal  information  is  required,  rather  than  wave  amplitude  averages,  however,  the 

representations  cited  in  conclusion  (i)  are  very  often  inconvenient,  or  not  at  all  tractable; 
for  such  situations  new  methods,  such  as  cepstral  analysis,  need  to  be  further  developed  to 
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provide  results  more  realistically  interpretable  in  terms  of  the  complicated  space- time 
propagation  paths  and  interference  patterns  characteristic  of  real  wave  motion  when  single 
and  multiple  scattering  is  present. 

(iii)  In  the  development  of  improved  techniques  for  analysis  of  wave  field  data,  account  should  be 
taken,  and  use  could  well  be  made,  of  certain  fundamental  uniqueness  and  other  properties 
of  wave  fields. 
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SUMMARY 

When  a  sound  wave  impinges  on  a  structure,  vibrations  are  set  up  in  the  structure 
and  vibration  and  sound  energy  are  transmitted.  These  two  lectures  develop  the 
analytical  methods  available  to  estimate  the  response  of  structures  on  the 
assumption  that  the  structure  itself  does  not  change  the  properties  of  the 
incident  sound  field  by  any  feed  back  or  flutter  type  mechanism.  The  normal 
mode  method  is  used  for  the  majority  of  the  work  to  estimate  the  response  to 
any  sound  field.  Special  cases  considered  are  jet  noise  excitation,  turbulent 
boundary  layer  pressure  excitation  and  a  reverberant  field  excitation.  The 
alternative  travelling  wave  method  is  also  introduced. 


LIST  OF  SYMBOLS 

A  surface  area 

constant 

a  speed  of  travel  of  pressure  wave 

b  width  of  plate 

C  generalised  damping 

c  speed  of  convection  over  surface  of  structure 

D  flexural  rigidity 

E  Young ' s  modulus 

e  exponential 

F  force 

h  plate  thickness 

i  imaginary  symbol 

j  joint  acceptance  function 

K  generalised  stiffness 

k  flexural  wave  number 

L  total  load  on  structure 

8,  length  of  beam  or  plate 

M  generalised  mass 

bending  moment 

m  mass  per  unit  area 

P  amplitude  of  harmonic  pressure 

Fourier  transform  of  p 
p  pressure 

q  generalised  co-ordinate 

R  correlation  function 

r,s  mode  numbers 

5  spectral  density  function 

t  time 

w  displacement 

X  real  part  of  frequency  function 

x  position  on  structure 

Y  ,  imaginary  part  of  frequency  function 

^  wave  receptance  function 
Z  impedance 

a  receptance  (frequency  response  function  for  displacement) 

6  Dirac  delta  function 

e  phase  angle 

T)  loss  factor 

0  angle  of  incidence 

X  wavelength 

Xt  trace  wavelength 

p  component  of  receptance  which  is  dependent  on  mode  shape 

v  Poisson's  ratio 

II  power  flow 

p  correlation  coefficient 

density 

x  time  delay 

<£(x)  displacement  mode  shape 

(j)  phase  angle 

to  frequency  rads/sec 

indicates  vector  quantity 
k  radius  of  gyration  of  section 
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INTRODUCTION 

An  acoustic  wave  impinging  on  a  structure  produces  a  time  varying  pressure  load  on  the  structure 
which  sets  up  vibrations  of  the  surface  plates  and  leads  to  transmission  of  vibration  to  internal  structures 
and  equipment.  There  are  two  major  analytical  methods  available  for  determining  the  structural  response. 

The  first  and  perhaps  most  widespread  in  use  is  the  normal  mode  method  and  its  practical  implementation 
through  the  finite  element  representation  of  the  structure.  The  second  method  considers  the  wave  motion 
which  is  set  up  in  the  structure  by  a  surface  force.  For  certain  types  of  structure  this  produces  a  very 
elegant  solution.  The  major  part  of  these  notes  is  devoted  to  the  normal  mode  method. 

Several  models  for  the  acoustic  loading  have  been  developed  and  the  appropriate  one  can  be  chosen  for 
the  particular  problem  under  consideration.  The  simplest  representation  is  a  harmonic  plane  wave  impinging 
on  the  structure  at  a  fixed  angle.  This  can  be  extended  to  include  many  wavelengths  added  together  in  a 
random  manner.  Alternatively  the  angle  of  incidence  can  be  assumed  to  be  random  aa. in  a  diffuse  field.  In 
another  class  of  problems  the  pressure  field  can  be  represented  by  a  pressure  pattern  travelling  over  the 
structure.  The  simplest  representation  is  a  frozen1  convected  pattern  where  there  are  no  changes  in  the 
convected  frame  of  reference,  A  more  realistic  representation  allows  for  changes  by  assuming  decay  in  the 
statistical  properties.  Finally  a  completely  random  field  in  space  and  time  can  be  assumed. 

The  analytical  methods  will  be  outlined  briefly  and  then  the  results  for  acoustic  excitation  will  be 
derived.  Using  the  normal  mode  method  results  will  be  obtained  for  all  the  loading  cases  mentioned  above. 
Then  the  travelling  wave  result  for  the  travelling  wave  excitation  will  be  derived  using  the  wave  propagation 
method. 


THE  NORMAL  MODE  METHOD 

In  the  absence  of  damping  it  is  assumed  that  the  structure  can  vibrate  freely  in  a  series  of  normal 

(x)  <J>0(x)  .  ((>  (x)  « 


modes : 

4*  i  w  Y2 v  '  r  ' 

During  any  arbitrary  vibration  the  displacement  of  any  point  x  on  the  structure  can  be  represented  by 


w  (x,t)  *  £r  4>r(x)  qr(t) 


(1) 


th 


q  (t)  is  the  generalised  co-ordinate  of  the  r  mode  and  <j)  (x)  is  the  mode  shape.  This  gives  a  separable 
solution  in  x  and  t. 

When  the  system  is  subjected  to  a  time  dependent  load,  the  displacement  qr(t)  of  any  one  of  the 
normal  modes  of  vibration  is  governed  by  the  same  type  of  equation  as  the  simple  spring-mass-damper 
oscillator.  From  considerations  of  the  energy  of  the  system  we  can  write  the  Lagrange  equations  as 


where 


Mq+Cq+Kq  =  F  (t) 
r  r  r  r  r  r  r 


/  m  (f)^2  (x)  dA 


generalised  mass 


(2) 


/ 

A 


P  ( x ) 
dr  w 


oi  2M 
r  r 


F  (t)  =  /  p(xt) 

A 


(x)  dA 


^(x)  dA 


generalised  damping 
generalised  stiffness 
generalised  force 


dr 


mass  per  unit  area 

local  viscous  damping  pressure  per  unit  velocity, 
th 


Cross  terms  do  not  appear  in  equations  for  r  mode  due  to  orthogonality  of  normal  modes.  Actually  there 
will  be  some  cross  coupling  of  the  modes  due  to  work  done  by  damping  forces  of  one  mode  in  moving  through 
displacements  of  another  mode.  For  small  damping  this  type  of  coupling  can  be  neglected,  For  high  damping 
it  is  possible  to  use  one  of  the  techniques  suggested  by  Fraeys  de  Veubeke,  Mead  and  others,  where  a  series 
of  uncoupled  damped  modes  are  derived. 


Alternatively  we  can  rewrite  the  Lagrange  equation  in  terms  of  hysteretic  damping  as: 


M  +  M  w  2  (1  +  in  )  q 
r  r  r  r  r  nr 


Fr(t) 


(3) 


where  r\  -  the  loss  factor  in  the  r 
r 


th 


force 


mode. 

As  an  example  of  the  use  of  this  technique  we  can  calculate  the  response  of  a  beam  to  a  point  harmonic 
P(t)  =  PQe 
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The  displacement  of  any  point  x.  is 


w  (x,t)  =  l  (Xj)  qr(t) 


The  generalised  force  is 


F  (t)  =  P  e1"*  4>  (x  ) 

r  o  Tr  p 


Then  the  equations  of  motion  can  be  written 


M  11  +  a)2(l+irj)Mq 

r  l  r  r  r^r 


Solving  we  get 


q  (t)  = 


<j>  (x  )  P  eitUL 
yrv  p'  o 

M  (io  z-  to2+  in  10  2 
r  r  r  r 


*r  (xp}  Poe 


r  -  1,2  ... 


Therefore  the  displacement  at  point  x^  is 


r  (xl>  »r  (xp) 


w(x.t)  =  y  rj~7 - 2 - 2—1 - - 

1  “  “0)  +  inrWr 


which  can  be  written  as 


w(Xjt)  =  otUjXpU))  PQe 


a(xjxpm)  P(t) 


a(XjX  oj)  is  the  frequency  response  function  of  the  structure.  In  our  usage  it  gives  the  displacement 
respoRse  of  the  structure  at  position  Xj  to  a  unit  magnitude  harmonic  force  at  x  .  It  is  known  as  the 
receptance  function  and  can  be  written  as.  p 

<j>  (x . )  <j>  (x  )  . 

/  \  r  r  1  r  p  1 

a(X,X  0))  =  >  - — - , — r - : - T\ 

1  T»  '  M  fm  ^  +  in  fit 


(wr*  -w^+  inr  o)r^> 


4>r(X|)  4>r (xp)  (ur2-io2)  -  inrur2 

r  Mr  (to  2-to2)2  +  n  2iu  ** 

r  r  r 

which  can  conveniently  be  split  up  into  real  and  imaginary  parts 


a(XjX  w)  =  l 


(x, )  4>  (x  ) 
rr  1  r  p 


(X  -  iY  ) 
r  r 


a(x.x  w) 
1  P 


=  I  y  (X  -  iY  ) 
L  r  r  r 


(a)  2-  w2)2  +  n  2oj  4 

r  r  r 

+  ri  aj  2 

_ _ r  r _ 

(a)  2-  a)2)2  +  n  2w  4 

♦r  <x])  <t’r  (x  ) 


Thus  it  can  be  seen  that  the  receptance  is  made  up  of  two  types  of  terms,  The  y  is  dependent  on  the 
mode  shapes  of  the  structure  and  the  X,Y  terms  are  dependent  on  the  frequency  and  loss  factor.  The 
frequency  terms  gi^g  t^ie  weH  known  resonance  peak  and  phase  shift  characteristics  at  the  undamped  natural 
frequency  of  the  r  mode.  Either  or  both  of  the  <j>r(x)  terms  could  be  zero  depending  on  the  positions  of 
the  displacement  measuring  point  and  the  excitation  point, 

THE  RESPONSE  OF  A  PLATE  TO  A  PLANE  WAVE 

The  idea  of  coupling  of  the  pressure  field  with  the  structural  deformation  pattern  can  be  introduced 
best  by  the  consideration  of  the  response  of  a  plate  to  a  travelling  field  of  harmonic  waves.  Suppose  such 
a  field  impinges  upon  a  plate,  the  wavefronts  making  an  angle  0  with  the  plate  surface.  Consider  only  the 
case  when  the  pressure  wave  motion  has  no  component  of  velocity  across  the  width  of  the  plate,  i.e,  the 
wave  travels  in  the  direction  of  the  LENGTH  of  the  plate, 


The  wavefronts  make  an  intercept  of  Afc  on  the  plate.  We  call  A  the  ’trace  wavele: 
speed  at  which  the  wavefront  moves  along  the  plate  the  'trace  velocity’'  (at).  Clearly,  A 
and  afc  =  a  cosec  0  (a  «*  speed  of  propagation) . 


wavelength’ ,  and  the 
ly,  A  =  A  cosec  0, 


The  instantaneous  pressure  at  any  point  along  the  plate  is 


-  pQ  cos  (tot  -  -J -  +  <j>). 


p(x,t) 


(6) 
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Assume  that  the  plate  (dimensions  l  x  b)  is  simply  supported  along  its  edges.  The  effect  of  the 
number  of  modal  wavelengths  along  the  propagating  direction  can  be  found  by  considering  the  (r,l)  mode: 


,  /  s  .  ttx  .  iry 

4>r  Ocy)  =  sin  r  —  sin 


The  generalised  force  is  given  by: 


F  (t)  = 

r 


b  rl 


2ttxn 


,  .  rirx  .  uy  ,  - 

p  cos(a)t  -  — r — )  sm  — —  sin  dx  dy 

O  l  D 


2b 


/  .  2ttXv  ,  rTTX  , 

COS  (0)t - r — )  Sin  —7—  dx  , 

t  4 


Evaluating  the  integral,  and  replacing  if r  by  X^/2  (the  half-wavelength  of  the  mode  of  vibration)  we  find: 

a  cos  (tj~  rX  /X  ) 

F  (t)  -  p  lb  -2-  {  - — -  }  cos  (wt  +  e)  (r  odd) 

r  0  11  r{(X  /Xj2  -  1} 


m  t' 


i  sin(£  rX  /X  ) 

=  p  ilb  “2*  {  — — - — - -  cos  (tot  +  e) 

°  ^  r( (X  /X  )2  -  1} 

m  t 


(7) 


(r  even) 


The  Joint  Acceptance  Function 

Equation  (7)  may  be  written  in  the  form: 


Fr(t)  =  P0^bJr  cos  (ut  +  e)  . 


(8) 


The  total  force  acting  on  the  plate  at  any  instant  when  the  pressure  is  distributed  uniformly  over  the 
plate  is  p  £b  cos  (ait  +  e).  j  is  always  less  than  one,  and  is  a  factor  which  describes  the  proportion 
of  this  force  which  a  particular  mode  of  distortion  can  facceptf  and  convert  into  the  corresponding  general¬ 
ised  force.  Since  it  is  a  function  of  both  the  modal  wavelength,  X  ,  and  the  trace  wavelength,  X  ,  we  may 
call  it  the  JOINT  ACCEPTANCE  of  the  mode  and  pressure  field.  Figure  1  shows  how  j  varies  with  both  r  and 
X  /X  .  Apart  from  the  curve  for  r=l ,  it  is  characteristic  of  each  curve  that  its  maximum  value  occurs  at 
(*ffi/St)  =  ^*e*  wben  tbe  modal  wavelength  is  the  same  as  the  trace  wavelength.  The  response  of  the  plate 

in  any  of  its  modes  to  this  pressure  field  can  be  obtained  as  follows: 

The  generalised  response  function  of  the  plate  can  be  written  as: 


qr(t)  =  P0*b  l“rl  Jr  cos  (ut  +  s  -  <(>r)  .  (9) 

It  is  now  clear  that  a  large  response  in  this  mode  will  occur  if,  at  the  resonant  frequency  aj  (when  |a  | 
is  a  maximum)  is  at  the  maximum  value  corresponding  to  X  /X  -  1 .  A  dual  coincidence  then  occurs,  the 

sound  field  frequency  being  equal  to  the  resonant  frequency  and  the  trace  wavelength  being  equal  to  the 
modal  wavelength.  For  this  reason  the  term  COINCIDENCE  EFFECT  is  often  used  to  describe  this  particular 
phenomenon . 
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THE  GENERALISED  FORCE  PRODUCED  ON  A  BEAM  BY  RANDOM  PLANE  WAVES 

The  next  extension  of  the  simple  case  described  in  the  preceding  section  is  to  include  in  the 
travelling  wave  a  combination  of  wavelengths  such  that  the  pressure  at  any  one  point  is  random  but  the 
whole  pattern  moves  in  the  direction  0  with  velocity  a.  This  might  be  used  to  represent  waves  in  the 
deep  ocean  where  the  wave  motion  is  propagating  in  the  direction  of  the  surface  wind  or  as  the  simplest 
approximation  for  boundary  layer  or  pipe  flow  excitation* 


The  pressure  at  a  point  can  be  written  in  the  Fourier  integral  form; 

00 

p(t)  =  |  P(iw)  e  dw 

—  00 


Physically,  this  is  equivalent  to  representing  the  oncoming  wave  as  the  sum  of  an  infinite  number  of  waves 
of  different  wavelength. 

The  pressure  distribution  on  the  beam  is  then  given  by: 


r00  iw(t - sin  0) 

p(t,x)  =  P(iw)  e  a  dw 


(10) 


The  total  load  on  the  beam  is: 


ri  (l  r 

F(t)  *  j  p(t,x)  dx  =  I 


Z  iw(t - sin  G) 


P(iw)  e 


dw  dx. 


writing  w  —  sin  0  *  and  performing  the  x  integration  gives: 

a  A 


(  -i2Tr£, 

F(t)  =  I  {  P(iw)  ^  (e  -  o 


\  iwt  , 

1  e  dw. 


The  expression  in  {  }  brackets  is  the  Fourier  transform  F(iw)  of  F(t)  and  therefore  the  spectral  density 
of  F  (t)  is 
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/  *  TrA  V  2 

(  sm  ^ —  A 


SF<“> 


S  \  b(-)i2  -  S  f  i^(-)i2 


TT&  N 


=  s  Wiz 

p 


tt£ 

X^ 


— 

X^ 


(ID 


=  S  (to)  l2  j2 
P  J 


Figure  2  shows  the  variation  of  j2  with  wavelength  ratio.  As  the  spectral  density  is  written  in 
terms  of  squares  of  force  etc.  the  joint  acceptance  function  appears  as  j2.  If  the  pressure  is  exactly  in 
phase  over  the  whole  of  the  beam  the  spectral  density  of  load  is  S  (toH2  .  The  joint  acceptance  function 
j2  gives  a  measure  of  the  coupling  of  a  particular  pressure  field  P  with  the  beam.  This  equation  (11) 
demonstrates  a  very  important  point,  viz.  that  by  virtue  of  its  length  the  beam  acts  as  a  ’wavelength  filter’. 
Whenever  the  frequency  <o  is  such  that  (-  u)&  sin  0/2a)  is  an  integer,  then  the  corresponding  spectral 

density  of  the  total  force  is  zero.  The  principal  part  of  the  generalised  force  comes  from  those  components, 
the  wavelengths  of  which  are  long  compared  with  the  length  of  the  beam.  That  this  must  be  so  can  be  seen 
from  simple  physical  considerations;  a  wave  component  whose  trace  wavelength  is  exactly  equal  to  the  span  of 
the  beam  provides  a  positive  pressure  over  one  half  of  the  span  and  a  negative  pressure  over  the  other  half. 
The  corresponding  net  force  is  therefore  zero. 

A  similar  calculation  may  be  carried  out  to  determine  the  spectral  density  of  the  generalised  force 
corresponding  to  the  mode  of  displacement  4>r(x)  =  sin  (irrx/Ji).  The  generalised  force,  F^(t),  is  given  by: 


Fr(t) 


rH 

J  p(t,x)  sin  dx. 
o 


Substituting  for  p(t,x)  from  equation  (10),  and  carrying  out  the  integration  in  the  same  way  as  above,  we 
find  that  the  spectral  density  of  F^(t)  is 


SF(o)) 


s  Mi2 

P 


4 


[(7T/2)rXm/Xt  +  r7r/2] 

r  £<NA>2  “  0 


2 


(12) 


in  which  X  /2  =  fc/r. 
m 

If  we  had  considered  a  plate,  vibrating  in  the  mode  sin  (Trrx/f)  sin  (ry/b),  this  expression  would 
have  become: 


SF<*») 


S  (w) (£b) 

P  7T4 


2  J_6  r sin  [(7r/2)rXm/Xt  +  rir  /2] 


r[(W2  -  '1 


(13) 


S  (w)  =  S  (u>)Ub)2  j2 

r  p  r 


(14) 


The  wavelength  ’filter’  characteristics  of  the  plate  are  again  seen  by  the  manner  in  which  j  (and  hence 
j  2)  varies  with  Jl/X  •  Again  we  have  the  spectral  density  of  the  generalised  force  given  as  the  product 
o?  the  power  spectral  density  of  the  (homogeneous)  pressure,  the  square  of  the  plate  area  and  the  square  of 
the  joint  acceptance. 


THE  GENERALISED  FORCE  CORRESPONDING  TO  AN  ENTIRELY  RANDOM,  HOMOGENEOUS  PRESSURE  FIELD 

We  now  remove  the  restriction  of  the  former  paragraph  that  the  sound  waves  must  be  plane  and  moving 
down  the  length  of  the  plate.  Further,  we  shall  consider  a  general  mode  shape,  $  (x,y)  which  is  not 
necessarily  a  sinusoidal  mode.  r 

The  generalised  force  is  r 

Fr(t)  -  j  4>r(x,y).  p (x,y ; t)  dA 

A 

where  the  integration  is  now  over  the  surface.  The  Fourier  integral  transform  of  this  is: 

Fr(im)  =  |  J  4»r  (x,y).  p(x,y;t)  eia)t  dA  dt 

-oo  a 

=  |  P(iw)  <f>r  (x,y)  dA 

A 

in  which  P(iw)  is  the  Fourier  transform  of  p(x,y;t).  The  spectral  density  of  the  generalised  force,  S^,  (w) 
is  given  by:  r 


25 


SF  («)  =  /£  f-  |Fr(iU)|2 

r  o  o 


lim  _J_  J_  |  | 

t  -x»  t  4tt  II 

on  }  < 


A  A 


r+t  r-t 


^X2^2^J  °  e 


iw(t1“t2) 


-t  -t 
o  o 


dtj  dt2  dAj 

CM 

C 

T3 

(15) 

Now  denote  the 

point 

xiyi 

by 

x,  ,  x2y2 

by  x2  ,  and  t2  -  tj  by  t, 

Equation  (15) 

becomes 

SFr 

(»)  = 

*  {  j  Mx1> 

,  \  1  1  f4*0  f+  o  /”  .  n  /-  .  .  x 

x2  t  -*»  t  4tT  J  P(x,,t,)  p(x2,tj  +  t) 

A  A 

°  °  -t  -t 

o  o 

-irnt 

e  dtj  dx 

dAj  dA2 

(16) 

But 

lim 

t 

o 

1 

2t 

o 

r+t  _ 

j  °p(x,,t1) 

p (X2 , j  +  T>  dti  =  Rp(xi»x2» 

(17) 

which  is  the  cross-correlation  function  of  the  pressures  at  x^  and  and  is  sometimes  known  as  the  'space 
-time  correlation  function' . 

The  limit  of  the  time  integral  contained  within  the  right-hand  side  of  equation  (16)  now  becomes: 


Tif  I  Rp  (xi  >x2>t)  e  ll°T  dT  =  S  (Xj.Xj.w) 


(18) 


which  is  the  'cross  spectral  density'  of  the  pressures  at  x^  and  x^  .  Since  R  (xj,x2,  )  is  not  an  even 
function  of  x  ,  the  cross  spectral  density  will  be  a  complex  quantity.  P 


sF  (w)  = 

r 


|  MV  I 


(x  )  <{>  (x9)  S  (x.,x9,  to)  dA9  dA 


rr K  2'  p v  1  *  2 


2 


(19) 


When  this  integral  is  examined  in  detail,  it  will  be  found  that  the  imaginary  component  vanishes  identically 
(as  it  must,  since  S ^  (to)  is  essentially  real).  For  the  purposes  of  evaluating  the  integral  of  equation  (19), 
r  we  therefore  need  only  the  real  part  of  S  (x^  ,  x^,  to),  i.e. 


R  (x.  ,x„,x)  cos  tox  dx 

p  1  2 

CO 

This  is  identical  to  the  'narrow-band'  space  correlation  of  the  pressures  at  the  two  points,  Xj  and  x2* 

The  cross  spectral  density  may  be  non-dimensional is ed  by  dividing  it  by  the  direct  spectral  density, 
S  (to)  of  the  (homogenous)  pressure  field.  Equation  (19)  becomes: 


P (xj  >x2 >w)  dA2  dA]  (20) 


a  function  of  to  ,  may  be  regarded  as  the 


A 

has  the  dimensions  of  an  area,  and  may  be  regarded_as  a  correlation  area.  In  a  homogeneous  field  p(xj,x2,w) 
is  a  function  of  the  separation  £,  of  the  points  Xj  and  x9  and  not  of  Xj  alone.  The  inner  integral  is 
therefore  the  area  under  the  product  of  two  curves,  as  in  Figure  3. 

At  high  frequencies  the  distance  to  the  first  zero  crossing  of  p(Xj,  x2,  oj)  is  small  compared  with  the 
wavelength  of  <f>(x),  and  the  integral  is  approximately  equal  to 


SF  (to)  =  S  (to) 
r  p 


<f>r  (xj) 


p(Xj,x2o))  has  the  form  of  a  correlation  coefficient,  and  being 
spectrum  of  the  correlation  coefficient. 


The  inner  integral 


4>r(x2)  p(xj,  x2,  to)  dA2 


<J>r(Xj)  J  p(xj,  x2,  to)  dA2 
A 

4>r(Xj)  X2  (to)  . 


which  may  be  written  in  the  form 
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X2(oo)  is  the  correlation  area  at  the  frequency  (D  and  is  independent  of  either  or  x^  . 

FIGURE  3  Illustration  of  coupling  between  mode  shape  and  correlation  functions 


Equation  (20)  now  becomes 

Sp  (m)  ~  S  (go)  x2  (  ^r2(x)  dA  (21) 

r  A 

which  is  the  approximate  expression  for  the  spectral  density  of  the  generalised  force  at  high  frequencies. 

At  low  frequencies  when  p(Xj,  x^t  (o)  is  nearly  constant  (^1)  all  over  the  surface,  equation  (20) 
becomes 


SF  (<o) 


S  ((D) 
P 


j  4>r(x)  dA 

A 


(22) 


Now  when  <f>  represents  a  sinusoidal  mode  of  r  half-waves  over  the  surface  area,  the  integral  in 
equation  (22)  will  be  zero  when  r  is  even,  and  when  r  is  odd  it  will  get  increasingly  smaller  as  r  increases. 
The  spectral  density  at  low  frequencies  may  therefore  have  zero  values,  and  will  be  very  small  for  the  high 
order  modes.  The  integral  in  equation  (21)  can  never  be  zero  as  the  integrand  is  squared.  For  sinusoidal 
modes,  the  integral  is  independent  of  r,  and  is  equal  to  one-quarter  of  the  plate  area.  At  high  frequencies 
therefore,  the  spectral  density  of  the  generalised  force  in  all  the  modes  is  proportional  to  the  magnitude 
of  the  correlation  area. 


Finally  we  write  equation  (20)  in  the  form: 

V A*r(V  *r(*2>  p(V*2’“)  dAl  dA2 

SF  («)  =  S  Go)  A2  - ; - 

r  Az 

=  S  Go)  a2  j  2  (23) 

p  Jrr 

which  defines  the  general  expression  for  the  f direct’  joint  acceptance,  j  . 

CALCULATION  OF  THE  TOTAL  RESPONSE 

We  have  now  seen  how  to  calculate  the  generalised  force  in  certain  special  cases,  and  also  how  to 
calculate  the  response  in  just  one  mode.  At  first  sight  one  might  think  that  the  total  mean  square  response 
could  be  obtained  by  summing  the  mean  square  responses  of  the  individual  contributory  modes,  but  this  may 
only  be  done  if  the  responses  in  the  various  modes  are  statistically  independent.  This  is  not  so  here,  for 
a  particular  frequency  component  of  the  pressure  fluctuations  can  excite  vibrations  in  several  modes,  albeit 
by  small  amounts  in  some  of  them.  The  corresponding  frequency  components  in  the  fluctuating  response  of 
these  modes  will  be  correlated  to  a  certain  extent. 


The  amplitude  of  motion  in  the  r'th  mode  is  given  by  the  generalised  co-ordinate: 


F  (t) 

q  (t)  =  - 

1  M  ((D  2  -  CD2  +  in  (D2) 

rv  r  r 


where  F^(t)  is  the  generalised  force. 


F  (t) 


(X  -  iY) 


using  the  notation  of  (5) . 


The  generalised  force  can  be  written  in  its  Fourier  transform  form  to  give: 


qr(t)  = 


00  F  (xoj)  .  . 

r  \  loot  , 

— rp  (X  -  iY  )  e  d(D 

M  r  r 
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The  displacement  in  the  r'th  mode  at  any  point  x  on  the  vibrating  structure  is 


/■oc 

wr(x,t)  =  qr(t)  (t>r(x)  - 


Mx)  iwt 

F  (iu)  —  (X  -  iY)  e  du 


(x) 


having  the  Fourier  transform  Fr(iw)  —  (X^  -  iY  ) . 

r 

The  corresponding  spectral  density  is  therefore  given  by: 


-  .  00  <J>  (x)  »  $  (x) 

V“>  -  5  ~  f  l  'r«*>  -V-  <Xr  -  «,>  l  V«“>  -V 

o  o  r=l  r  r= 1  r 


(Xr  +  iYr) 


On  multiplying  this  out  and  proceeding  to  the  limit  of  t  00  we  find 

“  ♦_2(x)  (•_(■_  _  _ 

Vw)  "  I  ■  — -2-  (xr2  +  Yr >  MV  MV  sv  (xix2u)  dA2  ^1 
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+  y  y  _ _ s. 


r-1  s— 1 


r  s 


(X  -  iY  )  (X  +  iY  ) 
r  r  s  s 


|  MVjw  sp(*,52“>  dA2  dAi 


r  ^  s 


The  first  series  gives  the  sum  of  the  spectra  of  the  responses  in  the  individual  modes.  The  second  (double) 
series  is  the  Correction*  term  which  is  necessary  due  to  the  correlation  between  the  responses  in  different 
modes,  and  is  said  to  be  the  response  due  to  'modal  frequency  overlap*. 

It  can  be  seen  that  both  the  real  and  imaginary  parts  of  S  (x^x^jw)  contribute  to  the  second  series. 
The  final  value  of  this  is,  of  course,  entirely  real.  This  is  inp  contrast  to  the  first  series,  to  which 
only  the  real  part  contributes,  as  was  shown  in  the  last  section. 

The  double  integral  in  the  first  series  is  the  spectral  density  of  the  r'th  generalized  force,  and 
may  be  written  in  the  form  of  equation  (23),  involving  the  joint  acceptance.  It  then  becomes 


“  2(x) 

A2  S  M  l  — 
p  r=l  M 


(X  2  +  Y  2)  j2 
2  r  r  Jrr 


The  second  series  may  be  manipulated  in  a  similar  way  to  yield 


00  co  (p  (X)<J>  (x) 

A2  S  ((I))  y  y  — - 2 -  (X  -  iY  )(X  +  iY  )  j2 
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r  s 


Equation  (24)  can  then  be  written  in  a  simpler  form  as 


sw(*r>  =  s"(to)  a2  l  l. 


MV  MV 
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where  joint  acceptance  term  j 2  is  given  by 


^rs  S  ((d)A2 
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MV  +s(V  Sp(*A  V°  dxA  dxB 


A  A 


This  has  been  normalised  by  ^(w)  A2, 


Alternatively  equation  (25)  can  be  written  in  terms  of  the  receptance  a 


(25) 


(26) 


we  note  that 
therefore  we  can  write: 


«  (x  ) 

l  -V-  <Xr  “  iYr>  W  =  ° 


r-1 


IA 


Sw(XjU))  **  )  |  a(x1xAto)  a*(x1xT3w)  S_  (xAx1Iw)  dxA  dx. 


A  A 


IB  ;  p  A  B  A  B 


(27) 


APPROXIMATE  VALUE  OF  MEAN  SQUARE  RESPONSE  LEVEL 


- - -  f°° 

The  mean  square  displacement  w2(x^t)  =  S^XjOj)  dw  ,  For  lightly  damped  modes  well  separated 

in  frequency  we  can  neglect  the  cross  terms.  We  can  therefore  make  an  estimate  of  the  mean  square  overall 
level  by  performing  the  frequency  integration  for  each  mode  separately.  Use  the  result  for  a  single  degree 
of  freedom  case. 
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*r  (xA>  <XB>  Sp  (xA  XB  “r)  dxA  dxB  (28) 

FURTHER  CONSIDERATION  OF  THE  RESPONSE  EQUATION 

The  most  general  equation  describing  the  response  of  structures  to  acoustic  loads  (equation  (25)) 
can  be  investigated  to  see  what  approximations  can  be  reasonably  made  in  specific  cases.  Examples  are 
also  given  of  typical  results  for  assumed  pressure  fields. 

1,  The  cross  terms 


w2(x,t)  - 


I 

r-1 


3 

a)  0  n 

r  r 


11 

A  A 


A  considerable  simplification  can  be  achieved  if  the  cross  terms  can  be  neglected.  Let  us  now  look 
at  this  possibility.  Consider  first  the  cross  joint  acceptance  function  and  the  extremes  of  spatial 
correlation. 

Case  1  Fully  correlated  pressures  i.e.  plane  wave  normally  incident  on  the  structure. 

S  (x  x  to)  =  S  (a>) 
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In  many  structures  the  mode  shapes  will  approach  a  sinusoidal  shape  as  r  increases.  For 
sinusoidal  shapes: 

|  <f>r(x^)  dx^  ■  0  for  r  even 

+  0  as  r  increases  for  r  odd. 

The  first  cross  term  i  . ,  will  thus  be  zero.  This  will  also  be  true  of  the  third,  fifth  etc.  The 
intermediate  terms  *  will  in  general  be  small  but  non  zero  and  decrease  as  the  separation  increases. 

Case  2  Spatially  uncorrelated  pressures 

Vw>  =  sP(oj)  6(vV 

Then  j2s  =  J?  |  $r(xA)  ^s^XA^  dxA  =  0  r  ±  s  because  of  orthogonality. 

A 

Thus  we  see  from  these  bounding  results  that  the  j2  cross  term  will  be  zero  in  all  but  a  few  cases  when  it 
may  have  a  small  value. 

The  second  part  of  the  cross  term  arises  from  the  frequency  function  (X  -  iY  ) (X  +  iY  ) .  The  value 
of  this  term  depends  on  the  closeness  of  the  natural  frequencies  and  the  sizerof  the  moclal  damping. 

The  net  result  of  these  two  effects  is  that  the  contribution  to  the  overall  mean  square  level  from  the 
cross  terms  is  generally  zero  or  very  small.  Mercer  (1)  showed  that  in  the  case  of  a  structure  having  many 
close  natural  frequencies  the  cross  terms  only  contributed  about  5%  of  the  total  rms  level.  In  the  worst 
case  the  contribution  rose  to  about  20%.  It  is  therefore  proposed  that  we  omit  cross  terms  from  the 
calculation. 

2 .  Approximations  for  use  in  evaluating  the  direct  terms 
The  response  spectral  density  can  now  be  written  as 
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When  the  mode  shape  is  sinusoidal  or  approaches  a  sinusoidal  shape  at  high  mode  numbers  M  -  M  x  \  if 
the  mass  is  uniformly  distributed  [m  is  the  total  mass  of  the  structure] . 

With  the  exception  of  jZr>  reasonable  estimates  of  all  the  other  parameters  can  be  obtained: 

a)  S  (to)  Use  measured  spectra,  empirically  developed  design  spectra  given  in  several  of  the  design 
P  codes,  or  theoretical  results  which  are  available  for  a  few  cases. 

The  major  practical  difficulty  arises  when  the  level  of  the  spectrum  varies  from  place  to  place  over 
the  structure.  White £)has  discussed  this  aspect  and  suggests  the  use  of  the  spatially  averaged  spectrum. 
This  will  probably  be  adequate  except  in  extreme  cases  such  as  tall  chimneys  whose  height  approaches 
the  earth’s  boundary  layer  thickness. 
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b)  <J>r(xj)  This  is  the  modal  displacement  at  the  point  of  interest  . 

c)  M  Can  be  approximated  by  |M  except  at  perhaps  the  first  two  or  three  modes  or  where  there 

are  large  concentrated  masses  on  the  structure. 


d)  wr  Computed  natural  frequencies  of  the  structure.  In  vacuo  values  will  usually  be  adequate. 

e)  n  A  value  of  about  2%  is  typical  for  many  engineering  structures.  If  better  information  is 

not  available  from  measurements  2%  can  be  used  as  a  default  value.  The  major  exception  is 
structures  where  there  is  significant  fluid  loading  such  as  offshore  structures.  In  such 
cases  a  higher  value  is  more  appropriate. 

3.  The  joint  acceptance  function  j^r 

The  coupling  coefficient  or  joint  acceptance  function  is  a  measure  of  the  efficiency  with  which  a 
particular  pressure  field  excites  a  specific  mode  of  vibration  of  the  structure.  Analytical  results  can  be 
obtained  for  three  classes  of  general  pressure  field.  In  most  practical  cases  one  of  these  results  can  be 
used  to  give  an  estimate  of  the  response.  The  three  classes  of  pressure  field  are: 


1.  A  ’frozen’  convected  field 

2.  A  convected  field  with  statistical  decay 

3.  A  reverberant  pressure  field 


Case  1  has  already  been  considered  (eqn.  12).  This  represents  the  first  approximation  to  such  excitations 
as  boundary  layer  turbulence,  atmospheric  turbulence,  deep  water  sea  motion  etc.  A  better  approximation  to 
these  conditions  in  convected  turbulence  is  Case  2.  In  this  approximation  the  cross  spectral  density 
function  is  represented  in  the  direction  of  the  convection  by  a  decaying  cosine  wave: 
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where  x^  and  x^  are  distances  along  the  direction  of  convection  and  c  is  the  velocity  of  convection. 

Some  typical  experimental  results  are  shown  in  figure  4  for  boundary  layer  pressure  fluctuations  (3) 
and  in  figure  5  for  near  field  jet  noise  pressures  (4).  Powell  (5)  has  proposed  a  method  of  handling  the 
computation  for  a  two  or  three  dimensional  surface  where  the  effective  convection  velocity  or  scale  is 
different  in  the  different  directions  across  the  surface. 

To  illustrate  the  effect  of  the  parameters  c  and  a  computations  have  been  made  on  the  case  of  a 
simply  supported  beam  excited  by  a  pressure  field  convecting  along  its  length.  The  effect  of  the  decay 
parameter  a  on  the  joint  acceptance  function  is  illustrated  in  figure  6.  These  show  that  in  the  lowest 
mode  (r=l)  the  decay  has  very  little  effect  except  at  the  higher  frequencies.  For  the  higher  modes  the 
peak  value  of  the  joint  acceptance  increases  slightly  and  also  the  size  of  the  side  lobes  increases  as  the 
decay  parameter  increases. 

The  reverberant  sound  field  has  a  cross  spectral  density  function  of  the  form 
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The  joint  acceptance  for  this  function  (from  ref.  6)  is  shown  in  figure  7.  Curves  chosen  from  one  of  these 
three  types  of  pressure  field  can  be  used  to  give  estimates  of  the  joint  acceptance  function  in  many  cases 
of  practical  interest.  An  upper  bound  for  the  joint  acceptance  has  been  derived  by  White  (7)  and  shown  to 
be  close  to  the  exact  results  obtained  by  Bozich  (8)  for  a  decaying  cosine  cross  spectral  density  function. 

SOME  EXPERIMENTAL  RESULTS 

Many  measurements  have  now  been  taken  of  displacement  or  strain  response  of  structures  which  are 
excited  by  random  pressures.  However  in  few  of  these  cases  has  there  been  any  computation  of  the  response 
for  comparison  with  theory.  This  has  generally  happened  because  either  all  the  input  parameters  are  not 
known  or  else  the  computation  presented  too  formidable  a  problem.  Perhaps  the  most  completely  documented 
cases  concern  boundary  layer  excitation  of  aircraft  structures.  The  comparisons  have  been  made  on  laboratory 
tests  in  wind  tunnels  where  the  flow  characteristics  and  the  structural  vibration  characteristics  are  known 
or  have  been  measured  accurately.  Examples  of  the  measured  and  computed  response  spectra  for  a  single  fully 
fixed  panel  are  shown  in  figure  8  (9).  These  comparisons  show  that  good  agreement  can  be  achieved  in  the 
lower  modes.  The  accuracy  is  less  good  in  the  higher  modes.  The  response  in  these  modes  is  much  less  than 
that  in  the  fundamental  and  therefore  the  discrepancy  is  of  less  practical  significance, 

APPROXIMATIONS  BASED  ON  A  SINGLE  MODE  RESPONSE 


In  some  cases  (10,  11)  it  has  been  shown  that  a  reasonable  approximation  can  be  obtained  by  making  the 
assumption  that  the  majority  of  the  response  is  in  the  first  mode  of  the  structure.  This  seems  to  give  a 
satisfactory  estimate  in  the  case  of  relatively  large  plate  like  structures  subjected  to  broad  band  acoustic 
loads. 


(28) 


Assuming  only  one  significant  mode  of  response,  the  mean  square  level  of  displacement  from  equation 
is: 
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where  r  is  the  predominant  mode  -  usually  the  first  mode.  This  now  eliminates  the  mode  summation  and 
simplifies  the  structure  to  a  set  of  independent  plates  responding  in  their  fundamental  mode  only. 

The  second  major  simplification  is  to  assume  that  the  pressures  are  exactly  in  phase  over  the  whole 
plate.  The  equation  then  becomes: 
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This  can  be  written  in  terms  of  the  displacement  response  of  the  plate  to  a  uniform  static  pressure 
of  unit  magnitude.  The  static  displacement  wq  at  Xj  is  given  by: 
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Thus  equation  (30)  can  be  written  as: 
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The  more  usual  expression  for  the  mean  square  stress  can  be  written  in  terms  of  the  viscous  damping 
ratio  £  and  frequency  in  cycles  per  second  f,  as: 


=  £  fr  Sp(fr)  a2 


(32) 


where  a  is  the  stress  at  the  point  of  interest  due  to  a  uniform  static  pressure  of  unit  magnitude.  This 
expression  was  first  derived  from  the  consideration  of  a  single  degree  of  freedom  system  by  Miles  (12), 


THE  TRAVELLING  WAVE  METHOD 

In  many  physical  situations  the  acoustic  pressures  acting  on  a  structure  are  created  by  a  wave  which 
travels  along  the  surface  of  the  structure.  Wave  motion  is  then  induced  in  the  structure  itself.  The  waves 
propagate  in  the  same  direction  as  the  acoustic  waves  which  generate  them,  but  on  reaching  a  boundary  or 
discontinuity  in  the  surface  they  are  partly  reflected,  partly  transmitted  across  the  boundary,  and  also 
possibly  partly  transformed  into  different  types  of  waves. 

When  the  reflections  interact  with  the  incident  structural  waves,  standing  waves  are  established  and 
at  particular  frequencies  these  constitute  the  normal  modes  of  vibration  of  the  surface.  It  is  particularly 
helpful  in  problems  of  acoustically  excited  vibration  to  see  the  vibration  from  the  wave  rather  than  the 
mode  viewpoint,  A  better  understanding  of  the  problem  may  often  thus  be  obtained,  and  certain  specific 
problems  are  more  easily  solved  using  wave  concepts. 

Plane  flexural  wave  motion  in  uniform  plates 


A  plane  wave  is  one  in  which  the  wave  displacement  at  any  instant  is  identical  at  all  points  along  a 
line  perpendicular  to  the  direction  of  propagation.  In  this  section  we  consider  such  waves  propagating 
parallel  to  the  x  axis  of  an  infinite  uniform  plate. 

When  a  flat_plate  is  subjected  to  a  transverse,  time  dependent  pressure  loading,  p(x,y,t),  the  trans- 
verse  deflection  w  is  governed  by  the  fourth  order  differential  equation. 
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The  transverse  loading  under  free  wave  conditions  stems  entirely  from  inertia  loading,  -  ph32w/3t2, 
so  equation  (33)  becomes  the  flexural  wave  equation 


D  V4  w  +  ph  32w/3t2  -  0 


(34) 


where  p  is  the  plate  density.  When  the  wave  motion  is  harmonic  we  express  w  in  the  form 

iwt 


w  =  we 


(35) 


in  which  w  is  a  function  of  x  and  y  only. 
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The  differential  equation  for  w,  now  becomes 

V4  w  -  k4w  =  0 


(36) 


where 


k4  =  phui2/D 


This  is  a  general  equation,  applicable  to  all  forms  of  the  plate  flexural  wave  motion,  and  not  just  to  the 
plane  waves  parallel  to  the  x  axis.  However,  the  latter  wave  motion,  being  independent  of  the  y  co-ordinate 
is  represented  by  the  solution  of  (36)  in  the  form 


where  kn  can  have  any  one  of  the  four  roots  of 


{phw2/D} 


Let  the  real  positive  root  of  this  be  denoted  by  k.  The  four  different  k  's  are  kj  «  k,  ^  -  -k, 
k^  =  ik,  and  k^  =  -ik.  The  complete  solution  of  the  wave  equation  incluSes  all  these  kfs  in  the  form 
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The  last  term  of  this  expression  represents  a  true  flexural  wave,  sinusoidal  in  spatial  wave-form,  constant 
in  amplitude  (A^)  and  propagating  to  the  right  (in  the  positive  x  direction).  In  this  term  k  represents 
the  difference  in  phase  between  deflections  at  points  which  are  separated  by  unit  x-wise  distance  apart, 
and  is  the  flexural  wave  number.  The  wavelength  of  the  flexural  wave  is  given  by 


X  =  27r/k  =  2ir  {D/phu)2}4  .  (38) 

The  flexural  wave  velocity,  a^,  is  given  by  X  x  frequency  (Hz)  so 

af  =  <o*  {D/ph}*  .  (39) 

Now  the  longitudinal  wave  velocity  in  the  flat  plate,  a^,  is  given  by  {E/p ( 1-v2) }5 .  Also,  h2 / 1 2  =  K2, 
where  k  =  radius  of  gyration  of  the  plate  section.  Hence 

af  =  {cua^K}2  .  (40) 

This  increases  with  (frequency)^,  so  the  waves  of  different  frequency  travel  at  different  speeds.  The  wave 
motion  is  therefore  dispersive. 

The  third  term  of  equation  (37)  represents  a  similar  wave  which  propagates  to  the  left.  Each  of  these 
waves  (A^  and  A^)  transmits  energy  along  the  beam  (in  opposite  directions  in  each  case) .  The  energy  flow 
across  a  given  plate  section  per  unit  time  is  found  from  the  average  value  of  (Shear  force,  S  ,  on  the 
section  due  to  the  wave  x  transverse  plate  velocity)  +  (Bending  moment,  M^,  on  the  section  x  angular  plate 
velocity) . 

These  two  component. energies  are  found  to  be  equal  in  a  free  wave,  and  the  total  power  transmitted 
by  a  single  propagating  flexural  wave  of  amplitude  | A |  is 


nf  ■  Dk3  w  |  A2 1  =  a)2p  ha^  |A2|  (41) 

per  unit  width  of  plate,  normal  to  the  wave  direction. 

kx  first  two  terms  of  equation  (37)  do  not  represent  propagating  waves.  The  motion  represented  by 

Aje  e  is  in  phase  at^all  points  along  the  beam,  and  is  a  deflection  which  decays  exponentially  in  space 
from  right  to  left.  A2e  represents  a  similar  deflection  which  decays  from  left  to  right.  No  energy  is 
transmitted  by  these  'waves1,  so  we  refer  to  them  as  'non-propagating1  waves.  They  always  decay  with 
distance  away  from  the  point  at  which  they  are  generated,  and  will  not  be  noticed  (due  to  the  exponential 
factor)  at  large  distances  from  the  point.  The  propagating  waves,  on  the  other  hand,  have  the  same 
amplitude  at  large  or  small  distances,  provided  there  is  no  damping  present  to  attenuate  them.  Since  the 
non-propagating  waves  are  only  noticed  near  to  the  point  of  generation,  they  may  be  called  'near-field' 
waves,  whereas  the  propagating  waves  spreading  outwards  without  attenuation,  may  be  called  ?far-field' 
waves. 

The  forced  vibrations  of  a  uniform  flat  plate 


Consider  a  plate  which  is  simply-supported  along  the  two  x  wise  edges,  and  which  is  subjected  to  a 
propagating  pressure  wave  on  the  surface  of  the  form 
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where  k  is  the  wave-number  of  the  pressure  wave  on  the  plate  surface.  This  represents  a  plane  harmonic 
pressurl  wave  propagating  in  the  x  direction  only  at  a  velocity  of 

a  =  w/k 
P  P 


At  a  given  instant  and  x  position,  p  is  constant  in  the  y  direction.  It  is  convenient,  however,  to  analyse 
this  constant  value  into  sinusoidal  y  wise  components,  thus: 
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For  simplicity  in  the  remainder 


Now  the  response  of  the  plate. 


l  P  sin(2r-l)  ry/fc  =  £  P  sin(k  y) 


r=l 


r=l 


ry-' 


of  this  analysis,  we  shall  consider  only  the  first  term  of  this, 

i(cot-k  x) 

p(x,y,t)  =  Pj  sin(klyy)  e  p 

w(x,y,t),  to  this  pressure  is  governed  by 

i(wt-k  x) 

DV4w  -  w2phw  =  Pj  sin(kj^y)  e  P 


(43) 


i.e. 


(44) 
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Damping  may  now  be  allowed  in  the  plate  by  assinging  the  complex  form  D(l+ip)  to  the  flexural  rigidity. 
The  solution  to  equation  (45)  has  two  parts  -  the  particular  integral  and  the  complementary  function.  The 
particular  integral  is  identical  to  the  response  of  the  plate  if  it  was  infinite  in  the  x  direction,  and 
represents  a  forced  flexural  wave  travelling  in  the  x  direction.  It  is  given  by 

i(wt-k  ) 

wpI  *  Pj  sin(kJyy)  e  p  /  (D(k2^  +  k2)2  -  w2ph)  .  (46) 


Since  the  plate  is  in  fact  finite,  this  wave  will  be  reflected  when  it  encounters  the  right  hand  boundary 
of  the  plate.  Likewise,  reflection  will  occur  from  the  left  hand  boundary.  The  reflections,  however,  will 
be  free  flexural  waves  and  there  will  be  a  propagating  wave  and  a  near  field  wave  reflected  from  each 
boundary.  These  free  waves  constitute  the  complementary  function  of  the  solution  to  equation  (45)  and  are 
represented  by 

WCF  =  {  A]eknX  +  A2e  k"X  +  A3elkxX  +  A4e  ^  >  eiut  sin(k]yy)  (47) 

where 

k  «  {  k2  +  k2  }  ,  {k  =  k2  -  k2  }  ,  k4  =  w2ph/D  . 
n  ly  9  x  ly  K 

The  total  displacement  at  any  point  (x,y)  is  therefore  given  by 

k  x  -k  x  +ik  x  -ik  x  -ik  x 

w(x,y,t)  =  { A j e  n  +  A2e  n  +  A3e  x  +  A^e  X  +  Pje  p  /  {D(k2y  +  k2)  - 

w2ph}}sin(kjyy)e'''aJt  .  (48) 

The  solution  containes  four  unknown  constants  of  integration  which  can  be  found  by  ensuring  that  the 
solution  satisfies  the  four  boundary  conditions  of  the  plate  at  x  =  0  and  x  =  £  .  Suppose  these  two 

boundaries  are  encastrd  i.e.  w  =  0,  w’=0,  at  x  =  0  and  x  =  £  ,  A 

x 

These  yield  the  following  four  equations  for  the  A’s. 
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Notice  that  the  A' s  will  have  very  large  values  under  two  different  conditions: 


(a)  When  the  real  part  of  the  denominator  of  the  right  hand  side  approaches  zero,  i.e.  when 


Re  (D(k2y  +  k2)  -  m2ph)  -►  0.  To  a  first  approximation  this  means 


k  A2  -  kf  =  Re(k  ). 
P  ly  x 
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Hence,  when  the  wave  number  of  the  exciting  pressure  field  is  equal  to  the  natural  wave  number 
of  free  flexural  wave  motion,  a  large  response  is  generated.  These  two  wave  numbers  will  be 
equal  if  the  propagation  velocity  of  the  pressure  field  is  equal  to  the  free  wave  velocity  of 
the  corresponding  flexural  waves  in  the  plate  at  that  frequency. 

(b)  When  the  determinant  of  the  matrix  on  the  left  hand  side  has  a  minimum  value.  This  occurs 
whenever  the  frequency  is  equal  to  one  of  the  natural  frequencies  of  the  finite  plate. 

The  response  expression  (48)  will  therefore  give  rise  to  resonant  type  peaks  at  frequencies 
corresponding  to  each  of  these  conditions.  Condition  (a)  is  the  ’COINCIDENCE  CONDITION’,  for  the  propagation 
speed  of  the  pressure  wave  coincides  with  the  natural  propagation  velocity  of  the  flexural  wave  being 
generated,  Condition  (b)  is  a  simple  ’resonance’  condition. 

Now  a  set  of  equations  of  identical  form  to  (49)  exists  for  each  value  of  k  belonging  to  the  pressure 
field.  The  equations  can  be  solved  for  each  of  these  values  and  for  given  valuesr^of  p  ,  k  and  uj  .  Hence, 
the  displacement  at  any  point  on  the  plate  can  be  found  for  a  given  value  of  k  and  oj  We^can  therefore 
write  ^ 

w(x,y,t)  =  Y(x,y,kp,o))  Poelwt  (50) 

where  Y(x,y,k  ,co)  is  the  ’wave  receptance  function'.  It  is  the  complex  harmonic  plate  response  at  point 
(x,y)  to  a  haraonic  pressure  wave  of  given  y-wise  form  of  unit  amplitude  and  given  frequency  and  wave  number. 

The  random  vibration  of  uniform  flat  plates 


The  normal  method  (as  outlined  in  the  first  part  of  this  paper)  can  be  applied  to  any  type  of  plate, 
whether  flat  or  curved,  rectangular  or  irregular  in  shape,  uniform  or  variable  in  thickness.  The  general 
expression  obtained  for  the  response  spectral  density  applies  to  all  such  conditions.  It  involves  the 
calculation  of  the  joint  acceptances  and  this  can  be  an  extremely  tedious  task;  so  also  can  be  the  summing 
of  the  modal  responses  allowing  for  the  correlation  between  different  modes. 

Some  simple  types  of  structure  can  be  more  easily  analysed  by  making  use  of  a  wave  approach  developed 
from  the  method  described  above.  The  uniform  rectangular  flat  plate  is  one  such  case, 

A  random  pressure  field  can  be  regarded  as  a  continuous  assembly  of  harmonic  pressure  waves  of  all 
different  frequencies  and  wavelengths  (or  wave-numbers),  A  random  pressure  field  which  is  convected  along 
at  a  uniform  velocity  a  and  which  maintains  its  precise  wave-form  as  it  moves  along  can  be  analysed  into 
its  continuum  of  spectrSl  components  of  all  frequencies.  Each  frequency  can  be  associated  with  a  unique 

wavelength  of  pressure  wave  (given  by  X  -  a  /f  *  2ira  /oj)  or  with  a  unique  wave  number  (given  by  k  =  to/a  ). 

Thus,  the  spectral  density  Sp(oo)  of  the  pressure  fluctuation  corresponds  to  a  wave  number  kp  -  uj/aj\  ^ 

If  the  random  pressure  field  does  not  maintain  its  precise  waveform  as  it  convects  along  (and  this  is 

the  more  realistic  case)  it  can  be  analysed  into  a  continuous  assembly  of  harmonic  pressure  waves  of  all 

frequencies  and  all  wave  numbers  at  each  frequency.  Physically,  this  means  that  we  have  pressure  waves  of 
all  different  frequencies  travelling  along  at  all  different  velocities.  The  spectral  information  about  such 
pressure  waves  can  be  described  by  the  two-dimensional  wave  number  /frequency  spectrum.  For  any  given 
frequency,  a  spectrum  is  drawn  in  the  wave  number  domain  showing  how  the  pressure  ’power’  is  distributed 
over  the  different  wave  numbers. 

Now  the  power  spectrum  of  the  pressure  at  a  single  point  can  be  found  from  the  Fourier  transform  of 
the  pressure  auto-correlation  function,  i.e. 


-+CO  4 

S  M  =  (l/2ir)  R  (it)  e-1U)t:  <Jt 

P  )  P 


where  R^(x)  is  the  pressure  auto-correlation  function  with  time-delay  t  and  is  defined  by 


Vt>  =  (]/2T> 


+T 


p(t)  p(t+x)  dt  . 


-T 


We  can  also  define  the  space-time  correlation  function  as  the  correlation  between  the  pressure,  p(x,t)  at 
one  point  and  the  pressure  p(x+£,  t+x)  at  another  point  distance  £  (in  the  x  direction)  from  the  first  point. 
This  is 

Rp(S»x)  =  ^  (1/2T)  |  p(x,t)  p(x+£,t+x)  dt 

-T 

is  then  defined  as  the  double  Fourier  Transform  of  the  space- 
(+°°  -ik  £  (+<» 

l/(2w)2  j  e  p  I  Rp(5,x)  e-1“T  dx  d5 
—00  —00 

Now  the  cross  power  spectral  density  of  the  pressures  at  any  two  points  distance  £  apart  is 


The  wave  number /frequency  spectrum  S  (k  ,co) 
time  correlation  function,  i.e.  P  P 

S  (k  ,go)  = 
P  P 


Sp(£,w) 


(1/2tt) 


'+<*> 
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-iujx 
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dx 
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This  can  be  expressed  in  the  form 

Sp(£,w)  =  S^Cto)  p(C*w) 

where  p(£,w)  is  the  narrow  band  correlation  coefficient  between  pressures  distance  £  apart. 

+°o  , 

Hence,  .  r  -ik  £ 

Sp(kp,u)  =  Sp(u)  I  p(e,(o)  e  p  dS 

—0O 

The  total  power  spectral  density  of  the  pressure  at  frequency  to  is  found  from  this  by  integrating  over  the 
whole  range  of  k^.  Thus  +oo 

S  (to)  =  S  (k  ,to)  dk 

P  J  P  P  P 

—00 

and  the  mean  square  value  of  the  pressure  at  a  point  is  found  by  integrating  this  over  the  whole  of  the 
frequency  range,  hence  +oo 

<p2>  =  |  S^Cw)  dm. 

—00 

Now  the  spectral  density  of  the  plate  displacement  is  related  to  the  spectral  density  of  the  pressure  by 


S  (k  ,to) 
w  p 


|Y(x,y,kpto)  |2  Sp(kp,to) 


where  Y(x,y,k  ,to)  is  the  wave  receptance  function  of  equation  (50).  The  frequency  spectrum  of  the 
displacement  ^  is  obtained  by  integrating  this  over  the  whole  wave  number  domain,  so 


■ 


|Y(x,y,k  ,a))|2  S  (k  ,o))  dk 
P  P  P  P 


and  the  mean  square  displacement  is 


S  (w)  do), 
w 


Further  reading  on  the  Travelling  Wave  Method 

L.  Cremer,  M.  Heckl,  E.E.  Ungar,  1973,  Structure-borne  Sound,  Springer-Verlag,  New  York, 

Heidelburg,  Berlin. 

E.  Skudrzyk,  1968,  Simple  and  Complex  Vibratory  Systems,  Pennsylvania  State  University  Press, 
University  Park  and  London, 
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It  is  the  function  of  this  lecture  to  recall  the  fundamental  physical  concepts 
underlying  sound  radiation.  The  wave  equation  is  derived  and  its  solution 
constructed  for  plane  waves.  Impedance  and  wave  number  concepts  are  intro¬ 
duced.  The  sound  field  for  a  uniformly  pulsating  spherical  radiator  and  its 
limiting  case,  the  point  source,  is  derived.  Finally,  the  scaling  laws  of 
acoustical  model  experiments  are  stated. 


Sound  is  a  space-  and  time-dependent  deviation  of  pressure  from  the  static  pressure.  These  pressure 
fluctuations  come  about  as  a  result  of  vibrations  of  a  boundary  in  contact  with  the  acoustic  fluid/  of  time- 
dependent  forces  or  stresses  applied  to  this  fluid,  of  pulsating  fluid  injection,  and  of  oscillatory  or 
transient  thermal  expansion  of  the  fluid. 

The  concepts  presented  here  are  applicable  to  sound  no  matter  how  it  is  originated.  They  are  therefore 
relevant  to  flow-generated  noise  as  well  as  to  sound  radiated  by  harmonically  vibrating  structures  or  trans¬ 
ducers,  within  the  constraints  of  the  assumptions  inherent  in  our  simple  mathematical  model. 

A.  THE  LINEARIZED  WAVE  EQUATION  AND  ITS  PHYSICAL  INTERPRETATION 

1.  Mathematical  Model  of  the  Acoustic  Fluid 


Viscous  stresses  in  the  acoustic  fluid  are  assumed  negligible  compared  to  inertial  and  elastic 
stresses.  Any  convection  velocity  is  similarly  assumed  small  compared  to  the  sound  velocity.  The  principal 
assumption,  which  permits  linearization  of  the  equations,  is  that  sound  pressure,  i.e.,  the  deviation 
dPg  5  P  from  mean  pressure  Pg,  is  small  compared  to  this  mean  pressure.  The  validity  of  this  assumption  for 

the  majority  of  practical  situations  is  readily  verified:  For  air-borne  sound,  the  threshold  of  pain  is 
120  dB  re  0.0002  ybar  (or,  in  MKS  units,  144  dB  re  1  yPa  and,  in  the  CGS  system  which  we  shall  mostly  use, 

44  dB  re  1  ybar) .  Atmospheric  pressure  is  20  log  106  »  120  dB  re  1  ybar.  The  difference  is  therefore  four 
orders  of  magnitude. 

For  an  exhaustive  analysis  of  various  effects  bearing  on  sound  propagation,  the  reader  is  referred  to 
Hunt's  derivation  of  the  wave  equation.1 

2 .  The  Equation  of  Motion 


The  localized  spatial  distribution  of  sound-associated  pressure  distributions  results  in  acceler¬ 
ation  of  fluid  particles  towards  regions  of  lesser  pressure.  From  Newton,;s  Second  Law, 

VP  =  -p32d/3t2  (1) 

where  d  is  a  vector  displacement  and  p  the  fluid  density.  This  relation  is  valid  whether  the  fluid  is 
incompressible  or  not. 

3.  The  Bulk  Modulus 

The  3-dimensional  equivalent  of  Hooke's  Law  relates  the  fractional  density  change  to  the  pressure 

change : 

B  E  p/ (dp/p)  (2) 

It  is  convenient  to  eliminate  density  in  terms  of  volume  strain.  From  conservation  of  mass  considerations, 
d (Vp)  =  Vdp+pdV  =  0 
or 


dp/p  =  -dV/V  =  -V*d 


Eq.  2  now  becomes 

B  =  -p/ (dV/V)  (3) 

The  linearized  volume  strain  is  conveniently  expressed  in  terms  of  the  divergence  of  the  fluid  particle 
displacement: 

p  =  -BV*  d  (4) 

Except  for  unusually  large  ratios  of  frequency  to  pressure,  sound  waves  compress  gases  nearly  adiabatic ally: 

d<PgVY)  «  pVY  +  PgVY_1dV  =  0 
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where  y  =  1.4  for  air.  Solving  for  volume  strain  and  substituting  the  result  in  Eq.  3, 


B  -  YPs  (5) 

For  air  under  representative  atmospheric  conditions,  B  =  1.42  x  10^  ybar.  For  water,  B  =  2.13  x  10^°  ybar. 
4.  The  Wave  Equation 

One  of  the  two  unknown  variables,  for  example  the  fluid  particle  displacement  vector,  can  be 
eliminated  between  Eqs.  1  and  4.  For  this  purpose  we  take  the  divergence  of  Eq.  1  and  invert  the  order  of 
differentiation , 

9  a2 

v  p  =  -p  (V-d) 

3t 


Furthermore,  we  differentiate  Eq.  4  twice  with  respect  to  time: 


a2  a2 

— |  =  -B  (V-d) 

3t  3t 

2  2 

Eliminating  3  (V*d)/3t  between  these  two  equations,  we  obtain  the  linearized  wave  equation: 


V2p 


0 


(6) 


Alternatively,  we  could  have  constructed  the  wave  equation  in  terms  of  fluid  particle  displacement,  or  in 
fact  fluid  density.  The  wave  equation  was  first  derived  by  d'Alembert  to  describe  the  vibrations  of  a 
string  (1747).  The  wave  equation  establishes  the  relation  between  fluctuations  in  space  and  in  time.  If 
the  medium  is  assumed  incompressible  (B  =  «>) ,  the  temporal  adjustment  takes  place  instantaneously.  Eq.  6 
degenerates  to  the  Laplace  equation: 

V2p  =  0  (7) 

B.  PLANE  SOUND  WAVES 


1.  The  Sound  Velocity 

Let  us  seek  a  one-dimensional  solution  to  Eq.  6,  whereby  the  pressure  is  dependent  only  on  one 
spatial  coordinate  and  time.  Sound  waves  are  therefore  plane,  such  as  would  be  observed  at  large  range 
from  their  source.  For  this  situation,  the  wave  equation  can  be  approximated  as 


a2p  p  32p 

3x2  B  3t2 


(8) 


This  equation  is  satisfied  by  functions  of  the  form 

s\1/2 


p(x,t)  =  F[x+  (  ~  1  t] 


The  coefficient  multiplying  time  has  units  of  velocity.  An  observer  travelling  with  speed 
C  =  (B/p)1/2 

sees  no  change  in  sound  pressure.  This  is  therefore  the  sound  velocity.  For  a  gas,  Eq.  5  holds: 
c  -  (-YPS/P)1/2 


(9) 


(10) 


(11) 


This  result  was  derived  by  Laplace  (1816).  Since  t  always  increases,  the  negative  sign  in  Eq.  9  corresponds 
to  sound  propagating  in  the  positive  x-direction,  and  vice  versa.  Previously,  Newton  (1687)  had  constructed 
the  isothermal  sound  velocity  obtained  by  setting  y  -  1  in  Eq.  11.  For  representative  conditions,  the  sound 
velocity  in  air  is. 344  m/s,  and  in  water  1,460  m/s. 

2.  The  Helmholtz  Equation 

This  presentation  will  now  be  specialized  to  a  harmonic  time  dependence.  The  expression  describing 
one-dimensional  pressure  waves  now  takes  the  form 


P  ( x ,  t )  =  Re  [p  (x)  e  iWt]  (12) 

For  the  sake  of  brevity,  both  the  symbol  Re  and  sometimes  the  harmonic  function  of  time  itself  will  be 
suppressed.  Time-harmonic  solutions  are  important  not  only  in  that  they  represent  pure  tones  but  also  as 
building  blocks  of  the  statistical  formulation  of  random  sound  pressures.  Noting  that  for  harmonic  time 
dependence,  the  time-differential  operator  in  Eq.  8  is  tantamount  to  multiplication  by  -a>  ,  and  combining 
Eqs.  8,  and  10,  the  one- dimensional  wave  equation  thus  specialized  becomes  an  ordinary  differential 
equation: 
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dx2 


+ 


0 


(13) 


This  is  the  Helmholtz  equation.  For  the  sake  of  brevity,  the  coefficient  multiplying  the  pressure  is 
defined  in  terms  of  the  wavenumber 

k  =  w/c  (14) 

3.  One-Dimensional  Pressure  Fields 


Solutions  of  Eq.  13  are  in  the  form  Pexp(+ikx)  or  of  combinations  thereof,  i.e. ,  of  trigonometric 
functions.  The  expression  in  Eq.  12  now  becomes 

p(x,t)  =  Pexp (±ikx-iwt)  (15) 

where  it  is  understood  that  only  the  real  component  cos (±kx-wt)  is  physically  meaningful.  The  positive 
sign  implies  propagation  in  the  positive  x-direction  and  vice  versa.  At  a  given  time  t,  the  same  pressure 
is  encountered  at  locations  x+(2frn/k),  where  n  is  an  integer.  The  interval  corresponding  to  n=l  defines 
the  wavelength  X  -  2Tr/k. 


4.  Boundary  Conditions 

So  far  attention  has  been  focussed  on  sound  propagation  in  free  space.  Now  consider  the  sound 
field  near  a  boundary  surface  S  described  by  the  distribution  of  the  normal  unit  vector  n  taken  positive 
into  the  fluid  medium.  If  we  ignore  viscosity,  as  we  have  throughout,  there  need  not  be  continuity 
between  tangential  motions  of  the  boundary  and  of  fluid  particles.  There  must  however  be  continuity 
between  the  normal  displacement  w  or  acceleration  w  of  the  boundary  surface  S  and  of  the  fluid  particles. 
Taking  the  n- component  of the  vector  equation  in  Eq.  1,  this  boundary  condition  becomes 


i£  = 

3n 


-pw  =  pw  w  on 


S 


(16) 


For  a  radiating  surface  endowed  with  a  prescribed  dynamic  configuration  w,  this  constitutes  a  non-homogeneous 
boundary  condition  which  determines  the  amplitude  of  radiated  pressure.  This  will  be  illustrated  in 
Section  C.  For  a  rigid  scatterer ,  w  =  0  and  consequently, 

3p/3n  =0  on  S  (17) 

5.  The  Characteristic  Impedance 

For  this  simplest  of  dynamic  configurations,  the  plane-wave  solution  in  Eq.  15,  vector  notation  is 
not  required  to  describe  the  fluid  particle  displacement,  which  can  therefore  be  denoted  by  the  scalar  w. 

The  particle  acceleration  and  velocity  obtained  by  substituting  Eq.  15  in  Eq.  16,  are 


ap 

9x 


ikp  =  -pw  =  impw 


The  characteristic  impedance  is  defined  as  the  ratio  of  pressure  to  particle  velocity  in  a  plane  wave. 
From  the  above  equation, 
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10Jp 

ik 


pc 


(Bp) 


1/2 


(18) 


where  use  has  teen  made  of  the  definition  in  Eq.  14.  This  same  result  can  be  derived  for  non-harmonic 
situations  described  by  Eq.  9.  The  fluid  particle  acceleration  is 

"  =  _  1  3F  _  1  /p\1//2  9F 
W  p  3x  p  \B J  3t 

Integrating  with  respect  to  time,  and  setting  F  =  p,  one  obtains  the  result  in  Eq.  18.  The  characteristic, 
impedance  equals  42  pbar/cm/s  for  air  and  1.5  x  10^  in  the  same  CGS  units  for  water.  Consequently,  similar 
boundary  motions  produce  pressures  between  three  and  four  orders  of  magnitude  larger  in  water  than  in  air. 

C.  THE  SPHERICAL  SOURCE  AND  ITS  IMPEDANCE 

1.  The  Helmholtz  Equation  in  Spherical  Coordinates 

The  wave  equation,  Eq.  6,  no  longer  restricted  to  plane  waves  but  still  specialized  to  harmonic 
situations  is 


V2P  +  k2p  =  0  (19) 

Now  consider  a  source  in  the  form  of  a  uniformly  pulsating  sphere.  The  one- dimensional  Laplace  operator  in 
the  spherical  radial  coordinate  system  is 


V 


2 


__d_ 

dR 


(.20) 


It  can  be  verified  that  Eqs.  19  and  20  admit  solutions  of  the  form 
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.  .  ikR,„  -ikR. 

p(R)  =  (Ae  +Be  )/R 

For  the  time  dependence  exp(-iwt) ,  the  positive  exponential  indicates  propagation  in  the  direction  of 
increasing  R.  Selecting  these  outgoing  rather  than  converging  waves,  the  pressure  can  be  written  explicitly 
as 


p(R,t) 


A  i  (kR-wt) 


(21) 


This  differs  from  the  plane-wave  solution  in  that  the  pressure  amplitude  decreases  with  increasing  range. 

2.  The  Boundary  Condition  Specialized  to  Spherical  Radiators 

The  undetermined  coefficient  in  Eq.  21  can  be  expressed  in  terms  of  the  velocity  Wexp(-iwt) 
prescribed  over  the  surface  of  the  sphere.  The  boundary  condition,  Eq.  16  becomes 


||  -  iwpW  ,  R  =  a 


where  2a  is  the  source  diameter.  From  Eq.  21, 

R  =  a 


dp  ...  1.  A  ika 

— =  (xk - )  —  e 


dR 


(22) 


(23) 


=  (ika-l)p(a)  /a 

Combining  Eqs.  22  and  23,  one  can  solve  for  A  and  express  the  sound  field  in  terms  of  the  source  velocity: 


2» 

pc(ka-i)ka  W  r.,  v 

P  (R)  = - -  exp  [xk  (R-a)  ] 

(K  a  +1)R 


(24) 


3.  The  Point  Source 


The  point  source  (or  simple  source,  or  acoustic  monopole)  is  defined  as  a  uniformly  pulsating 
sphere  small  in  terms  of  wavelengths.  Its  pressure  field,  which  will  be  used  to  construct  more  complicated 
sound  fields,  is  identified  here  by  the  subscript  s.  The  pressure  is  obtained  by  neglecting  terms  of  order 
2  2 

k  a  compared  to  unity  in  Eq.  24: 
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ika  PcW 
R 


v2  2 

k  a 


«  1 


(25) 


The  surface  pressure  is  in  phase  with  the  acceleration  W  -  -iajw  =  -ikcW: 


pa  W  ikR 
Ps(R)  =  — e 


Noting  that  the  volume  acceleration  is 


Q  -  47ra  W 

the  pressure  field  of  the  point  source  can  be  written  as 

PQ  ikR 
p  (R)  =  -r*b  e 
rs  47rR 


(26) 


4.  Impedance  of  Spherical  Waves 

The  specific  acoustic  impedance  of  spherical  waves  is  defined  as 

Z  (R)  5  £ 
w 

Combing  Eqs.  21,  22,  and  23,  this  impedance  becomes 

j-P^P  ,  j££!cR 

W  (dp/dR)  ikR-1 

It  is  convenient  to  express  this  complex  impedance  in  terms  of  a  reactance  x  and  a  resistance  r 
z  -  ix+r 


(27) 


(28) 


(29) 


It  can  be  verified  that 
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pckV 

kV+l 


2  2 

k  R  «  1 


pc 


k2R2  »  1 


-  pckR 

kV+l 


(30) 


-  -pckR 


2  2 

k  R  «  1 


«  0 


2  2 

k  R  »  1 


Setting  R=a,  one  obtains  the  impedance  of  a  spherical  source.  This  impedance  is  seen  to  be  reactive  at  low 
frequencies  and  resistive  at  high  frequencies. 


5.  Far-Field  Criteria 


In  the  above  statement,  "high  frequencies"  can  be  replaced  by  "ranges  large  in  terms  of  wavelengths". 
Under  these  conditions,  i.e.,  when  k^R^  »  i,  the  impedance  equals  the  characteristic  plane-wave  impedance. 
This  is  one  of  the  characteristics  of  the  far-field.  The  other  two  are  that  the  pressure  decay  with 
increasing  range  as  R”1  and  that  the  distribution- in-angle  of  the  pressure  be  independent  of  range.  The 
latter  two  conditions  are  satisfied  at  all  ranges  by  the  sound  field  of  a  uniformly  pulsating  sphere.  This 
isthe  only  source  configuration  to  which  this  applies,  as  will  be  seen  in  Lecture  7. 

D.  MODEL  SCALING  LAWS 


The  solution  in  Eq.  24  allows  us  to  construct  the  laws  governing  scaled  acoustic  measurements,  whereby 
a  source  of  characteristic  dimension  L  and  amplitude  of  vibration  W,  is  replaced  by  a  model  source  of 
dimension  L/s,  of  similar  dynamic  configuration  but  of  reduced  amplitude  of  vibration  W/s,  the  acoustic 
fluid  remaining  unaltered.  The  desired  scaling  law  insures  that  the  pressure  p  measured  in  the  model 
experiment  at  range  R/s  equals  the  full-scale  pressure  p  at  range  R:  m 


It  is  apparent  that  this  relation  is  satisfied  if  ka  and  W  remain  invariant  under  scaling.  Consequently, 
the  model  experiment  must  be  conducted  at  frequency  s  .  The  scaling  law  therefore  requires  that  linear 
dimensions  including  amplitudes  of  vibration  normalized  to  wavelength  be  invariant.  Since  pressures  and 
velocities  both  remain  unchanged,  so  does  the  specific  acoustic  impedance. 


REFERENCE 
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Summary 

A  summary  of  the  fundamental  properties  of  flow-generated  sound  and  vibration  will 
be  given  in  this  lecture.  The  elementary  source  types,  the  physical  parameters  govern¬ 
ing  sound  and  vibration,  and  general  similarity  rules  will  all  be  derived.  The  rudi¬ 
mentary  effects  of  surfaces  on  flow-generated  noise  will  also  be  reviewed. 


1.0  Introduction 


Flow-generated  noise  is  a  fully  interdisciplinary  subject  area.  The  primary  source 
of  sound  is  some  type  of  unsteadiness  in  the  fluid  generally  resulting  from  unsteady 
momentum  exchanges.  Such  fluid  dynamics  will  impart  time-varying  forces  to  the  surround¬ 
ing  fluid  when  the  flow  occurs  around  bodies  and  these  forces  generate  unsteady  reactive 
motions  of  the  fluid  as  well  as  of  the  body  at  the  boundary.  When  boundary  motion  occurs, 
one  is  often  as  much  interested  in  the  vibration  of  the  body  as  in  the  sound  produced. 
Indeed,  sound  resulting  from  the  flow-induced  body  motion  may  be  more  important  than  the 
sound  emitted  from  the  forces  acting  on  the  fluid.  Perhaps  the  most  well  known  sound 
source  involving  flow  past  bodies  is  the  Aeolian  tone.  Here  a  vortex  street  is  formed 
behind  a  bluff  body  as  illustrated  schematically  in  Figure  1. 


Figure  1  -  Illustration  of  Vortex  Street  Behind  Bluff  Body  and  of 

Orientations  of  Unsteady  Lift  (f2*(t))  and  Drag  (f'(t)) 

Forces.  f^  (t)  and  ,f2  (t)  Represent  Forces  Per  Unit  Axial 

Length. 


Time-varying  momentum  exchanges  accompanying  the  formation  of  the  vortices  of  alternate 
circulation  +  £  cause  periodic  forces  of  equal  and  opposite  sign  to  occur  between  the 
body  and  the  fluid.  Sound  is  emitted  since  those  forces  move  both  the  fluid  particles 
surrounding  the  body  and  possibly  the  body  as  well.  The  most  well  known  noise  source 
that  does  not  involve  a  solid  body  vibration,  but  only  unsteady  momentum  distributions 
in  the  fluid  is  jet  noise.  Here  sound  is  created  as  a  result  of  incomplete  cancella¬ 
tions  of  fluid  particle  motions  that  accompany  the  interactions  of  turbulent  eddies.  In 
this  lecture  we  will  examine  the  fundamentals  of  sound  generation  by  unsteady  flows,  and 
the  concepts  of  dynamical  of  similitude  governing  each  type.  We  will  later  consider  in 
some  detail  the  flow-generated  sound  produced  by  flow  past  bluff  bodies  and  cylinders. 
Using  the  results  of  this  analysis  as  a  basis  we  will  then  present  summaries  of  the 
governing  parameters  of  some  important  practical  noise  sources. 

2.0  The  Cannonical  Sources  of  Flow-Induced  Sound 


All  sources  of  flow-induced  sound  are  represented  as  some  combination  of  three 
basic  types  which  we  will  call  cannonical.  The  most  elementary  type  is  the  monopole 
source.  It  results  from  a  net  unsteady  mass  injection  into  the  fluid  regionl  Such  a 
mass  injection  affects  the  surrounding  fluid  in  all  directions,  it  is  therefore  omni¬ 
directional.  Letting  the  rate  of  mass  injection  per  unit  volume  be  then  the 

radiated  sound  pressure  at  a  distance  r=)9C“-y|  from  the  source  region  as  illustrated 
in  Figure  2,  in  a  fluid  medium  in  which  reflecting  surfaces  are  absent  is 
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Figure  2  -  Illustration  of  a  Source  Region  and  Field  Point 
in  an  Unbounded  Acoustic  Medium. 


where  .  We  shall  assume  throughout  these  lectures  that  all  time-varying 

physical  quantities  may  be  represented  by  their  Fourier  transforms,  e.g. ,  for  the 
acoustic  pressure 


and 


[  e  </<u 


(2) 

(3) 


This  poses  no  practical  limitation  or  loss  of  generality  in  the  analysis.  The  formal 
implication  of  course  is  that  the  processes  are  steady  state,  so  initial  conditions  are 
important,  and  temporally  stationary  in  the  statistical  sense.  Formal  justification  for 
the  application  of  these  integral  formulae  to  random  processes  may  be  foynd  in  Cramer 
and  Ledbedder 1 .  In  the  case  of  random  fluid  processes  a,y?</  ^C%juS) 

are  both  random  variables.  The  autospectral  density  is  written  formally  as 


=  2T  <  f(% «o)  cj)> 


(4) 


where  the  asterisk  denotes  the  complex  conjugate  and  the  brackets  >  denote  the  formal 
ensemble  average.  The  cross  spectral  density  is 

lCa2,%„co)  SCw-aj’js  271~  <  f  f  *(7 (5) 

so  that  the  mean-square  pressure  is 


<fl>  =  cJcj  - 

-<*  X, 


(6) 


In  the 
s imple 
length 


monopole  radiated  sound,  we  note  that  the  integral  reduces  to  a  particularly 
form  in  the  case  of  a  source  volume  that  is  small  compared  with  an  acoustic  wave- 


zn7k 


o  ) 


i.e. 


4^  r  ^ 


(7) 


where  to)  is  the  rate  of  net  mass  injection  into  the  acoustic  space,  and  the 

magnitude  of  the  radiated  sound  pressure  is  both  independent  of  sound  speed  in  the  medium 
and  independent  of  angular  orientation  of  the  source  with  respect  to  the  observer. 
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Dipole  sound  is  emitted  when  there  is  no  net  mass  injection  into  the  fluid,  %  =0 
but  there  is  a  distribution  of  forces  oriented  in  the  i-direction,  say  fi  per*  unit  volume, 
then  the  corresponding  expression  for  the  radiated  sound  in  free  space  (no  reflectors) 


'Ur 

Source 

RGQiOK) 

If  we  assume  that  the  dimensions  of  the  source  region  are  all  smaller  than 
this  d ipole  sound  pressure  component  at  frequency  CO  is 


A 


(8) 


■fr(^ 


-  |6J  Cos  ^ 

4-Tf-  r  c7 


(9) 


where  Ff  is  the  net  force  acting  on  the  fluid  in  the  i  direction  and  (p  is  the  angle  to 
that  direction  as  shown  in  Figure  3. 


The  directional  nature  of  the  force  distribution  accounts  for  the  gradient  of  the  free 
space  Green  function  in  the  direction  of  the  force  and  in  turn  the  presence  of  k0  in 
equation  (7).  Comparing  equations  (7)  and  (9)  two  features  are  obvious;  the  appearance 
of  the  cos^  directivity  factor  and  the  speed  of  sound  in  the  denominator.  Obviously, 
the  more  incompressible  the  fluid  is  (the  larger  C0)  the  less  sound  will  be  radiated. 


When  the  unbounded  medium  has  no  net  mass  injection  and  no  net  forces,  the  source 
distribution  is  representable  as  a  system  of  force  couples  and  shear  stresses.  The 
classical  quadrupolel >2  system  may  be  expressed  as 


where 


C: 


Source 

is  the  fluid  stress  tensor , 


(10) 


(■f-r&Sj 


(11) 


In  this  equation  f  Wj  is  the  turbulent  Reynolds  stress  for  which  the  cross  terms 
will  vanish  identically  in  irrotational  flow.  This  term  is  intimately  connected  with 
the  vorticity  in  the  source  region  of  turbulent  flow.  The  term  (-r-rc*)  expresses  the 
deviation  of  pressure  fluctuations  in  the  source  region  from  the  isentropic  pressure 
fluctuations  in  the  acoustic  medium  outside  the  source  region.  This  term  becomes  im¬ 
portant  for  hot  jets,  non  isentropic  flow,  and  jets  in  which  the  speed  of  sound  differs 
measurably  from  that  in  the  external  medium. 

T/ 

is  a  contribution  from  the  viscous  stresses  and  is  generally  neglected.  The 
entire  source  term  is  assumed  reduce  to  under  certain  limiting  circumstances  for 

which  the  sound  speed  and  density  in  the  shear  flow  equals  that  in  the  external  flow, 
where  and,  essentially,  when  the  eddy  viscosity  =  |  tX;  Uj(  /  dU\ 

is  much  larger  than  the  fluid  kinematic  viscosity. 


To  the  extent  that  these  relative  magnitudes  apply  to  free  shear  layers,  such  as  jets 
(and  they  generally  do  for  low  mach  number,  single  p^ase  jets  at  high  Reynolds  number)  it 
is  conceptually  quite  possible  to  determine  co)  as  a  function  of  the 

Fourier  transform  of  t ij  given  that  thersource  distribution  can  be  defined  well 

enough  to  evaluate  the  integral.  Unfortunately,  as  is  well  known,  such  a  specification 
of  Kill}  has  been  relatively  elusive  and  for  practical  purposes  equation  (10)  should 

be  examined  in  a  dimensional  or  in  an  instructional  sense. 
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The  same  really  holds  true  for  other  equations  (7),  (8)  and  (9)  encountered  in 
engineering  practice.  Much  of  the  value  of  these  simple  results,  and  the  theoretical 
work  which  has  followed  their  initial  presentation,  lies  in  their  usefulness  in  develop¬ 
ing  approaches  to  designing  measurement  evaluation  programs,  evaluating  experimental 
data,  and  developing  flow-acoustic  similutude  requirements.  They  also  are  widely  used 
for  designing  simple  experiments  devised  to  test  specific  concepts  of  physical  source 
characteristics.  In  fact  only  in  certain  relatively  idealized  circumstances  is  it  possi¬ 
ble  to  predict  from  fundamentals  and  first  principles  the  sound  levels  that  are  gener¬ 
ated  in  particular  cases.  Always,  one  must  resort  to  carefully  planned  and  executed 
measurement  programs  in  order  to  provide  quantitative  evaluations  of  flow-induced  sound 
and  vibration.  What  stems  from  theories  based  on  the  above  cannonical  notions  of  acous¬ 
tic  sources  are:  the  dependence  of  sound  on  specific  case  variables  such  as  speed  and 
geometric  size;  and  the  effects  of  sizes  and  shapes  of  boundaries  contiguous  to  the  flow 
on  the  process  of  conversion  of  kinetic  energy  of  mean  flow  into  sound  waves.  When 
surfaces  are  present,  the  free  space  Green  function  (  )  appearing  in 

equations  (1),  (8),  and  (10)  is  replaced  by  a  function  V  Gl to  obtain  inte¬ 
grals  of  the  type,  e.g.  dipole 


(12) 


i£  the  Green,  or  inf luence  function  with  dimensionality  (length)  for  a 
unit  source  at  y  generating  sound  at  .  The  functions  are  solutions  of  the  reduced 
wave  equation  simultaneously  satisfying  the  particular  boundary  conditions  for  the  sur¬ 
face  under  study.  For  example,  as  illustrated  in  Figure  4,  for  rigid  boundaries,  or 
boupdaries  on  which  the  motion  normal  to  the  surface  may  be  specified,  the  gradient  of 
G(%// y, in  a  direction  normal  to  the  surface  is  set  to  zero  when  is  on 

the  surface.  J 


Figure  4  -  Illustration  of  a  Source  Region  Adjacent  to  an  Accoustically 
Non-Compact  Surface;  in  This  Case  a  Wedge. 

In  these  instances  a  second  term  must  be  added  giving 


-ftfjCo):  (  l^CnixJ/y^^cf)  +  (  -  Q d SCy) 

r  - -  Surface 


Source 
Re  won 


where 


and  will  be  zero  on  a  rigid  surface. 


(13a) 


(13b) 


In  some  special  instances,  and  high  speed  jet  noise  must  be  considered  as  one,  the 
Green  function  G,CJt//f)co)  is  dependent  on  the  velocity  of  the  flow.  This  is  because 
the  sound  sources  in  the  jet  are  moving  relative  to  the  ambient,  still,  fluid  surround¬ 
ing  the  jet.  If  Uc  is  the  velocity  of  convection  of  the  sound  sources  then  Gj(x//y 
also  depends  on  Ca  where  Ca  is  the  speed  of  sound  in  the  ambient  fluid.  The  cause  of 
this  dependence  is  the  refraction  of  sound  waves  at  the  interface  between  the  moving  jet 
fluid  and  the  ambient  fluid.  At  very  low  Mach  number  and  cold  jets  this  effect  is 
minimal.  Another  change  in  the  Green  function  will  occur  simply  because  of  mean  con¬ 
vection  of  the  sources  relative  to  the  observer.  This  effect  is  common  in  sounds  from 
high-velocity  rotating  machinery.  A  third  complication  arises  when  a  mean  vorticity,  or 
shear  layer  occurs  between  the  soprce  region  and  the  acoustic  medium.  In  these  cases 
the  possibility  exists  for  j**>)  to  have  instability  modes  in  response  to  the 

source  motions.  Special  cases  related  to  this  occur  that  invalidate  the  representation 
of  equation  (12).  It  is  to  be  noted  that  equation  (12)  implies  that  flow  sources  drive 
the  acoustic  medium  for  which  the  behavior  is  governed  by  the  Green  function.  There  are 
cases  in  which  the  sound  interacts  with  the  fluid  mechanics  to  cause  reinforcements. 

Such  cases  are  jet-edge  interactions  (in  organ  pipes  and  flutes),  jet-hole  interactions 
(in  tea  kettles  and  strainer  plates)  and  wake-body  interactions  (in  some  laminar  flow 
airfoils) .  These  cases  are  often  of  practical  significance,  yet  even  a  prediction  of 
their  frequency  of  occurrence  (much  less  of  the  acoustic  amplitudes  experienced)  is  more 
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empirically  than  theoretically^ based .  In  a  mathematical  sense,  one  could  say  in 
equation  (12)  that  both  §($//$  and  -f ;  (y,co)  are  dependent  on  the  speed  of 

sound  in  the  medium  and  that  G  is  also  dependent  on  the  value  of  ( 

3 . 0  General  Principles  of  Similitude 

The  above  equations  are  useful  for  writing  down  similitude  relationships  that  may 
be  used  for  scaling  measurements  in  one  case  to  obtain  expected  sound  levels  in  another, 
similar,  case.  The  similitude  will  be  based  on  length,  time,  and  force  scales  that  are 
appropriate.  Letting  the  appropriate  length  scale  be  L  then  the  appropriate  time 
scale  is  Wo  where  (J  is  a  measure  of  the  fluid  velocity  in  the  machine. 

The  fluctuating  forces  that  are  generated  in  dynamically  similar  fluid  machines 
will  then  be  in  the  proportion. 


The  sound  pressure  level 
is  defined  as 


at  frequency  60=277“ 

U  * lo  h  f* V 


f 


and  in  the  frequency  band 


6CO  =  2TJ-£-f 


where  -£r  2 OX/O  Y\/w>z 

Letting 


in  aeroacoustics  and  n/y?2, in  hydroacoustic  measurements. 

4= 20  h  % 


then  the  following  similitude  relationships  hold  for  the  classical  sound  sources  in  free 
space  or  in  the  presence  of  acoustically  compact  or  non  reflective  surfaces.  Letting 
M0,  D0  and  Q0  be  particular  universal  spectrum  functions  of  we  have  for  mono¬ 

poles  . 


Ls  =  We  +>  Lg  +  Zo  /e><j  L/r  +  /ofoj  ^ 'c/i j 

with  a  speed  dependence  at  constant  scaled  frequency 

4*0  loj  U 


(15a) 


(15b) 


For  dipoles, 

Ls  -  L0  4-  Lg  +2o/o^  u/c0  f  2olo^  L/r  +  loloy  ^<=/l2 

with  a  speed  dependence  at  constant  scaled  frequency 

L$  ~  GO  ia<^  U 

Finally  for  quadrupoles 

L/n  +  to 

with  a  speed  dependencies  at  constant  scaled  frequency 

Ls  ^  90  l0a  U 


-  Q0  f  +  4 -o  log  ^/ca  +  2o  loj 


(16a) 


(16b) 


(17a) 


(17b) 


The  factors  Ac  and  Vc  are,  respectively,  the  effective  correlation  area  and  volume  of 
the  sources;  these  are  determined  by  the  details  of  the  integral  combination  of  Green 
function  and  the  source  distribution  in  each  particular  circumstance.  This  type  of 
combination  will  be  made  more  clear  below  when  we  review  the  flow-excitation  of  a  cir¬ 
cular  cylinder.  Quite  often,  and  particularly  at  very  low  Mach  number,  V/co  «| 
these  factors  are  closely  represented  by  values  of  strictly  hydrodynamic  correlation 
areas  and  volumes  that  may  be  determined  by  aero  (hydro)  dynamic  measurements  of  turbu¬ 
lence.  In  experiments  which  are  scaled  according  to  Mach  number,  fU\  _  f  U_  \ 

'model 

the  relationship  between  the  strictly  hydrodynamic  correlation  area  (or  volume)  and  the 
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value  determined  by  weighting  the  Green  and  source  functions  will  be  in  nearly  the  same 
propro^tion.  It  must  always  be  kept  in  mind,  however  that  in  general  the  weighting  of 
Q  ( y^JjU  .  a>)  and  the  source  function  in  this  regard  is  necessarily  frequency  depend¬ 

ent  and  only  in  extremely  simple  circumstances  (e.g.  flow-dipole  sound  of  rigid  compact 
cylinders)  is  it  a  frequency-independent  factor. 


The  functions  M0,  D0,  and  Q0  are  strictly  dimensionless  and  are  all  particular  to 
the  given  circumstance  or  type  of  flow-body  interaction,  and  they  contain  all  the  fre¬ 
quency  dependence  that  is  controlled  by  the  flow.  Accordingly,  for  example,  D0  may  be 
representable  as  a  spectrum  function  multiplied  by  a  frequency  band,  i.e.,  starting  with 
a  basic  definition  of  the  factor 

De=  loloQ  {  {  <f> (^)  (18 

U 


it  may  be  expressed  as  a  dimensionless  spectral  density  evaluated  at  multiplied 

by  a  bandwidth  ACJ  i.e. 


d0~  to  loj  |  (j>  (^j-L) 


as  long  as  broadband.  If  is  tonal,  then 

a-  a(T r=  27 r$) 

where  ^  is  a  Strouhal  number  of  the  flow. 

Similar  notions  hold  for  the  other  factors  M0  and  Q0. 


(18b) 


(18c) 


4 . 0  Correlation  Areas  and  Fluid  -  Structure  Coupling 

More  needs  to  be  said  of  the  factors  Ac/l2  and  Vc/l2  and  to  do  so  requires  some 
manipulation  of  the  integral  relationships.  For  a  one-dimensional  structure  as  a  taut 
wave  these  ratios  are  replaced  by  where  2-A5  is  the  correlation  length  of  the  flow 

disturbance  along  the  length.  Taking  equation  (8)  as  an  example,  and  representing  it  in 
terms  of  a  surface  pressure  distribution  on  a  rigid  surface  as 

■■V 

where  5(5^d escribes  the  surface  and  ()pi s  the  direction  cosine  in  the  i  direction,  then 


2ft-  f 

in  the  1  imit  of  P -  and  U>  )ysl/co  «  I 

^-x//|^)=”rp  eXp  (;kr) 


(19) 


, and  where 


Figure  5  -  Geometry  of  a  Pressure  Distribution  on  a  Surface  S(.y,  )  - 
Const,  on  Which  the  Unsteady  Flow-Induced  Pressure  is 
Described. 


is  the  free-space  Green^ function .  Such  a  situation  is  depicted  in  Figure  5.  We  assume 
that  the  function  can  be  measured  and  it  may  be  represented  as  across- 

spectral  density  of  pressures  (see  also  equations  (4)  through  (6))  at  U  and  ; 

accordingly  using  equations  Js  Js 
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represent  this  cross  spectral  density  then  we  have  for  the  spectral  density  of  the  radi¬ 
ated  sound  pressure  at  a  point  .  $  y 

*,/*.*»•  S{  (&)(&)  d*jpis<p 


(20) 


rl  and  ^  denote  values  at  )/$  .  The  values  o  f  $($$*>)  and  j{x//y'j4 i)  are 

coupled  together  if  the  cross  spectrum  junction  does  not  separate  into  a  pair  of  func¬ 
tions  of  the  form 

£p(to)  A(£)  A  0 

Since  products  of  and  may  be  represented  as  functions  of 

>/ji-i£'0/<r.=  kO£i  -///[) 

the  degree  of  coupling  will  depend  on  the  value  of  k0  in  relation  to  the  spatial  scale  of 
the  cross  spectrum  of 

s,  <?„#,«) 

Further  simplification  is  generally  necessary.  If  we  say  that  the  cross  spectrum 
function  is  independent  of  the  end  points  or  extremities  of  the  flow,  on  the  surface  and 
that  within  the  flow  the  sources  are  spatially  homogeneous  then  we  may  write  the  cor¬ 
relation  in  terms  of  the  difference  function 


That  is,  the  spatial  correlation^ depends  only  the  separation  Is  -ys .  but  the  source 
level  depends  on  the  location  f?  and  frequency,  .  Noting  the  limiting  process 
expressed  by  equation  (6)  a  further  simplification  that  is  generally  made  is  to  define  a 
correlation  function  by 


Rc?;-j^) 

and  a  correlation  area  by 


§(ys>^) 


(21) 


Az 


(22) 


This  function,  so  defined,  depends  only  on  a  knowledge  of  the  fluid  mechanics  and  not  on 
any  attention  given  to  the  acoustics  of  the  problem. 


Equation  (20)  may  now  be  put  into  perspective  since  we  may  write 

=  (  (fs)  * 


What  was  represented  above  in  equation  (16a)  as  a  correlation  area  Ac  is  really  the  en¬ 
tire  term  in  curley  brackets.  In  many  problems  of  flow-induced  noise  simplification  of 
this  term  requires  a  good  deal  ofa  assumption  regarding  the  acoustics-f low  interaction. 
Often,  however,  if  Ac  «  ( 2Tt  /  ^  )  equation  (23)  may  be  reduced  to 

£(%")-  AM  jiffy,,  *)*)?#) 

For  example,  in  the  case  of  a  flow  past  a  rigid  cylinder  the  surface  pressure  dis¬ 
tribution  replacing  the  one  above  gives  a  new  source  strength 

■f.  t<jj us)  =  'f  C  $*)  &  C  r-°-) 

where  a=d/2.  Furthermore  r  tydC  on  the  surface  of  the  cylinder  and  Y);  =  Cos^  for  the 

co-ordinate  systems  shown  in  Figures  1  and  3,  Also,  since  the  surface  pressure 

6->)  due  to  vortex  shedding  is  deterministic  in  but  random  in  ^  the  cross 
spectral  density  is  of  the  form 

f  (tJ)  Cos  <j>e  cosj, '  R(V-2«) 


2Y) 


4 


(24) 


50 


where  R  (  20  expresses  t{he  axial  correlation, 

at  a  point  on  the  upper  or  lower  surface  r  TT 
illustrated  in  Figure  1  is 


is  the  amplitude  of  pressure 
The  lift  force  per  unit  length 


which  may  be  written  in  the  form 

{>.,*>-  •  e'*‘° 

if  the  pressure  is 

■fCCL,^  2.,^)--  f0c^)  cask  e 

where  CCl^)  is  a  random  phase  function  of  axial  location.  This  phase  function  is 

-ioc(  o. 


IccCio) 


<  e 


e  >  -  "RCz.'-z) 


5 . 0  The  Formal  Description  of  Flow-Induced  Vibration 

Many  problems  of  flow-induced  sound  involve  surface  vibration,  and  this  is  governed 
in  a  general  way  by  relationships  of  the  type  in  equation  (13a).  Following  the  above  we 
can  write  down  the  spectrum  of  radiated  sound  at  a  point  that  is  far  from  the  vibrating 
body: 


--  I {.  $.„( £*,*•>)• 

)  6 (*/£•>)  tfs  // 


(25) 


where  CO)  i^  the  Green  function  for  the  particular  surface  geometry  in 

question  and  where  is  the  cross-spectral  density  of  surface  velocity 

normal  to  the  undisturbed  surface.  The  assumption  is  made  that  the  deformation  ampli¬ 
tude  of  the  surface  is  very  small.  At  this  point  we  assume  that  the  surface  may  be 
described  as  a  summation  of  a  discrete  set  of  normal  modes,  each  with  a  distinct  geo¬ 
metric  pattern  representable  with  dimensionless,  orthogonal,  modal  shape  functions  Iff  (y) 
that  are  normalized  so  that  **  J* 


I Xjf!)  %,d)  =  A,  s. 


(26) 


PI 


where  for  and  Yfcjt  and  otherwise,  and  where  As  is  the  area  of  the  surface. 

The  presence  of  a  *  in  e<luation  (26)  expresses  the  fact  that  if  we  find  a 

way  to  purely  excite  mocre  WY)  we  will  not  excite  the  other  modes.  This  makes  all 
modes  decoupled  and  uncorrelated  so  that  the  total  kinetic  energy  of  the  surface  is  just 
a  summation  of  the  kinetic  energies  of  the  vibration  modes  of  the  surface. 


In  the  special  case  of  a  one  dimensional  structure,  we  let  the  indices  vn  and  vi 
represent  an  ordering  of  modes,  the  mode  wq  vibrates  at  frequency  mode  r>  at  fre¬ 

quency  COfy  .  These  frequencies  are  determined  by  the  geometry  of  the  surface  and  the 
wave  speed  of  waves  which  maybe  induced  in  that  material  if  it  were  unbounded.  As  an 
example  of  a  one  dimensional  structure  an  effectively  infinite  taut  wire7  with  mass 
per  unit  length  W)c  and  under  tension  T  may  sustain  bending  waves  which  travel  along  it 
at  speed 

c= 

A  finite  taut  string  of  length  L  will  have  resonance  frequencies 


where 


Y)  =  0 ,  IjZ,"1  eic 


and  a  mode  shape 

Tc#  =  Sim  (  WH./l) 


for  2.^  L 


(27) 
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The  average  frequency  interval  between  resonances  for  modes  Y7  and  10-H  will  be  40n  =  TTC/Lj 
or  the  number  of  modes  per  unit  frequency  YKco)  will  be  * 

nctj)=  L/n~c 


Thus  described,  the  vibration  velocity  is  often  assumed  to  be  representable  as  a 
second  order  oscillator  where  each  value  of  resonance  frequency  indicates  an  independent 
degree  of  freedom.  Therefore,  the  cross  spectral  density  of  velocity  of  any  two  dimen¬ 
sional  surface  can  generally  be  expressed  as  a  summation. 


'•»"  1 3 1 


*  $  s 


(28) 


s  s 

where  the  cross  spectrum  function  is  the  same  as  that  appearing  in  equation  20,  and 
where 


(29) 


is  an  impedance  function.  M  is  the  mass  and  *)  is  the  loss  factor  of  the  mode  which  is 
equal  to  the  log  decrement  divided  by  7T~  .  The  terms  outside  the  one  in  curley  brackets 
for  a  given  frequency  emerge  simply  as  the  velocity  response  of  the  nth  mode  to  a 
unit  force  of  excitation.  The  term  in  curley  brackets  represents  the  effective  mean- 
square  force  that  excites  the  surface  into  the  particular  2-dimensional  mode  which  we 
have  designated  by  vn’n  .  The  effective  input  force  depends  on  how  the  spectrum  function 
if  6 matches  the  mode  shape  functions  All  the  qualifica¬ 

tions  regarding  the  relationship  between  the  flow  and  the  Green  function  that  were  dis¬ 
cussed  in  connection  with  equation  (23)  above  apply  here  to  the  mode  shape  function.  In 
the  case  of  structural  response,  the  relationship  between  the  flow  and  how  the  structure 
may  accept  energy  from  the  flow  depends  in  part  on  how  Ac  (equation  (22))  compares  with 
the  square  of  the  structural  wavelength,  ( 21>  t*0  /c^)z  where  cb  is  the  speed  of  free 
flexural  waves  on  the  surface.  If  Ac  -C  then  analogously  to  equation  24  we 

have 


ci  cT'cowr  f-r  *  a  u//.  . - 


where  the  integral  may  often  be  effectively  written  as 


As  Acc^>) 


(30) 


(31) 


and  5pCu>)  is  the  spectrum  of  excitation  pressure  averaged  over  the  surface. 


Equation  (30)  is  then  substituted  into  equation  (25)  to  evaluate  the  acoustic  field. 
The  sound  pressure  depends  on  how  ~\jT  (y)  matches  GjCltl/ for  the  particular  geom¬ 
etry  being  considered.  Since  " 

are  prescribed  mode  shapes  that  describe  the  surface  motion  and  since  Gji'XjJy ;  6(J) 

is  determined  for  the_plass  of  acoustic  problems  involving  that  surface,  the  integral  of 
the  product  of  and  (y)  over  the  surface  is  determined  independently 

of  the  statistical  nature  of  flow  excitation. 

One  complication  arises,  however,  when  the  coupling  of  R  f  X $"Yx)  and  tys) 

and  of  and  (/)  are  dominated  by  different  sets  of  modes.  In  such  cases 

the  vibration  and  acoustic  'fields  may  be  controlled  by  different  modes.  This  case  may 
arise  in  flow-induced  vibration  of  continued  structures  such  as  aircraft  fuselages.  In 
such  cases  the  structural  modes  that  are  resonant  at  frequency  are  best  excited  by  the 
flow  length  scale  \J  /  tO  .  Those  modes  which  make  the  most  sound  couple  well  with 
scales  CQ /to  ♦  Accordingly  if  we  are  interested  in  flow-induced  sound,  we  must 

first  identify  those  mode  orders,  say  £  with  a  maximum  value  of 

i  G(t//f^)%(fr)  /jr 

As  1 

prior  to  evaluating  bracketed  term  of  equation  (28). 


(32) 
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A  second  complication  arises  when  evaluating  the  damping,  or  loss  factor.  This 
factor  includes  the  effects  of  all  mechanisms  of  power  flow  from  the  structure:  hyster- 
etic  material  damping,  applied  damping,  damping  due  to  structural  coupling  with  adjacent 
(or  internal)  structures,  apparent  damping  due  to  acoustic  energy  radiated  away  from  the 
structure,  damping  due  to  viscosity  in  the  adjacent  fluid,  and  aero  (hydro)  -  dynamic 
damping  due  to  interaction  between  the  surface  and  the  fluid  motion  (e.g.,  due  to  lift¬ 
ing  surface  motion) .  The  net  response  of  all  modes  that  are  resonant  in  a  given  fre¬ 
quency  band  is  therefore  controlled  by  the  damping  of  the  individual  modes.  Therefore 
in  carrying  out  the  summation  in  equation  (28)  one  must  exercise  care  in  making  approxi¬ 
mations  that  one  or  more  terms  in  the  summation  are  constants  for  the  values  of  n  that 
are  appropriate.  ' 

A  third  complication  arises  when  there  is^aj^  aero  (hydro)  -  elastic  coupling  between 
the  fluid  and  the  surface.  In  such  cases  $PC  istV/j0*')  may  dependent  on  in  such  a 

manner  that  the  flow  and  structure  are  deterministic.  In  these  cases  even  the  loss 
factor  ^  must  be  adjusted  (generally  downward)  to  account  for  the  phased  injection  of 
energy  from  the  flow  into  the  structure  (generally  a  bluff  body  with  a  discrete  trailing 
edge  flow).  This  phenomenon  is  related  to  singing  hydrofoils  (and  propellers),  self¬ 
excitation  in  tube  bundles. 


It  is  also  important  to  acknowledge  that  the  damping  measured,  say  as  commonly  done 
by  reverberation  times  without  flow,  may  be  controlled  lightly  damped  modes  which  do  not 
radiate  much  sound  (therefore  have  low  acoustic  damping)  or  they  may  become  more  heavily 
damped  due  to  aerodyanmic  damping  when  the  flow  is  turned  on.  Accordingly  reverberation 
time  measurements  may  be  misleading  when  used  to  deduce  loss  factors  of  a  structure. 


6 . 0  Simplitude  For  Sound  From  Flow  Induced  Vibration. 

Using  equation  (30)  we  note  that  the  flow- induced  acceleration, 


a1-  f"1  ^ 

bco 


may  be  expressed  in  dimensional  form  as 


a  £P 


?<>  =  [ 


DlMEWSI0*JLes5 

S  ?£ CTSUM 
FU  motion) 


1 


yi 


or,  referring  the  acceleration  to  -  Cjg  q  cm /scc*~ 

and  letting  La-  =  I&  |o<j  <XZ  /tj1 

we  have  the  acceleration  level  of  theWO^  mode 


(32) 


L 


YUM 


(Xa  +  L|  +•  lo  loj  — 


(33) 


where  Ac  is  the  effective  correlation  area  for  f low- s tructure  coupling,  and  where  A0  is 
a  spectrum  function  along  the  lines  of  M0,  D0,  and  Q0  of  equation  (15),  (16),  and  (17). 
The  structure-acoustic  coupling  is  determined  from  equation  (25)  by  noting  that  the 
sound  pressure  averaged  over  a  spherical  surface  of  area  47TCZ  where  |/y|=p  surrounding 
the  source  region  is  given  by 

£P r(tu)  = 


=  rSC 


A 

4ir  r1 


6^  ^a> 


(34) 


where  the  radiation  efficiency®^  ±s  defined  as 


A 

4irrl 


°raJ  = 


$  (%» 


(35) 


The  radiation  efficiencies  of  a  variety  of  planar  and  non  planar  structures  are  avail¬ 
able  in  the  literature. 
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Combining  equations  (32)  and  (33)  we  find  the  similarity  rule  for  the  sound  pres¬ 
sure  level  radiated  by  all  the  resonant  modes  at  in  the  frequency  band  is 

ks  -&<,+  Lj  +  2o  lo<j  +  1°  Ley  — -  -t-zoloy  ~  (3( 

+  |o  I o<j  Yls  («o)  AO 

The  derivation  of  equation  (36)  presumes  that  the  radiation  from  each  of  all  the 
resonant  modes  in  band  width  4<o  is  nearly  the  same  so  that  the  net  sound  power  level  is 
just  the  representative  level  in  the  band  multiplied  by  the  number  of  resonant  modes  in 
the  band. 

For  flat  surfaces  Y)f  A$  C  Z  Th  h  Cx  ) 

where  Cq  is  the  longitudinal  wave  speed  in  the  plate;  Cy  =  '|/cJ  h  Cx  J*]J  |  % 
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The  point  source  solution  is  used  to  construct  the  far-field  of  line-arrays 
and  its  extension  to  planar  sources  is  described.  The  alternative,  more 
generally  applicable  transform  technique,  whereby  the  far-field  is  evaluated 
analytically  by  the  method  of  stationary-phase,  is  derived  for  axisymmetric 
planar  radiators  and  illustrated  for  rigid  circular  piston  sources.  The 
lecture  concludes  with  the  transform  solution  of  the  sound  field  radiated  by 
a  finite  cylinder  of  arbitrary  dynamic  configuration. 


So  far  we  have  considered  one-dimensional  sound  fields  in  the  form  of  plane  waves  and  spherical  waves 
radiated  by  uniformly  pulsating  spherical  radiators  and  point  sources.  The  latter  will  be  used  to  construct 
extended  sources. 

A.  LINE  ARRAYS 

1.  Synthesis  from  Point  Sources 

The  line  array  can  be  used  to  illustrate  the  characteristics  of  more  complicated  planar  and  convex 
sources.  The  sound  field  of  a  line  array  coinciding  with  the  x-axis  can  be  synthesized  by  considering  it 
as  a  juxtaposition  of  point  sources  of  volume  acceleration 

dx  exp [iy (x) ]  ,  -L  <  x  <  L 

The  far-field  contribution  of  an  array  element  located  at  a  point  x  is  constructed  from  Eq.  26  of  Lecture  5, 
identified  here  as  Eq.  5.26.  Allowance  must  be  made  for  the  fact  that  the  radius  vector  R  is  no  longer 
measured  from  the  point  source  but  from  some  other  point,  say  the  midpoint  of  the  array,  x=0.  The  distance 
R  in  Eq.  5.26  is  therefore  replaced  by  |r-R_J,  where  Rq  defines  the  location  of  an  array  element: 


PsdR-Rol)  " 


_p 2_ 


4ir  R-R 


exp(ik  |r-Rq  | ) 


(1) 


Clearly  the  sound  field  is  symmetrical  about  the  x-axis,  but  it  will  be  a  function  not  only  of  R  but  also 
of  the  spherical  angle  0  between  the  x-axis  and  the  radius  vector  R.  Using  elementary  trigonometry  to 
express  | R— RQ |  in  terms  of  R,  x,  and  0,  and  integrating  Eq.  1  over  the  length  -L  <  x  <  L  of  the  array,  the 
sound  field  becomes: 


p(R,0)  = 


4tt 


1_i 

/ 


-L 


2  2  1/2 
(dQ/dx) exp [iy (x) +ik (R  +x  -2Rxcos0)  ] 

2  2  1/2 
(R  +x  -2Rxcos0) 


dx 


Unless  R  >>  x,  i.e.,  R  >>  L,  and  R  >>  kL  ,  this  0-dependence  is  a  function  of  R,  thus  violating  one  of  the 


far-field  criteria.  Another  far-field  criterion,  viz. 
if  this  condition  is  not  fulfilled. 


that  the  pressure  vary  as  R”^,  is  similarly  violated 


2.  The  Far-Field 


When  the  far-field  requirements  are  satisfied,  one  can  set 

2  2  1/2  2 
(R  +x  -2Rxcos0)  /  -  R-xcos0+O(x  /R) 

Note  that  while  the  x-term  in  the  denominator  can  be  dropped,  the  phase  angle  kx  must  be  retained  no  matter 
how  large  kR.  The  integral  specialized  to  the  far-field  now  becomes 


p  (R,  0)  = 


Pe 


ikR 


4irR 


/ 


dQ 

dx 


exp (iy-ikxcos0)  dx 


x/R  «  1 


kx  /R  «  1 


(2) 


If  dQ/dx  is  constant,  and  the  phase  shift  a  linear  function  of  x,  viz.  y  -  kQx,  the  integral  can  be 
evaluated  analytically: 


p(R,0)  =  Pg(R) 


sin(k  -kcos0)L 
o _ 

(kQ-kcos0)  L 


(3) 


where  pg  is  given  in  Eq.  1  with  Q  =  2LdQ/dx,  the  resultant  volume  acceleration  of  all  the  transducers.  This 
peak  pressure  pg  occurs  on  the  conical  surface  when  the  .argument  of  the  sine  vanishes: 
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0  =  cos  ^k  /k  ,  k  <  k 

o  o  o 

When  kQ=k,  we  have  an  end-fire  array  whose  peak  lies  on  the  array  axis.  If  kQ=0,  we  have  a  broad-side  array 

whose  peak  pressure  occurs  in  the  plane  of  symmetry  0  =  tt/2.  The  peak  pressure  drops  when  kQ  >  k,  the  array 

can  be  steered  electrically  by  adjusting  the  phase  shift  y,  effectively  delaying  the  electrical  signal  to 
successive  array  elements.  This  linear  delay  simulates  a  constant  phase  velocity  tu/k0  which  can  also  be 
implemented  in  practice  with  a  mechanical  waveguide.  The  larger  kL,  the  more  rapidly  the  pressure  drops  off 

as  0  deviated  from  0Q.  If  the  array  length  is  sufficiently  large  in  terms  of  wavelengths,  nulls  and  minor 

peaks  appear  in  the  directivity  pattern.  For  example,  for  the  broad-side  array,  nulls  appear  whenever 
kLcosO  —  nir,  where  n  is  an  integer.  The  array  must  measure  at  least  one  wavelength  before  this  equation 

admits  a  solution.  The  increased  sharpness  of  the  pressure  peak  and  the  enhanced  complexity  of  the  direc¬ 

tivity  pattern  as  the  ratio  of  characteristic  source  dimension  to  wavelength  indreases  will  be  shown  to 
apply  to  two-dimensional  sources  as  well. 

B .  PLANAR  SOURCES 


1.  Rayleigh’s  Formula 


Two-dimensional  planar  arrays  vibrating  about  a  plane  of  symmetry  coinciding  with  the  midplane  of 
the  array  elements  can  be  modelled  as  a  surface  distribution  of  point  sources  whose  contributions  to  the 
sound  field  are  given  by  Eq.  1.  The  array  thickness  is  assumed  small  in  terms  of  wavelengths.  The  plane 
of  symmetry  is  equivalent  to  a  rigid  baffle,  since  9p/3n  and  hence  w  vanishes  over  this  plane.  If  S  is 
the  surface  on  one  side  of  the  plane  of  symmetry,  the  volume  acceleration  of  an  array  element  is  2wdS.  The 
denominator  of  the  integrand  therefore  displays  the  factor  2  instead  of  4,  as  in  Eq.  1: 
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S(R  ) 
o 


w  (IO  exp  (ik  |  R-R^ 1 ) 

I R-R  I 
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dS  (R  ) 
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(4) 
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If  R  /R,  kR  /R  «  1,  this  integral  simplifies  to  a  far-field  integral  expression,  effectively  the  extension 
o  o 

of  Eq.  2  to  two  dimensions.  This  is  Rayleigh's  Formula.  We  shall,  however  use  a  different  approach  which, 
for  planar  sources,  leads  to  an  equivalent  integral  expression  in  the  form  of  an  inverse  transform.  Our 
preference  for  the  transform  formulation  is  that  it  is  applicable  to  non-planar  sources  such  as  the  cylinder 
and  to  structure-f luid  interaction  problems.  Both  of  these  situations  will  be  illustrated.  First,  however, 
the  transform  technique  will  be  applied  to  an  elementary  planar  source  which  could  have  been  analyzed  in 
terms  of  Eq.  4. 


2.  The  Integral  Transform  Formulation  of  Axisymmetric  Pressure  Fields 

In  this  approach,  the  wave  equation  and  the  boundary  conditions  are  integral-transformed.  After 
some,  simple  algebra,  the  integral  transform  of  the  pressure  field  is  solved  for.  Finally,  the  inverse 
transform  of  this  result  yields  an  integral  expression  for  the  actual  pressure.  This  integral  can  be 
evaluated  analytically  in  the  far-field.  Consider  for  example  an  axisymmetric  pressure  field.  The 
Helmholtz  equation  in  cylindrical  coordinates  is 


(V?  +  +  k2)p(r,z)  =  Q 

3  9z 


(5) 


where  the  surface  Laplace  operator  is 
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1 

r 


9r 


(6) 


For  axisymmetric  configurations,  the  most  convenient  integral  transform  is  the  Hankel  transform  of  order 
zero : 1 


f  (y) 


CO 
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f (r) Jq (yr) rdr 


00 
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f  (r)  =  I  f  (y)Jo(yr)ydy 


Applying  this  transform  to  the  Helmholtz  equation  Eq.  5,  and  noting  thatz 


(7) 


/ 


V2f(r)J  (yr) rdr  =  -y2f(y) 
s  o 


the  transformed  Helmholtz  equation  becomes  an  ordinary  differential  equation  which  governs  the  pressure 
transform: 
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/I  2  2x 

(k  -y  ) 


p(y;z>  =  0 


(8) 


This  is  in  the  form  of  the  Helmholtz  equation  governing  plane  waves,  Eq.  5.13,  The  general  solution  for 
waves  propagating  in  the  positive  z-direction  is 

~  22  1/2 

p(YJz)  =  Aexp [i  (k  -y  )  '  z]  (9) 

The  undetermined  coefficient  is  computed  from  the  transform  of  the  boundary  condition,  Eq.  5.16: 

=  -pw(y)  ,  z  ~  0  (10) 

dZ 

Differentiating  Eq.  9  and  substituting  the  derivative  in  Eq.  10,  the  coefficient  A  can  be  solved  for  and 
substituted  in  Eq.  9: 


p(y;z)  = 


iw  (y)  pexp  [i  (k2-y2)  1//2z] 

(k2-y2)1/2 


(10a) 


The  formal  expression  for  the  pressure  field  is  obtained  by  substituting  Eq.  11  in  the  latter  of  Eqs.  7: 


P (r, z) 


ip  j  _ ill* _  t 


,.2  2.1/2 

(k  -y  ) 


J  (yr)exp[i(k  -y  )  z]ydy 


(11) 


This  result  is  applicable  both  in  the  near-  and  far-field.  However,  in  the  near-field  the  integral  can  only 

be  evaluated  at  restricted  locations,  specifically  on  the  axis  where  J  =1.  The  radiation  loading  can  be 

o 

calculated  by  setting  z=0,  evaluating  the  integral  2ttJ  (yr) rdr  over  the  piston  surface,  which  yields  an 

o 

analytically  integrable  inverse  transform  for  the  force  exerted  by  the  fluid.  Here  we  are  exclusively 
concerned  with  the  far-field. 

3.  The  Point  of  Stationary-Phase  and  its  Physical  Interpretation 

To  obtain  an  expression  tractable  by  asymptotic  integratiorTthe  Bessel  function  in  Eq.  12  is 
expressed  in  terms  of  Hankel  functions: 


J  (x) 
o 


1  U(U  ,  >  .  1  „(2)  ,  , 

—  H  (x)  +  —  H  (x) 

2  o  2  o 


=  J  H(1)  (x)  -  \  H(1)  (-x) 

2  o  2  o 

The  integral  of  -H^  (-x)  from  0  to  <»  equals  the  integral  of  -H  ^  (x)  from  0  to  -«°,  i.e.  ,  or,  alternatively, 

(1)  °  ° 
of  H  (x)  from  -«  to  0.  We  thus  finally  have  an  integral  from  -00  to  00 .  Specializing  to  the  far-field,  the 

asymptotic  large-argument  expression  for  the  Hankel  function  is  used: 


Hn1)(x)  “(w)  <"i>ne*P  (ix  -  1  f)  ' 


x  »  n  +1 


(12) 


In  the  far-field,  it  is  convenient  to  use  spherical  coordinates.  Setting 
r  =  Rsin0 
z  =  Rcos0 

Eq.  11  finally  becomes 


2  2  1/2 

x  exp{iR[ysin0+ (k  -y  )  cos0]}dy  (13) 

The  integrand  is  of  the  form  Ffyje1^^.  For  large  R,  the  phase  angle  varies  rapidly  with  y  compared  to  the 
modulus  of  the  integrand.  Consequently,  regions  of  opposite  phase  tend  to  cancel,  the  main  contribution 
coming  from  the  point  of  stationary  phase 

df (y) / dy  =0  ,  y  «  y 

For  the  phase  angle  in  Eq.  13, 

y  =  ksin0  (14) 

The  physical  interpretation  of  this  result  can  be  envisioned  by  considering  that  the  integral  representation 
of  the  transform  of  the  boundary  configuration  w(r)  encompasses  the  entire  wavenumber  spectrum.  Only  wave- 
numbers  in  the  vicinity  of  the  point  of  stationary-phase,  Eq.  14,  contribute  to  the  pressure  at  field  points 
located  on  the  cone  of  vertex  angle  0.  It  can  be  verified  that  A/sin0  is  the  trace  wavelength,  in  the  z=0 
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plane,  of  planar  sound  waves  travelling  in  the  0-direction.  Recalling  that  k  =  2ir/X,  it  is  apparent  that 
the  point  of  stationary-phase  is  associated  with  the  trace  wavenumber.  The  same  interpretation  applies  to 
the  cone  0q  where  the  peak  pressure  radiated  by  the  line  array  is  observed. 

4.  Asymptotic  Stationary-Phase  Evaluation  of  the  Inverse  Transform 
Integrals  in  the  form 


I  =  j  F(y)elf(Y)  dy 


(15) 


with  F  a  slowly  varying  function  of  y,  can  be  evaluated  symptotically  by  considering  only  the  contribution 
of  the  point  of  stationary-phase.  The  result  is3 


I  =  F 


(l»W|) 


exp  {-i  —  +  if) 


(16) 


Substituting  the  function  F  and  f  from  Eq.  13,  with  y  as  given  in  Eq.  14,  and  noting  that, 


3Y2 


Y“Y 


2 

kcos  6 


one  obtains  a  concise  expression  for  the  far-field  without  restricting  the  dynamic  configuration  w(r)  of  the 
radiating  surface; 


-  ikR 

p  (R,  0 )  =  pw(ksinQ)  — — — 


(17) 


5.  The  Circular  Piston 


This  result  will  now  be  applied  to  an  idealized  sound  source  simulating  various  practical  sources 
such  as  a  loudspeaker  in  a  planar  baffle  or  a  cylinder,  short  in  terms  of  wavelengths,  vibrating  about  its 
plane  symmetry.  If  the  piston  is  rigid,  motion  is  uniform  over  a  circle  of  radius  a: 

w(r)  =  W  ,  r  <  a 


The  Hankel  transform  of  this  function  is 


w(y) 


Jq (yr) rdr 


WaJ1 (ya) 
Y  ~ 


(19) 


Setting  y  equal  to  its  stationary-phase  value,  Eq.  14,  and  substituting  the  result  in  Eq.  17,  one  obtains 
the  far-field 


p  (R,  9) 


;•  ikR  J_  (kasinQ) 
pWae  1 _ 

R  ksinQ 


(20) 
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If  we  now  let  ka  0,  J^(kasin0)  kasin0/2,  and  set  dS  =  ira.  ,  we  retrieve  Rayleigh’s  formula  specialized 
to  a  small  source.  If  ka  >  3.8,  nulls  appear.  Also,  the  larger  ka,  the  narrower  the  on-axis  peak. 


Time  does  not  permit  the  analysis  of  rectangular  sources.  Since  their  dynamic  configuration  depends 
on  two  coordinates,  the  solution  requires  a  double  Fourier  transform  applied,  as  above,  to  both  the 
Helmholtz  equation  in  rectangular  coordinates  and  to  the  boundary  condition.  The  Fourier  transfc  *m 
solution  will  now  be  illustrated  for  an  important  convex  source. 


C.  CONVEX  SOUND  SOURCES 


1.  Mathematical  Model  of  the  Radially  Vibrating  Cylinder 

The  finite  cylindrical  radiator  is  not  analytically  tractable.  It  can,  however,  be  approximated 
by  a  mathematical  model  which  yields  realistic  analytical  results  except  near  the  cylindrical  axis.  This 
model  consists  in  extending  the  actual  cylinder  source  with  two  semi-infinite  coaxial  cylindrical  baffles 
of  the  same  diameter.  The  problem  is  analyzed  by  means  of  transforms  in  a  manner  paralleling  the  solution 
of  planar  sources.  The  dynamic  configuration  of  the  actual  source  is  expanded  in  a  Fourier  series 

CO 

w(d>,z)  =  E  w  (z)  cosnd) 
n=Q  n 


(.21) 
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The  pressure  field  is  similarly  expanded 


p  (r ,  <j> ,  z)  =  Z  p  (r,z)cosn<f> 
n  n 


(22) 


Because  the  cosines  are  orthogonal,  each  term  in  the  series  can  be  solved  for  separately.  The  pressure  is 
governed  by  the  Helmholtz  equation  in  cylindrical  coordinates,  augmented  by  the  non-axi symmetric  differ- 
-22  2  -22 

ential  operator  r  3  /8<j>  =  -r  n  .  We  proceed  with  the  solution  in  terms  of  the  Fourier  transform  of  the 

acceleration  extended  only  over  the  length  2L  of  the  actual  cylindrical  source  since  w=0  over  the  semi¬ 
infinite  baffles: 


4-1 

w  (y)  =  I  w 
n  J  n 

-L 


(z)e  1^Zdz 


The  transform  of  the  boundary  condition,  Eq.  5.16,  takes  the  form 


3p  (r,y) 
n  _ 


8r 


=  -pwn(Y) 


(23) 


The  Far-Field 

The  pressure  transforms  are  governed  by  the  Fourier- transformed  Helmholtz  equation 
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2  2  1/2 

The  solution  of  this  equation  are  Bessel  and  Neumann  functions  of  argument  (k  -y  )  r.  When  the  radial 
coordinate  is  large,  the  appropriate  linear  combination  of  these  functions  must  display  the  phase  angle  of 
a  plane  wave.  As  seen  from  Eq.  12,  this  condition  is  satisfied  by  the  Hankel  function  of  the  first  kind, 
where  the  superscript  will  be  dropped  for  the  sake  of  conciseness.  The  desired  general  solution  of  Eq.  24 
is  therefore 


p  (r,y)  =  A  H  [(k2-v2)1/2r] 
n  n  n 


(25b) 
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When  Eq.  25a  is  substituted  in  the  boundary  condition,  Eq.  23,  one  can  solve  for  An  in  terms  of  wR.  The  far- 
field  pressure  is  finally  constructed  as  an  inverse  Fourier  transform  of  Eq.  25b.  Previously,  however,  we 
switch  to  spherical  coordinates  r  =  Rsin0,  z  =  Rcos0.  The  inverse  Fourier  transform  now  becomes 
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For  large  R,  this  integral,  being  of  the  form  of  Eq.  15  can  again  be  evaluated  by  the  method  of  stationary- 

ksin0.  Eq.  16  finally  yields 


-  2-2  1/2 
phase,  where  y  -  kcos0,  (k  -y  ) 
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3 .  The  Uniformly  Pulsating  Cylinder 

Consider  a  source  undergoing  uniform  radial  vibrations.  Only  the  n=0  term  in  Eq.  27  need  be 
retained.  The  Fourier  transform  of  the  dynamic  configuration  is 


w  (y)  *  w  f 
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When  this  is  substituted  in  Eq.  27,  with  y  =  y,  one  obtains  the  far-field 

i2pe'  ikRw  sin (kLcosO) 

p(R,0)  =  — - - - ; - 

irk  Rcos9sin0H  [kasin0] 


(29) 
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In  the  low-frequency  limit. 
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Eq.  29  reduces  to 
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This  coincides  with  the  result  obtained  by  elementary  considerations  for  the  line  source,  Eq.  3,  with  k  =  0, 
Q  =  4-rrLaW^,  and  as  given  in  Eq.  5.20. 

4.  Convex  Sources  in  General 


The  cylindrical  source  is  obviously  periodic  in  <j>,  and  therefore  requires  only  a  single  Fourier 
transform.  The  sphere  and  the  spheroid  are  doubly  periodic  in  their  two  angular  coordinates  and  therefore 
do  not  require  any  transforms.  The  same  applies  to  the  infinite  cylinder  whose  dynamic  configuration  is 
periodic  in  both  z  and  <j>.  Since  the  sound  field  can,  in  these  cases,  be  constructed  entirely  in  terms  of 
wave-harmonic  series  without  recourse  to  transforms,  the  difficulty  of  evaluating  the  inverse  transform  is 
circumvented.  These  configurations  are  therefore  tractable  in  the  near-  as  well  as  far-field.  Unf ortunately , 
convex  bodies  for  which  the  wave  equation  is  not  separable  do  not  allow  either  a  wave-harmonic  or  a  transform 
solution,  but  require  a  computer  formulation  except  in  the  low-frequency  limit. 
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Summary 

In  this  lecture  we  will  use  the  fundamentals  of  flow-generated  sound,  developed  in 
Reference  1,  to  determine  the  important  parameters  that  must  be  measured  to  make  quanti¬ 
tative  evaluations.  Using  as  an  example  the  flow-excited  vibration  of  cylinders  the 
principles  will  be  related  to  actual  measurements  and,  as  well,  the  fundamentals  of 
self- sustained  vibrations  will  be  introduced.  The  lecture  will  end  with  a  brief  survey 
of  the  important  semi -empirical  relationships  that  govern  the  more  complex  generation 
mechanisms  of  different  types. 

1.0  Introduction 


In  the  lecture  on  Fundamental  Concepts  of  Flow-Generated  Noise^,  the  general  equa¬ 
tions  of  the  fundamental  flow-induced  noise  sources  were  presented  and  these  were  used 
to  establish  basic  rules  of  similitude.  In  this  lecture  we  will  examine,  through  the 
simple  example  of  the  Aeolian  tone,  the  types  of  parameters  which  must  be  quantified  in 
order  to  either  predict  noise  levels  or  to  establish  the  most  sensitive  variables 
through  which  noise  control  may  best  be  effected.  The  second  part  of  the  lecture  will 
review  the  basic  characteristics  of  some  important  practical  noise  source  types. 

2 . 0  Sound  Radiated  By  Flow  Past  A  Flexible  Cylinder 

2 . 1  Sound  From  Flow  Dipoles 

We  assume  that  the  cylinder  is  positioned  in  free  space;  i.e.  away  from  any  acous¬ 
tically  reflecting  boundaries  as  shown  in  Figure  1.  Its  diameter  is  assumed  to  be  much 
smaller  than  an  acoustic  wave  length  and  the  axial  correlation  length  of  the 

forces  on  the  cylinder  is  much  shorter  than  the  length  of  the  cylinder  L  exposed  to 
the  flow.  The  unsteady  lift  forces  F2 )  are  nearly  tonal  and  generated  at  the  fre¬ 
quency  fs  that  corresponds  to  the  frequency  of  shedding  of  the  vortices.  Since  the 
fluctuating  drag  forces  are  roughly  only  1/10  the  fluctuating  lift  we  shall  ignore  the 
drag  forces  and  consider  only  flow-induced  sound  and  vibration  in  response  to  lift 
fluctuations.  Although  the  forces  are  temporally  tonal,  they  are  random  functions  of 
positions  along  the  length  of  the  cylinder.  Accordingly,  the  cross  spectral  density  of 
the  forces  per  unit  length  at  points  y3  and  y^  may  be  represented  as  2,3 

R(a,  yj  (1 


So  that  the  mean  square  lift  per  unit  length  is 

T  =  <» 

The  correlation  function  R(y^,y3)  expresses 

the  spatial  statistics  of  the  lift  per  unit  length  along  the  cylinder;  CL  is  a 
coefficient  of  mean-square  lift,  ^  *  It  0*/£  is  the  dynamic  pressure  and  d  is  the  diam¬ 

eter  of  the  cylinder.  Figure  2  shows  an  illustration  of  the  correlation  function  which 
is  assumed  to  be  independent  of  any  end  points;  i.e.  we  assume  that  R(y3#  y3)  = 

R  (y}'-/P=  Rcp,)  and  R(o) =  )  within  the  region  of  flow.  The  correlation  function 
illustrated  applies  to  rigid  cylinders  only.  In  the  next  section  we  shall  examine  con¬ 
ditions  under  which  the  forces  may  be  influenced  by  the  vibration  of  the  cylinder.  Al¬ 
though  these  influences  may  be  considerable  the  relationship  between  the  dipole  and 
vibration  contributions  should  be  unchanged.  The  sound  is  a  superposition  of  two  con¬ 
tributions:  the  direct  dipole  sound  due  to  the  forces  F2(t)  and  the  sound  due  to  the 
flow-induced  vibration.  The  point  of  this  exercise  to  examine  the  conditions  for  which 
one  contribution  dominates  over  the  other. 
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Figure  1  -  Idealization  of  Flow-Induced  Vibration  of  a  Thin  Flexible 
Segment  of  a  Long  Cylinder  of  Greater  Length.  Flow  Extends 
Along  the  Flexible  Portion  Only. 


Figure  2  -  Typical  Correlation  Functions  for  Flow-Induced 
Lift  on  Rigid  Cylinders. 
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Equation  (9)  of  "Fundamental  Concepts  of  Flow  Generated  Noise",  ref.  1,  yields  an 
expression  for  the  direct  dipole  sound 


■s£tc°,‘£-  zA>L  ^ 


(3) 


where  k0  =  CJ>/co  and  k0JL*  «  J  .  This  equation  is  easily  cast  in  terms  of  equa¬ 
tions  16  of  ref.  1  by  noting  **that  the  mean  square  sound  pressure  (eq.  6,  ref.  1)  is 
dominated  by  frequency  COs  =  2T>  §  0/J  where  $  **  O.Z\  is  the  Strouhal  number  of 

the  vortex  shedding.  The  function  D0  is,  now,  the  factor  lOl^[Cc  £dsV/l6T>\J.  nc/L 
is  replaced  by  2JVl/ L  *  Note  that  the  radiated  sound  pressure  is  fully  quantified  by 
measurements  of  ,  S  and  -A*  .  if  vibration  of  the  cylinde_r_  inf luences  the  forces 

the  relationship  (3)  still  applies,  but  appropriate  values  of  C*  and  -A3  must  be 
known.  Some  typical  values  of  these  parameters  as  a  function  of  Reynolds  number  for 
rigid  cylinders  are  shown  in  Figure  3. 
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Figure  3  -  Summary  of  Parameters  for  Vortex-Induced  Forces  on  Circular 
Cylinders . 


2.2  Sound  From  Flow-Induced  Vibration 


The  flow-induced  vibration  can  be  determined  following  Section  5.0  in  ref.  1. 
Methods  for  doing  this  may  be  found  in  the  1 iterature^S .  Thus,  equation  (28)  of  ref.  1 
gives  the  cross-spectral  density  of  the  velocity  Uz  of  the  string  vibrating  in  its 
n  th  mode 


[5«.< f  /  c;  li 

t/2  <-U  "  * 

(  (  K(r5)X^,)X(vQ^r3^3 

[£*><■  /„y,  y>l  =  l &«.</>'.  V.  - "> 

the  function  |j\  is  given  by  equation  (29)  of  ref.  1.  Utilization  of  the  Fourier  trans¬ 
form  permits  an  alternative  representation. 


(4) 


and 
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where  the  modal  shape  function  is 


S„  00=  ie^T(/j)4 


and  the  wave  number  spectrum  is  ^ 

*  2i  J  e"  jr’  R(r;)Jr; 


The  key  to  the  equivalence  of  equations  (4)  and  (5)  is  the  presumption  of  spatial  sta¬ 
tionary  of  the  lift  forces  along  the  cylinder,  i.e.  that  R C  (%)  is  independent  of 
axial  location  of  the  origin  y3.  Without  this  assumption  it  may  be  more  fruitful  to 
work  with  equation  (4). 


To  determine  the  sound  pressure  at  distances  which  are  far  from  the  cylinder 
we  must  evaluate  the  integral  over  ys  in  equation  (35)  of  ref  1.  Since  the  source-to- 
field  distance  may  be  approximated  by  (see  Figure  1) 

lot -y5|  -  r  -i  cosp  cos  - /j  S/1yi 

and 

U„  «  Uz  cos  <j>0 


the  field  acoustic  pressure  is  determined  by 

r§  (rsd>  cos'p  cos'gt  r 

L  frcui  '  *1  J/J 


yr)n 


yy)c  +  W]( 


1  J- 

J  j 


I  s„  C  k0S/M/S)J2  j  l  S„(l<3)l  dl< 5 

where  the  lSv,Ck3)]  is  given  above,  ma  the  added  mass  per  unit  length,  and 

mc  is  the  cylinder  mass  per  unit  length,  J 


Figure  4  -  Modal  Shape  Function  for  a  Simply-Supported 

Structure  and  Wave-Number  Spectrum  of  Unsteady 
Lift  Per  Unit  Length. 


Both  the  vibration  response  and  the  far  field  sound  pressure  depend  on  the  spatial 
matching  of  the  lift  fluctuation  and  the  mode  shape.  In  equations  (5)  and  (6)  this  is 
expressed  in  terms  of  the  wave  number  spectra  and  5^  ( k-j)  .  These  are  illus- 


and  <f)  (k?)  is  bounded  by  K<  lM3, 


trated  in  Figure  4;  S(k3)  is  peaked  about  k3=  kw  = 

.  When  _A_3«  2ir/kJ*  «  zL/n  then  the  integral  may  be  approximately  by  2JL3L' 
Accordingly  for  correlation  lengths  which  are  much  smaller  than  a  wavelength  of  vibra¬ 

tion  we  have  for  each  of  the  n  modes 


1. ■  ■■‘■o' 


( (A) 


if  Sn(k5 


-/of] 


(7) 
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2.3  Relative  Importance  of  Dipole  and  Vibration  Components 

The  term  in  curley  brackets  represents  the  structural  acoustic  coupling  of  the 
cylinder  motion  with  the  acoustic  medium;  this  coupling  includes  the  structural  ad¬ 
mittance  of  the  cylinder  as  indicated  by  the  presence  of  |J|  in  the  denominator.  Com¬ 
parison  with  equation  (3)  also  shows  that  this  bracketed  term  also  governs  the  relative 
importance  of  the  vibration-induced  sound  and  the  direct  dipole  sound.  According  to 
Figure  4,  if  kD*c<  Wn  the  |  C  kD  Sj'v>  o)  J2,  can  be  approximated  by  its  asymptotic 
value  as  ^—*>0  thus  I 

Js„(k ,— *°)|  ^  (8 


so  that  the  ratio  of  the  vibration-induced  sound  to  be  dipole  sound  is 


^  Cas‘/3 

131* 


2 


(9) 


Figure  5  -  Ratio  of  [f  ]  DIPOLE  for  ^  Inch  Dia-  Steel 

Cylinders  in  Air  and  in  Water. 


Figure  5  shows  this  ratio  as  a  function  of  t*/ tLV»  for  a  steel  cylinder  in  air  and  in 
water.  It  shows  that  in  air,  the  vibration- induced  contribution  is  not  dominant,  while 
it  is  in  water.  The  evaluation  is  made  to  give  an  upper  bound  for  which  kn=kQ  and 
cosfj  =  1,  so  |  5„  C  k.  siD|i)r  =£• 

2 . 4  General  Characteristics  of  Structural  Response  and  Noise  Control 

This  simple  example  illustrates  many  important  features  of  flow-induced  noise. 
First,  in  aeroacoustic  problems  the  vibration-induced  contribution  is  often  minimal 
importance  compared  with  the  direct  dipole  contribution,  while  the  reverse  is  true  in  z 
liquids.  This  is  because  the  impedance  coupling  (in  this  case  represented  by + f°c)j  ) 
is  quite  small.  Second,  the  dipole  sound  will  be  controlled  by  wave  numbers  that  are 
less  than  or  equal  to  the  acoustic  wave  number.  In  equation  (3),  this  would  be  stated 
by  replacing  by  27T*  U*  siv>  .  This  replacement  actually  gives  the  more 

general  representation  that  applies  to  all  manner  of  flow  source  that  is  governed  by 
equations  (8)  and  (10).  Specifically,  the  acoustic  radiation  is  related  to  the  gross 
features  of  the  spatial  correlation  function  of  the  sources,  or  rather  to  the  very  low 
wave  number  spectrum  of  the  source  region.  Similarly,  the  structural  response,  and  the 
associated  acoustic  radiation  are  governed  by  the  wave  number  spectrum  of  the  source  at 
wave  numbers  near  those  of  waves  in  the  structure  for  the  vibration  level  and  wave 
numbers  near  the  acoustic  for  the  sound  level. 

The  implication  to  measurement  programs  is  that  details  of  the  flow  which  account 
for  the  obvious  correlation  is  the  flow  field  (of  turbulence,  say)  may  bear  little  rela¬ 
tionship  to  the  problem  of  flow  excitation. 
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Consider,  for  example  the  response  of  two  dimensional  panels  such  as  in  aircraft 
fuselages  to  turbulent  boundary  layers.  For  frequencies  greater  than  the  hydrodynamic 
coincidence  frequency,  tO  >  ^  -  Ut/  Cu  h  /VJl  (i.e.  the  frequency  for  which 

free  bending  waves  in  the  structure  equals  the  pressure  convection  velocity)  the  panel 
response  is  controlled  by  a  two  dimensional  integral  just  like  that  in  equation  (5) 
giving  the  a  general  form  for  the  mean-square  surface  velocity  of  frequency  bands  that 


(10) 

l  Sm„(£)l  is  peaked 
sEpdt61-5)  that  couples 
with  j  S**  Ck))  is  that  which  has  relatively  small  values  at  the  low  wave  number; 

ms  is  the  plate  mass  per  unit  area.  The  is  the  mode  density  and  for  flat  plates  it 

is  VI  ( -  ']ftZ  where  In  is  the  thickness,  Ap  is  the  area,  and  Cj  is  the 

longitudinal  wave  speed  in  the  plate. 

Measurement  programs  which  are  directed  at  providing  information  for  the  outright 
prediction  of  flow-excited  vibration  and  noise  must  therefore  be  conducted  with  these 
notions  firmly  in  mind.  It  is  necessary  to  conduct  the  flow  measurements  in  a  manner 
that  is  consistant  with  the  mechanism  of  flow-structure  or  flow-acoustic  coupling.  In  a 
very  real  sense,  in  the  flow-induced  noise  generation  energy  is  transducted  from  the 
aerodynamics  into  acoustic  emissions.  Both  the  structure  and  the  acoustic  medium  act  as 
filters  in  this  process.  From  this  perspective  noise  control  may  be  effected  by  any  of 
these  means: 

\  -N 

®  Reduce  the  magnitude  of  SpCkjtj)  or  the  distribution  of  *°) 

by  modifying  the  flow. 

•  Reduce  the  response  of  the  structure  for  a  given  flow  input  by  altering 
by  increasing  its  mass  M,  or  by  increasing  the  damping 

•  Reduce  the  radiation  efficiency  by  altering  $m„  C  k>  Siv*/0  which, 

ing  to  equation  (35)  of  reference  1,  is  related  to  6^  by' 

IT  27T*  .7, 

~  j  J  CkJ)  Cosl(f)  Cos^  I  Sy.  CkoSiM^))  d{2  cl  4 


over  tc 

IS^Clol 

accord- 

(11) 


include  multiple  resonances  of  the  panel 

where  is  strongly  peaked  at  k3=0  and  k=kc=  Uc  and 

near  kmn=kp.  Since  kc  »  l<  for  this  case,  the  part  of 

^  *  i  z. 


It  is  to  be  noted  that  considerations  of  noise  control  by  damping  must  be  tempered 
by  recognition  of  the  various  damping  mechanisms. 

In  the  simple  example,  the  damping  of  the  cylinder  would  be  controlled  by  the  mechanical 
losses  (probably  at  the  end  points  of  the  cylinder)  and  by  radiation  damping 

(because  acoustic  energy  is  radiated  away  from  the  cylinder).  Therefore  we  may  write 

7s  ^+7^  (12a) 


where 


7 


rc^A 


&raA  fo_  £» 

~£dcO 


(12b) 


for  the  cylinder.  Accordingly  additions  of  hysteretic  damping  will  only  be  effective 
when  . 

These  notions  generally  hold  true  for  more  complex  structural  geometries. 
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2 . 5  Self-Excited  Vibrations  of  the  Cylinder 


The  cylinder  also  provides  an  example  of  sel f - sus tained  oscillations  and  the  param¬ 
eters  which  control  them.  For  values  of  cylinder  displacement  (in  the  lift  direction) 

that  are  greater  than  approximately  (0.01)d  peak  to  peak,  or  (0.007)d  one  can 

usually  expect  some  nonlinear  interaction  between  the  flow  forces  and  the  vibration. 

This  is  especially  true  when  the  frequency  of  vortex  shedding  is  equal  to  the  frequency 

of  vibration.  Such  nonlinearities  and  self-excited  vibrations  occur  when 

Figure  6  shows  an  example  of  a  lift  coefficient  obtained  experimentally  as  the  cylinder 


NEGATIVE 

DAMPING 


Figure  6  -  Behavior  of  Lift  Coefficient,  = 

Function  of  Frequency  of  Cylinder  Vibration  at  a  Displacement 
Amplitude  Equal  to  0.01  d  .  C^  is  RMS  Value  on  Stationary 

'  °  r 

Cylinder  at  ^S^d  =  3  to  10X10°. 


-L  f 
qL  i 


h  (y3)  dy3’ 


as 


was  mechanically  oscillated  in  the  cross-stream  direction  at  constant  amplitude  and  at 
varying  frequencies  above  and  below  the  natural  frequency  of  vortex  shedding.  When  the 
vibration  couples  with  the  wake,  the  lift  coefficient  induced  by  the  vortices  becomes 
phase-locked  with  the  motion  of  the  cylinder.  For  the  convention  used,  the  positive 
imaginary  lift  coefficients  are  taken  by  the  structure  as  negative  damping  (energy  fed 
from  the  wake  into  the  cylinder).  Also  the  real  part  (in  phase  with  the  displacement) 
of  the  lift  increases  to  a  value  that  is  greater  than  that  for  the  rigid  cylinder.  The 
flow-induced  vibration  of  the  cylinder  will  therefore  greatly  depend  on  the  relative 


values  of 

X*(CO 

?./j 


and  lv«(Cu)  .  Assuming  a  relationship  between  ReCCc), 

2  and  displacement  amplitude  divided  by  cylinder  diameter, 

then  for  a  given  cylinder  geometry  and  flow  Reynolds  number,  a  relationship^ 


£ 

d 


(13) 


Figure  7  -  Flow-Induced  Vibration  at  Vortex  Shedding  Frequency  and 

Frequency  of  Vortex  Shedding  as  a  Function  of  Velocity  for 
an  Elastic  Cylinder  or  Hydrofoil  in  Cross  Flow. 
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can  be  found.  Such  relationships  have  been  found  for  circular  cylinders  and  for  hydro¬ 
foils  with  squared-off  trailing  edges.  An  illustration  of  type  of  self-excited  motion 
due  to  vortex  shedding  to  be  expected  is  shown  in  Figure  7.  In  the  vicinity  of  05  ~ 
the  frequency  of  vortex  shedding  and  of  cylinder  motion  become  coupled  so  that 
or  co  ss  to”  become  the  resonance  frequencies  of  the  coupled  flow  -  cylinder  system.  The 
attainment  of  go*  or  depends  on  the  degree  of  flow-structure  coupling  as  controlled 

by  the  mechanical  damping. 


Figure  8  is  an  illustration  of  the  self-sustained  amplitude  of  singing  hydrofoils 
with  blunt  trailing  edges. 


Figure  8  -  Modal  Displacement  as  a  Function  of  Damping 

Parameter  and  ^w2for  Modes  of  Hydrofoils  with 
Various  Trailing  Edge  Thicknesses  and  Chords. 


One  would  expect  similar,  though  possibly  more  or  less  pronounced , behavior  for  hydrofoils 
with  edges  of  different  geometries.  In  the  case  of  vibration  of  hydrofoils  the 
length  scale  lw  replaces  d  for  the  cylinder.  lw  refers  to  the  thickness  of  the  shear 
layer  in  the  wakes  of  the  hydrofoil  near  its  trailing  edge  and  it  controls  the  vortex 
shedding  frequency  such  that^ 

-^W 

u~77^7c,x 

where  (Cp)^  is  the  base  pressure  coefficient. 

3 . 0  Effects  of  Acoustically  Non-Compact  Surfaces  On  Dipole  Sound 


Equation  (3)  gives  the  sound  pressure  due  to  the  total  mean-square  force  of 


C‘f  O 


in  which  the  diameter  d  and  the 


2-/1, 


are  to  be  much  smaller 


than  an  acoustic  wave  length.  The  first  note  of  generalization  applies  to  a  longer 
correlation  length  compared  to  an  acoustic  wave  length.  This  generalization  was  noted 
earlier  in  Section  2.4  by  the  replacement  of  2  Jl3  by  277s  <p  (  k3  =  W0Siv>/O 


Since  the  axial  correlation  functions  of  vortex-induced  forces,  such  as  measured  on 
rigid  cylinders,  are  representable  as  expC-  the  correction  to  the  dipole  sound 

due  to'  non-compactness  of  the  correlation  is 

k°s,Y) r  7T  (  k  .a3  s^/D1  U4) 


Another  level  of  non-compactness  applies  when  the  stream-wise  extent  of  the  body  is 
longer  than  an  acoustic  wave  length,  as  is  often  the  case  with  lifting  surfaces.  In 
such  cases,  a  new  acoustic  Green  function  for  a  rigid  half  plane  to  be  used  in  equation 
(12)  Ref.  1  gives  rise  to  an  alternative  formula 

f  slviV/2  f  <f>„ 

(W  ' 


(15) 
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where  1Q  is  a  measure  of  the  location  of  the  dipole  source  region  relative  to  the  edge 
and  (f>  (■<-*■>)  is  a  spectrum  function  (with  dimensionaless  integral  over  frequency)  of 

the  sources.  Equation  15,tgives  a  U4(U/C6)  dependence  of  overall  acoustic  intensity 
compared  with  a  U4  (U/c0)  dependence  given  by  equation  3.  Accordingly,  over¬ 

all  sound  pressures  from  direct  dipole  sound  from  rigid  airfoils  will  increase  as  (Js 
whenever  the  ratio  chord/  is  greater  than  unity.  The  effective  distance  of 

sources  from  the  edge  1Q  ;s  related  to  the  dimension  of  the  source  region,  say  the 
thickness  of  the  boundary  layer  of  flow  near  the  trailing  edge  S  •  Therefore,  the 
parametric  expression  of  sound  pressure  spectrum  will  replace  k0lo  with 


4 . 0  Survey  of  Characteristics  of  Important  Flow-Induced  Noises 

Using  the  above  fundamentals,  the  essential  behavior  of  many  practical  noises  can 
now  be  put  into  perspective.  The  accompanying  table  summarizes  a  number  of  types  of 
sources  which  are  classified  according  to:  A,  monopole;  B,  dipole,  and  C,  quadrupole. 

A  forth  category,  D,  covers  free  shear-layer  tones  due  to  flow  impingement  on  edges  and 
covers.  Where  data  is  available,  an  expression  for  radiated  sound  power  is  given.  In 
the  cases  for  monopole,  dipole,  and  quadrupole  sounds,  the  expressions  for  radiated 
sound  power  are  all  consistent  with  the  expressions  derived  in  this  lecture. 

In  the  cases  of  flow  tones,  all  sources  are  dipole  like,  but  little  is  known  about 
the  acoustic  amplitudes  because  the  pressure  amplitudes  depend  on  the  details  of  each 
feed  back  mechanism  that  sustains  the  tone.  The  feed  back  is  generally  controlled  by  an 
acoustic  path  between  the  upstream  and  downstream  edges.  In  hydroacoustic  applications, 
however,  the  feed  back  is  generally  controlled  by  a  structural  vibration  path. 


u 


Figure  9  -  Illustration  of  the  Frequency-Speed  Relationship 
for  Staged  Tones. 


The  behavior  of  staged  tones;  i.e.  those  with  n=l,2,3...  etc.  modes,  have  the  fre¬ 
quency-speed  relationship  has  jumps  as  illustrated  in  Figure  9.  The  end  points  by  each 
stage  usually  depend  on  whether  the  velocity  increases  or  decreases.  Two  or  three  stages 
are  generally  typical.  No  universal  criteria,  or  explanations,  for  that  manner,  have 
been  offered  to  account  for  the  speed  range  for  which  any  particular  mode  exists.  A 
mode  is  generally  regarded  as  being  established  by  the  number  of  quarter  waves  of  free 
shearlayer  modes  which  "fit"  between  the  leading  and  trailing  edges  of  the  aperture  con¬ 
sistently  with  certain  boundary  conditions.  Both  viscous  and  acoustic  effects  must, 
control  the  existance  or  non-existance  of  these  modes.  Howe  has  recently  attributed  the 
speed  range  of  resonance  of  a  Helmholtz  resonator  reinforcing  particular  modes  of  the 
free  shear-layer  in  the  opening  of  the  resonator  as  being  controlled  by  acoustic  effects. 
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TABLE  I  IMPORTANT  SOURCE  TYPES  AND  THEIR  PARAMETERS 


SOURCE  TYPE 


APPLICATION 


CHARACTERISTIC  OR 
FUNDAMENTAL 
FREQUENCY 


VIBRATION  &  SOUND 
DESCRIPTORS 


A)  CAVITATION 


HYDRAULIC  MACHINERY6-7 

VALVES 

THROTTLES 


BROADBAND 


H’radlwl'vPwLMKi-K)"’,  m>1 


B-1 

VORTEX  SHEDDING 
d 


o  O 


•i 

-lit* . 


PIER  PILES4 
GRATINGS8,  PROPELLER  SINGING9, 
STRUCTURAL  MEMBERS10 
TUBE  BUNDLES,11 
BUILDING  VIBRATIONS,12 
ANTENNAS 


TONAL 

-  0.22 

U 

fd  s  0.2 

U 

ff/U  = 


EOS.  (3)  TO  (10) 


B-2 

FLUCTUATING 

LOADS 

T 

*  u_ 

V^c-h 


FANS/COMPRESSORS12'14 


BROADBAND  &  TONAL 


fc"“I 


k02  2  for  k0C  <  rr 


IP  ^0_ 

rad  "  12 n  e0Co 


B-3 

TURBULENT 

TRAIL1NG-EDGE 

NOISE 


i 


LIFTING  SURFACES,15 
BLOWN  FLAPS,16'17 
MACHINERY  NOISES 


BROADBAND 


U 


TP  dip  =  F  (eVH*’ 8 


PoCo 


DPI  FLEX  =  [^^DIpW/3  “  1 

Figure  10  for  CX$) 


B4 

FLOW- INDUCED 
VIB. 


"i  o 


AIRCRAFT 
CABIN  NOISE,18 
AND  VIBRATION 


BROADBAND 


RIBBED 

SURFACE 


_  4_  Op(co)Aa>  Y3  /ajh\  ' 

V2  =  "  Wu\  (y3*  +  1)  V  “  / 
Yf*  0.7,  co<  coh*i  Uc2/x  Cj 
_  n2  (kp«fc>/Uc) 

\/2  ~  - - - - - C- - - - 


V2 


*Cf 

CO  ><Oh 

IP rad  -eoO>oAporad  V2 


HOMOGENEOUS 
TBL  ON  FLAT 
SURFACE 


///?/  z0///0/0/// 


NOT  OBSERVED 


BROADBAND 


TP  rad  'VFFMc4<>> 


iC-2 

TURBULENT  JETS 


VENTS,  AIRCRAFT,19  VALVES20 
CERTAIN  MACHINERY 


BROADBAND 
fd 


U. 


^  0.4 


( IP  rad)0A  —  1 0"5  MC4D2 


NOMENCLATURE 


U  -  velocity 

Uc  -  addy  connection  velocity 
=  0.6U 
d  -  diameter 
Uj  -  jet  velocity 
Poo  **  static  ambient  pressure 


TPrad  “  sound  power  in 

proportional  frequency  band, 

4f « f 

(TPrad^OA  “  ^  CoU2,  dynamic 
pressure 

v  =  kinematic  viscosity  of  fluid 


L  *=  body  length  scale 

K  «  cavitation  index  (Poo-Pv}/q 

Pv  -  liquid  vapor  pressure 
co  -  In  f 

V2  -  Mean-square  surface 
velocity 


SOURCE  TYPES,  CONTINUED 


Figure  10  -  One-Third  Octave  Band  Levels  for  Trailing 
Edge  Noise,  Various  Configurations 
=  Shear  Layer  Thickness  at  Edge. 
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SOUND  RADIATION  BY  ELASTIC  STRUCTURES 
M.  C.  Junger 

Cambridge  Acoustical  Associates,  Inc. 
54  Rindge  Avenue  Extension 
Cambridge,  Massachusetts  02140,  USA 


This  lecture  deals  with  realistic  finite-impedance  sound  radiators  whose 
vibrations  are  modified  by  the  ambient  fluid* s  radiation  loading.  Source- 
fluid  interaction  is  illustrated  for  the  elementary  case  of  a  pulsating  gas 
bubble.  The  balance  of  the  lecture  deals  with  sound  radiation  by  flexural 
waves  in  plates .  The  flexural  wave  velocity  in  vacuo  and  in  the  radiation- 
loaded  plate  is  derived.  Finally,  a  full-fledged  interaction  problem  is 
solved  by  the  transform  technique  introduced  in  Lecture  7:  The  sound  field 
radiated  by  a  force-excited  effectively  infinite  elastic  plate  is  constructed, 
radiation  loading  being  rigorously  accounted  for. 


So  far  we  have  implicitly  assumed  that  the  radiating  surface  has  an  infinite  internal  impedance  in  that 
its  motion  is  not  altered  by  the  pressure  exerted  by  the  ambient  medium.  Actually,  of  course,  this  is  not 
the  case.  One  must  therefore  solve  the  elastic  and  acoustic  problems  simultaneously.  We  shall  start  with 
an  almost  trivial  example. 

A.  AN  ELEMENTARY  INTERACTION  PROBLEM 

Our  first  example  is  extremely  simple  because  the  elastic  system  is  merely  a  spring,  viz. ,  a  spherical 
bubble  in  a  liquid.  Its  spring  stiffness  is 

K  =  -47ra2p/w  (1) 

Introducing  the  bulk  modulus,  Eqs.  5.3  and  5.5,  and  noting  that  dV/V  =  3w/a,  the  stiffness  becomes 

K  =  127rayPs  (2) 


This  is  the  solution  of  the  elastic  problem.  The  acoustic  problem  is  solved  in  Eq.  5.30,  which  gives  the 
required  specific  acoustic  impedance  components.  Formulating  them  as  mechanical  impedances,  and  expressing 
the  reactance  in  terms  of  a  mass  as  -iwM,  the  small-ka  asymptotic  forms  of  the  resistance  and  mass  are 

2  4 

R  =  47rk  a  pc 

(3) 

3 

M  =  47ra  p 


The  natural  frequency  of  the  bubble  is  therefore 


f 

o 


1/2 


(4) 


For  atmospheric  pressure,  fQ  is  of  order  650  Hz  over  bubble  diameter  in  cm.  The  resonance  quality  factor 
associated  with  radiation  damping  only  is 


Q  = 


1/2 


(5) 


For  bubbles  sufficiently  small  to  display  natural  frequencies  in  the  kilohertz  range,  the  quality  factor  is 
controlled  by  thermal  damping.  The  pressure  field,  Eq.  5.26,  is  typically  generated  by  pulsations  excited 
transiently  during  bubble  formation. 

B.  INTERACTION  OF  FLEXURAL  WAVES  IN  A  PLATE  WITH  AN  AMBIENT  FLUID 


1 .  Velocity  of  Flexural  Waves  in  an  Elastic  Plate  In  Vacuo 


Consider  the  simple  situation  of  an  effectively  infinite  plate,  conducting  plane  flexural  waves. 
For  statis  loads,  elementary  bending  theory  yields 


Eh 


3 


12C1-V2) 


“P  (x) 


(6) 


where  E  is  the  Young's  modulus,  V  the  Poisson's  ratio,  and  h  the  plate  thickness.  In  the  development  below, 
the  bending  stiffness  will  be  expressed  in  terms  of  the  velocity  of  compressional  waves  in  plates: 


E 

„  2. 
(1-v  ) 


) 


1/2 


c 

P 


(7) 
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5 

where  p  is  the  density  of  the  plate  material.  This  velocity  equals  5,42  x  10  cm/s  for  steel  and  aluminum 
plates.  Under  dynamic  conditions,  Eq.  6  must  be  modified  to  account  for  the  inertia  force  per  unit  plate 
area.  The  equation  of  motion  thus  becomes: 


.3  2 

h  p  c 
5  P, 
12 


3  w  .  2 

— -  -  phw  w  =  -p 

3x^ 


(8) 


Assuming  plane  or  straight-crested  flexural  waves  in  the  form  of  Eq.  5.15, 
w  =  Wexp  (ik^x-ioot) 


the  homogeneous  equation  governing  free  wave  propagation  is 


hp, 


.(3M 


a)  /  w  =  0 


Solving  for  the  flexural  wavenumber, 

l  1/2 


kf  =  12 


1/4  /  a 
he 


one  finally  obtains  the  flexural  wave  velocity 

u  i  ,  ,  a/2 

c*  =  —  =  —174  (“hV 


12 


(9) 


(10) 


In  contrast  to  the  sound  velocity,  the  flexural  wave  velocity  is  dispersive. 

2 .  Coincidence  Frequency 

We  will  see  shortly  that  radiation  loading  depends  critically  on  the  magnitude  of  the  ratio  c  /c. 

1/2  X 

since  c^  increases  with  to  ,  it  is  less  than  the  sound  velocity  at  low  frequencies  and  vice  versa.  The 

frequency  at  which  the  two  velocities  are  equal  is  the  coincidence  frequency  f  .  Equating  c^,  Eq.  10,  to  c, 
and  solving  for  frequency. 


f  = 
c 


-1/2  2 


Trhc 


(11) 


For  steel  plates  in  air,  f  =  1,200/h  and  in  water,  f^  =  21,700/h,  in  Hz  with  h  in  cm.  Actually,  the  product 
hf^  is  sufficiently  large  for  the  latter  expression  to  require  corrections  for  rotary  inertia  and  shear  not 

accounted  for  in  the  simple  Bernoulli-Euler  theory  in  Eq.  8.  Furthermore,  as  we  shall  shortly  see,  the 
flexural  velocity  is  significantly  reduced  by  radiation  loading  exerted  by  water.  The  crucial  importance  of 
the  coincidence  frequency  was  first  recognized  by  Cremer  (1942) . 


3.  Pressure  Radiated  by  Effectively  Infinite  Trains  of  Waves 

Straight-crested  flexural  waves  are  matched  to  plane  sound  waves  by  the  boundary  condition  in 
Eq.  5.16.  The  pressure  is  governed  by  the  two-dimensional  Helmholtz  equation  formulated  in  rectangular 
coordinates.  Selecting  a  rectangular  coordinate  system  whereby  the  z-axis  is  normal  to  the  plate  and  the 
x-axis  normal  to  the  wavefront. 


9£  = 
3z 


ik  x 
-pWe  S 


z 


0 


2  2 
i_E  +  i_E  + 
2  2 
3x  8z 


ksp  ■ 


0 


where  ks  is  the  flexural  wavenumber  modified  by  radiation  loading.  The  reader  can  verify  that  the  pressure 
compatible  with  the  above  equations  is  of  the  form 


p(x,z) 


..  2  2  1/2 
ipWexp[ik  x+i(k  -k  )  '  z] 
— 

s 


(12) 


When  k  >  k  ,  i.e. ,  for  f  >  f  ,  the  denominator  is  real.  The  pressure  is  in  phase  with  velocity,  since 
sc 

ipW  -  pckW 

2  2 

Radiation  loading  is  resistive  and  tends  to  pc  when  k  »  kg.  When  k  <  kg,  the  denominator  is  imaginary 

and  the  pressure  in  phase  with  acceleration.  In  this  case,  the  reactive  radiation  loading  is  associated 
with  the  inertia  force  of  the  entrained  mass  of  fluid.  The  mass  per  unit  area  is 
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^  =  (k2-k2)1/2 
s 


Since  the  corresponding  exponential  in  Eq,  12  is  real,  the  pressure  is  in  the  form  of  non -propagating , 
exponentially  decaying  evanescent  waves.  When  the  latter  of  Eqs.  13  applies,  the  pressure  field  is 
associated  with  pseudo- sound  such  as  observed  in  a  strictly  incompressible  fluid: 

p(x,z)  -  exp  [kg  (ix-z)  ]  ,  f  <<  f  (14) 

s 

For  a  finite  plate,  or  a  point-excited  effectively  infinite  plate  (see  Section  C  below) ,  structural 
response  is  associated  with  a  continuous  wave-numDer  spectrum,  rather  than  with  a  single  monochromatic 
spectral  line.  The  supersonic  portion  of  a  continuous  wavenumber  spectrum  will  be  shown  to  radiate  sound 
even  in  the  frequency  range  f  <  f^. 


k  <  k 


f  <  f 


2  2 
k  «  k 

s 


f  «  f 


(13) 


4 .  Effect  of  Accession-to-Inertia  on  the  Flexural  Wave  Velocity 

The  entrained  mass  of  fluid  Eq.  13,  must  be  added  to  the  mass  pgh  of  the  plate  per  unit  area  in 

Eq.  8.  An  asymptotic  low-frequency  expression  for  the  structural  wave-number  is  readily  obtained  when 
2  2 

kg  >>  k  ,  i.e.,  when  f  <<  f^.  The  homogeneous  equation  of  motion  now  takes  the  form: 


If  the  plate  is  exposed  to  a  fluid  on  both  its  surfaces,  p  must  be  multiplied  by  two.  Since  k  h  becomes 

2  S 

arbitrarily  small  with  decreasing  frequency,  the  unit  term  in  the  u>  -coefficient  can  be  neglected,  and  the 
wavenumber  solved  for.  The  real  root  associated  with  propagating  waves  is 


k 


s 


k  h 
s 


(15) 


The  ratio  of  the  submerged  to  in  vacuo  flexural  velocities  and  wavenumbers  is 


k  h 
s 


(16) 


The  discrepancy  between  the  two  velocities  is  seen  to  increase  with  decreasing  frequency. 


5 .  Scaling  Laws  for  Submerged  Structures 

The  compatibility  of  the  acoustic  scaling  laws  formulated  in  Lecture  5  with  structural  and  coupled 
structural-acoustic  waves  characterized  by  dispersion  is  not  immediately  apparent.  Using  the  same  acoustic 
fluid  in  the  model  test  as  in  the  full-scale  situation,  acoustical  scaling  laws  require  that  if  linear 
dimensions  are  divided  by  the  scaling  factor  s,  the  model  frequency  be  multiplied  by  s  while  velocities  and 
pressures  remain  invariant.  Retaining  the  same  structural  material  in  the  model  experiment,  the  flexural 
velocity  in  Eq.  10  is  seen  to  remain  unchanged,  since  toh  is  constant.  Using  the  same  acoustic  fluid  in  the 

model  test,  the  structural  wave  number  of  the  submerged  plate,  Eq.  15,  varies  as  (ui^/h^)  .  This  factor, 

and  therefore  k  ,  vary  linearly  with  the  scaling  factor  s,  as  does  the  in  vacuo  flexural  wavenumber,  Eq.  9. 

s  - 

Consequently,  the  flexural  wave  vleocity  remains  invariant  in  vacuo  as  it  does  when  radiation  loaded.  This 

is  consistent  with  the  fact  that  the  accession-to-inertia  per  unit  area,  Eq.  13,  varies  as  s  \  as  does  the 

mass  per  unit  area  of  the  plate.  In  summary,  as  long  as  materials  and  acoustic  media  remain  unchanged  in 

the  model  experiment,  acoustic  scaling  laws  are  compatible  with  the  scaling  of  structure-borne  noise  and 
vibrations.  In  contrast  to  radiation  damping,  most  types  of  structural  damping  are  not  properly  modelled. 


C.  A  FULL-FLEDGED  INTERACTION  PROBLEM:  SOUND  FIELD  OF  POINT-EXCITED  PLATES 


The  sound  radiated  by  a  point-excited  plate,  radiation  loading  being  taken  into  account  is  an  important 
canonical  problem  solved  by  Feit  (1966) The  mathematical  model  stipulates  a  plate  whose  extent,  as 
measured  in  flexural  wavelengths,  insures  that  boundary  reflections  are  negligible  as  a  result  of  structural 
and  radiation  damping.  This  situation  is  properly  modelled  by  an  infinite  plate.  The  equation  of  motion 
of  the  plate  is  in  the  form  of  Eq.  8,  the  differential  operator  being  conveniently  expressed  in  terms  of 
cylindrical  coordinates  since  the  plate  response  and  pressure  field  are  symmetrical  about  the  point  of 
application  of  the  concentrated  force  F.  The  z-axis  is  normal  to  the  plate  through  this  point,  which  is  the 
origin  of  coordinates: 


2,3 
p  c  h 

. SL  P  . 

12 


Liar2  r  dr/ 


w  =  -p (r, 0)  + 


FtS  (r) 
2Trr 


(.17) 
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Here  <5 (r)  is  the  Dirac  delta  function.  If  the  plate  is  radiation- loaded  on  both  its  surfaces  the  pressure 
term  is  multiplied  by  two.  Applying  the  Hankel  transform,  Eq.  7.7,  one  obtains  an  algebraic  equation 
governing  the  transformed  plate  response  and  surface  pressure:  We  note  that  the  transform  of  the  differential 

2  2  4  2  4 

operator  is  (-y  )  -  y  .  Furthermore,  from  Eq.  9,  the  bending  stiffness  can  be  written  as  w  pgh/k^.  The 

transform  of  Eq.  17  can  now  be  stated: 

2  ^ 

a)  p  h  . 

- f-  (Y  -kpw(Y)  =  -p(Y,0)  +  ^  (18) 

kf 

The  pressure  transform  can  be  eliminated  by  means  of  the  boundary  condition,  Eq.  7.10.  Substituting  the 
pressure  transform,  Eq.  7.10a,  evaluated  at  z=0,  and  setting  o)2w(y)  =  -w(y) ,  one  obtains  an  equation  which 
can  be  solved  for  the  transform  of  the  plate  acceleration: 

w/12  2.1/2 

5(,1 - 1 - , -  (W) 

2ir{it>+(k  -Y  )  [(Y/kf)  -l]psh} 

There  is  no  need  to  evaluate  the  inverse  transform  of  the  plate  response  if  one  is  exclusively  interested  in 
the  far-field  pressure.  The  latter  is  formulated  in  terms  of  the  stationary-phase  value  of  the  acceleration 
transform,  Eq.  7.17.  It  is  convenient  to  express  the  result  in  terms  of  the  coincidence  frequency,  Eq.  11, 
by  noting  that 

k2/kf  =  f/fc 

Furthermore,  the  stationary-phase  value  of  y,  Eq.  7.4,  yields 

,.2  -2  1/2  ,  . 

(k  -y  )  =  kcos0 

Substituting  these  results  in  Eq.  19,  one  obtains  the  stationary-phase  value  of  the  plate  response  transform. 
Combining  this  result  with  Eq.  7.17  the  far-field  pressure  can  be  explicitly  formulated: 


p<R,9)  =  - 


■  t,i  ikR  0 

iFk  _ e  cos0 _ 

2'ir'R  2  4 

l-ikh(p  /p) cos0 [1- (f/f  )  sin  0] 
s  c 


For  f/fc  <  0,  the  peak  occurs  on  the  normal  through  the  drivepoint: 


P  (R,  0)  = 


4irR  l-ikh(p  /p) 


Above  coincidence/  the  peak  occurs  on  the  coincidence  cone 


p(R,0  )  - 


ikRri  .  1/2 

-iFke  El— (f  /f ) ] 
c 


-1  1/2  -1 
sin  (f  /f)  =  sin  (k  /k) 

c  f 


Plate  parameters  are  embodied  exclusively  in  the  coincidence  frequency. 
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THE  APPLICATION  OF  STATISTICAL  ENERGY  ANALYSIS  TO  VIBRATION  OF  STRUCTURES  EXCITED  ACOUSTICALLY 
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SUMMARY 

In  the  high  frequency  range  of  vibration  which  can  be  excited  by  acoustic 
pressures,  there  are  usually  very  many  modes  of  vibration.  The  individual 
mode  by  mode  analysis  becomes  impracticable  and  an  alternative  approach 
based  on  the  energy  of  vibration  in  broad  frequency  bands  is  more  appropriate. 

By  its  very  nature  of  averaging  the  effects  over  many  modes  the  method  is 
only  suitable  for  randomly  excited  vibrations.  This  lecture  gives  an  outline 
of  the  method  and  presents  some  experimental  results  for  the  parameters  required. 


LIST  OF  SYMBOLS 

E 

F 

f 

g 

m 

n 

P 

t 

v 

Y 

Z 

a, 3 

U 

w 


energy 

force 

frequency  Hz 

rate  factor  for  energy  flow 

total  mass  of  structure 

modal  density 

power 

time 

velocity 

mobility  (inverse  of  impedance) 

impedance 

sub  systems 

loss  factor 

frequency  rads/sec 


INTRODUCTION 

In  the  previous  lecture  the  response  of  a  system  has  been  expressed  in  terms  of  the  responses  in  the 
individual  modes  of  vibration  of  the  structure.  For  strength  and  fatigue  design  considerations  the  low 
order  modes  usually  give  the  highest  stresses  and  so  are  the  major  contributors  to  the  overall  response. 
However,  if  we  are  interested  in  the  vibration  environment  of  equipment  the  acceleration  of  the  support 
structure  may  be  the  most  important  design  parameter.  Stress  is  a  function  of  displacement  directly 
whereas  acceleration  is  a  function  of  displacement  times  the  square  of  the  frequency.  Thus  the  high 
frequency  region  is  often  of  importance  when  considering  equipment  vibration  levels.  In  this  high  frequency 
range  for  many  typical  structures  there  are  very  many  modes  of  vibration  contributing  to  the  overall 
vibration  level.  It  now  becomes  impracticable  to  compute  the  responses  in  each  of  a  large  number  of  modes 
of  vibration. 

An  alternative  approach  has  been  developed  by  Lyon  (1)  on  the  basis  of  some  of  the  ideas  used  in  room 
acoustics.  The  theoretical  analysis  of  sound  fields  in  rooms  use  probabilistic  models  (such  as  a  diffuse 
sound  field)  and  yield  statistical  measures  of  behaviour.  The  new  method  as  applied  to  structural  vibration 
has  been  called  Statistical  Energy  Analysis 1  because  energy  is  the  independent  dynamical  variable  which  is 
used  and  it  becomes  statistical  because  only  mean  square  values  over  fixed  frequency  ranges  and  averages 
over  the  surface  of  structural  components  are  used.  By  considering  energy  flow  it  is  possible  to  treat 
coupled  mechanical  systems,  coupled  fluid  structural  configurations,  etc. 

The  aim  of  the  analysis  is  to  estimate  the  distribution  of  vibrational  energy  among  the  various  elements 
of  the  coupled  system.  This  is  done  by  equating  the  power  flowing  into  the  system  at  the  input  point,  to 
the  power  flowing  from  one  subsystem  to  another  plus  the  energy  dissipated.  Because  of  the  statistical 
descriptions  of  the  forces  and  system  parameters,  the  equations  involve  average  energies  and  power  flows. 

These  are  expressed  as  averages  over  time  and  also  over  the  modes  of  vibration  having  natural  frequencies 
in  a  band  of  frequencies  which  is  wide  enough  to  include  at  least  five  modes.  Because  there  will  usually 
be  some  frequency  dependence  in  the  dynamic  interactions  the  frequency  bands  should  be  chosen  so  as  to 
highlight  any  such  trends.  The  acousticians  have  established  analysis  procedures  based  on  third  octave 
bands  but  for  many  structural  applications  a  100  Hz  band  width  might  be  more  suitable. 

The  structures  usually  considered  are  finite  linear  elastic  systems  which  can  be  described  in  terms 
of  their  uncoupled  natural  frequencies,  mode  shapes  and  dampings.  Each  normal  mode  is  modelled  as  a  simple 
oscillator  and  the  interaction  between  two  coupled  subsystems  can  be  represented  by  the  coupling  between 
two  oscillator  sets,  The  study  of  the  response  of  coupled  oscillators  to  random  excitations  lies  at  the 
heart  of  the  method. t 

POWER  INPUT  AND  DISSIPATION 

The  time  averaged  power  flowing  into  a  structure  from  a  harmonic  point  force  is  given  by: 

P.  =  F  (t)  v(t) 

=  j  |Fo|2  Re  (Y) 
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Where  F  is  the  magnitude  of  the  harmonic  force  and  Y  is  the  mobility  of  the  structure  at  the  point  of 
applica?ion  of  the  force.  The  power  dissipated  in  a  vibrating  structure  by  internal  losses  etc.  is  given 
by: 

pd  =  n  <o0  e 

where  E  is  the  time  averaged  energy  of  vibration  and  n  is  the  loss  factor, 

POWER  FLOW  BETWEEN  COUPLED  OSCILLATORS 

The  power  flow  between  two  coupled  oscillators  which  in  general  are  each  excited  by  broad  band  random 
forces  can  be  obtained  from  the  solution  of  the  equations  of  motion  of  the  two  coupled  systems  (see  Lyon  (1) 
and  Cremer,  Heckle  and  Ungar  (2)  ).  The  time  averaged  power  flow  from  oscillator  1  to  oscillator  2  is 
written  in  the  form  _  _ 

P]2  =  8<Ej  -  E2) 

where  E^  and  are  the  time  averaged  energies  of  the  two  systems,  g  is  the  rate  factor. 

The  expression  for  g(l)  (2)  shows  that  energy  flows  on  average  from  the  oscillator  with  the  higher 
energy  to  the  one  with  the  lower  energy.  The  rate  of  flow  is  proportional  to  the  energy  difference.  The 
rate  factor  g  is  a  function  of  the  system  parameters  and  is  independent  of  the  excitation  force  levels.  The 
rate  factor  is  very  sensitive  to  the  differences  in  the  individual  ’blocked1  natural  frequencies  of  the  two 
oscillators.  Thus  oscillators  having  close  natural  frequencies  exchange  energy  more  easily  than  those  having 
well  separated  natural  frequencies.  For  purely  acoustic  coupling  the  coupling  element  itself  has  no  mass  or 
stiffness  and  the  ’blocked’  natural  frequencies  are  the  same  as  the  uncoupled  natural  frequencies  of  the 
systems . 

COUPLING  LOSS  FACTOR 

For  ease  in  formulating  the  energy  balance  equations,  it  is  convenient  to  express  the  power  flow  in 
terms  of  a  coupling  loss  (analagous  to  dissipation  loss) .  However  as  the  power  flow  is  dependent  on  the 
energy  difference  we  must  define  the  coupling  loss  factor  f°r  case  of  zero  energy  in  system  2. 

Thus:  PJ2  =  gEj  =  n12  Wj  E] 


n21  w2  E2 


ENERGY  BALANCE  EQUATIONS 


u12  Wj  -  n21  “2 


?2  =  U2  «2  E2  +  n21  “2  ®2  “ 

If  there  is  only  one  excitation  force  (say  P^  =  0)  we  get: 


V  n21 


This  shows  that  if  the  coupling  loss  factor  is  high  compared  with  the  internal  dissipation  the  energies  of 
the  two  systems  will  be  approximately  equal.  This  is  known  as  strong  coupling  and  equipartitioning  of  energy, 

COUPLING  OF  MULTIMODAL  SYSTEMS 


If  we  now  consider  two  multimodal  systems  (such  as  two  beams  or  a  beam  and  a  plate)  connected  together 
we  can  extend  the  ideas  discussed  above  to  consider  coupling  between  two  modes  of  one  system,  and  cross 
coupling  between  modes  where  one  is  chosen  from  each  system.  We  now  have  to  consider  a  large  number  of 
cross  couplings  but  from  our  previous  result  we  will  only  get  significant  energy  flow  when  the  frequencies 
of  the  two  modes  to  be  coupled  are  rather  close  together.  We  can  now  only  consider  groups  of  modes  in 
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frequency  bands  (1/3  octave  or  100  Hz)  and  work  in  terms  of  average  coupling  loss  factors.  The  power  flow 
equations  must  now  be  written  in  terms  of  averages  over  frequency  bands  and  the  coupling  equation  becomes: 


'a  3 


V+ 


where  r\  q  are  frequency  band  averages  and  E  E  are  also  frequency  band  average  energies.  For 
uniformly  distributed  system  such  as  a  plate  or  a  beam: 


E  =  m  <v  2(t)> 
a  a  a 

where  m  is  the  total  mass  of  the  plate  or  beam  and  <v  2(t)>  is  the  spatial  average  of  the  time  averaged 
square  of  the  velocity. 

Another  important  result  relates  the  coupling  16ss  factors  to  the  modal  densities  of  the  two  coupled 
systems : 


n  q  0  =  nQ  r\Q 
a  a$  3  3a 

where  na  and  n^  are  the  modal  densities  of  system  a  and  3  respectively. 
EVALUATION  OF  THE  PARAMETERS  REQUIRED 

1.  Modal  Densities 


Theoretical  studies  have  produced  results  for  the  modal  densities  of  many  types  of  structure.  Some  of 
these  are  referred  to  in  the  bibliography  (4).  Some  experimental  results  are  also  reported  but  the  earlier 
experimental  method  of  counting  modes  is  rather  inaccurate  in  all  except  the  simplest  cases.  More  recent 
work  using  an  indirect  method  based  on  Cremer’s  results  has  produced  experimental  values  for  a  range  of 
structures.  This  result  is: 

n(f )  -  4  M  Re  (Y) 

Thus  frequency  averaged  values  of  the  mobility  can  be  used  to  derive  the  modal  density.  For  example,  the 
modal  density  of  a  cylindrical  shell  takes  the  form  shown  in  figure  1 . 


2,  Dissipation  Loss  Factor 

Some  theoretical  results  are  available  for  the  sound  radiation  component  of  dissipation  loss  in  the 
high  frequency  range.  However  in  general  it  must  be  admitted  that  we  have  to  rely  on  experimentally  derived 
results.  These  have  been  obtained  by  exciting  the  structure  by  a  broad  band  of  random  force  and  then 
measuring  the  vibration  decay  rate  when  the  force  is  cut  off.  This  gives  an  estimate  of  the  average  loss 
factor  for  all  the  modes  in  the  band,  The  method  is  satisfactory  if  all  the  modes  have  similar  loss  factors, 
but  if  one  or  two  modes  have  much  lower  loss  factors  than  the  rest  their  slow  decay  will  bias  the  average 
result.  An  example  of  the  frequency  band  average  loss  factor  for  the  cylindrical  shell  is  shown  in  figure  2. 

3 .  Coupling  Loss  Factor 

Few  results  are  available  for  structure  to  structure  coupling.  However  there  are  several  theoretical 
results  for  the  coupling  of  an  acoustic  space  to  different  structural  configurations.  These  are  given  in  the 
literature.  An  example  of  the  coupling  loss  factor  for  a  cylindrical  shell  to  honeycomb  platform  function  rs 
shown  in  figure  3. 


4.  Input  Power 

The  time  average  power  input  for  a  random  force  can  be  obtained  by  taking  the  frequency  average  of: 

fm  r  (y> 

e 

The  power  input  to  a  structure  from  an  acoustic  field  can  be  obtained  from  the  energy  in  the  acoustic  field 
and  the  coupling  loss  factor  for  the  acoustic  space  and  the  particular  structure. 


REFERENCES 


R.H,  Lyon 
L.  Cremer, 
F.J.  Fahy 
F.D.  Hart, 


Statistical  Energy  Analysis  of  Dynamical  Systems  Theory  and  Applications.  The  MIT  Press 
M,  Heckl,  E.E.  Ungar  Structure-Borne  Sound.  Springer-Verlag  1973, 

Statistical  Energy  Analysis:  A  Critical  Review,  The  Shock  and  Vibration  Digest  1974, 
K.C.  Shah  Compendium  of  Modal  Densities  of  Structures.  NASA  CR-1773  1971. 


1975. 


Coupling  Loss  Factor  Loss  Factor 


2  0.06 

S 

Q 


2000  3000 
Frequency 


4000  Hz 


FIGURE  1  Modal  Density  of  Cylindrical  Shell  (R  =  0.3  m,  %  *  0.75  m,  t  =  1.46  mm) 
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FIGURE  2  Loss  Factor  of  Cylindrical  Shell 
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FIGURE  3  Coupling  Loss  Factor  of  Cylinder  to  Honeycomb  Plate  Junction 
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SUMMARY 

This  chapter  is  a  review  of  methods  of  signal  processing  emphasising  digital  methods  applicable  to 
deterministic  data.  It  is  the  first  of  two  lectures  devoted  to  basic  procedures  leaving  more  unusual  and 
special  problems  (e.g,,  nons tationarity  and  nonlinearity)  for  separate  treatment.  Following  a  discussion 
of  analogue  to  digital  conversion,  Fourier  methods  for  continuous  and  sampled  data  are  described,  noting 
the  problem  of  aliasing  and  the  importance  of  circular  convolution.  Digital  filtering  techniques  are 
referred  to  and  methods  of  ’zoom1  analysis  are  explained.  The  chapter  concludes  with  a  discussion  of  the 
problem  of  deconvolution. 

1.  INTRODUCTION 

Data  analysis  involves  the  three  phases  of  data  acquisition,  processing  and  interpretation  (of  the 
results  of  the  processing)  and  of  course  all  three  are  linked  in  any  application.  However,  the  last 
phase  is  naturally  very  much  related  to  the  particular  phenomenon  under  investigation  but  the  first  two 
may  be  discussed  independent  of  specific  applications.  A  vast  body  of  theory  and  methodology  has  been 
built  up  as  a  consequence  of  the  problems  raised  by  the  need  for  data  analysis  often  referred  to  as  ’signal 
processing1  or  'time  series  analysis'  depending  on  the  context.  In  four  chapters  on  data  analysis  we  shall 
attempt  to  give  fairly  comprehensive  coverage  of  methods  appropriate  to  deterministic  data,  random  data 
and  data  having  some  particular  structure  (e.g.,  the  output  of  a  linear  or  nonlinear  system). 

This  chapter  is  concerned  with  methods  of  analysis  of  time  histories  which  have  usually  been  obtained 
as  measurements  in  the  course  of  conducting  an  experiment,  or  when  recording  the  behaviour  of  a  physical 
system.  The  methods  will  be  limited  to  'basic  procedures'  (i.e.,  commonly  used  methods  that  are  at  the 
heart  of  signal  processing  and  analysis) .  We  will  be  concerned  with  deterministic  data  only? leaving  the 
treatment  of  stationary  random  processes  to  the  second  chapter.  More  unusual  methods  of  processing  will 
be  described  in  later  chapters.  In  view  of  the  fact  that  the  audience  may  have  differing  backgrounds  the 
treatment  will  stress  fundamentals  rather  than  points  of  detail.  The  references  listed  should  serve  to 
cover  many  specialist  requirements. 

Types  of  data  to  be  analysed 

Figure  1  broadly  categorises  the  time  histories  that  may  arise  [3].  A  basic  distinction  is  the  des¬ 
ignation  of  a  signal  as  'random'  or  'deterministic',  where  by  'random'  we  mean  one  that  is  not  predictable 
exactly.  Very  often  processes  are  mixed  and  the  demarcations  of  Fig.  1  are  not  easily  applied  and 
consequently  the  analysis  procedure  to  be  used  may  not  be  apparent.  Even  if  we  restrict  data  to  the 
categories  listed,  the  two  classes  of  data  called  nonstationary  random  and  almost  periodic  deterministic 
are  often  difficult  to  treat,  and  we  shall  discuss  these  in  a  later  chapter. 

Objectives  of  data  analysis 

Broadly  speaking  the  objective  of  data  analysis  is  to  highlight /extract  information  contained  in  a 
signal  that  direct  observation  may  not  reveal.  Sometimes  only  'gross'  characteristics  of  a  signal  may  be 
required  (e.g.,  mean  value,  mean  square  level,  total  energy)  in  which  case  some  simple  processing  will 
provide  the  required  quantities  whilst  ignoring  other  information  contained  in  the  signal  which  might  only 
unnecessarily  confuse  matters.  At  other  times  it  may  be  necessary  to  probe  more  deeply  in  an  attempt  to 
extract  features  of  interest. 


Methods  of  data  analysis 

The  signals  that  are  processed  are  time  histories  (often  electrical  outputs  from  transducers)  or 
equivalent  (e.g.,  rough  ground  height  profiles  where  a  space  variable  is  the  equivalent  of  time)  and  useful 
information  extraction  procedures  may  be  performed  whilst  still  in  the  'time  domain'.  However,  very  often 
transform  methods  are  employed  since  they  offer  simplifications  both  in  theory  and  physical  interpretation 
and  'frequency  domain  methods'  are  commonly  used. 

The  signals  recorded  from  physical  phenomena  are  generally  'continuous  time'  in  nature  (sometimes 
called  analogue  data)  but  developments  in  digital  computation  methods  have  now  ensured  that  most  signal 
processing  is  achieved  either  on  special  purpose  analysers  or  on  larger  (e.g.,  time  shared,  interactive) 
digital  systems.  This  means  the  data  is  sampled  and  the  analysis  of  discrete  (in  time)  data  requires  that 
the  analyst  should  have  a  good  grasp  of  the  fundamentals  of  digital  signal  processing,  which  is  now  a  vast 
area  of  study  (see,  for  example,  [9,  lo]).  It  is  appropriate  now  to  begin  by  briefly  discussing  the 
digitisation  of  continuous  data. 

2.  ANALOGUE  TO  DIGITAL  CONVERSION 

An  analogue- to-digital  converter  (ADC)  is,  a  device  that  operates  on  a  continuous  time  history  (input) 
and  produces  a  sequence  of  numbers  (output)  that  are  sample  values  of  the  input.  It  is  convenient  to 
regard  the  process  as  consisting  of  two  stages',  namely,  'sampling'  and  'quantisation'  (see  Fig.  2). 

x(nA)  is  the  exact  value  attained  by  time  history  x(t)  at  time  t  =  nA  (A  is  the  sample  interval 
for  uniform  rate  sampling).  x(nA)  is  the  representation  of  x(nA)  in  a  computer  and  differs  from  x(nA) 
since  a  finite  number  of  bits  are  used  to  represent  each  number.  Actual  ADC's  do  not  consist  of  two 
separate  components  (as  in  the  'conceptual'  figure  2)-  and  a  variety  of  types  are  available.  One  widely 
used  type  of  ADC  is  that  based  on  successive  approximations  (see  Fig.  3).  The  digital  word  in  the  regis¬ 
ter  is  converted  to  an  analogue  signal  and  compared  with  x(t) .  The  error  (which  should  be  as  small  as 
possible)  is  used  to  update  the  digital  word.  The  most  significant  bit  in  the  register  is  adjusted  first, 
working  on  down  to  the  least  significant.  See  refs,  [l,  8]  for  additional  details  on  ADCS. 
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The  problem  of  quantization  error  is  treated  in  [9,10,4,8] •  Referring  to  Figure  2,  the  output 
x(nA)  can  be  written  as  ft(nA)  =  x(nA)  +  e(nA)  and  finite  word  length  effects  are  described  by  treating 

e(nA)  as  'noise'.  The  probability  distributions  describing  the  error  depend  on  the  particular  way  in 

which  the  quantisation  is  done.  If  the  ADC  introduces  rounding  (as  opposed  to  truncation)  error,  then 
the  error  is  ascribed  a  uniform  distribution  (with  zero  mean)  over  one  quantization  step  and  furthermore 
is  assumed  to  be  stationary  and  'white'.  For  a  b-bit  word  length  (excluding  sign),  and  if  the  range 

of  the  ADC  corresponds  to  X  volts,  say,  then  the  variance  of  the  error  a  2  “  (X/2°)2/12.  Furthermore 

if  x  is  assumed  to  be  a  random  signal  (see  [9])  and  a2  denotes  the  variance  of  x(nA) ,  then  a  measure 

of  signal-to-noise  ratio  (on  a  logarithmic  scale)  is  S/S  =  10  log  (o2/a2).  If  ax  «  X/4  (to  minimise 
clipping)  then  S/N  -  6b  -  1*24  dB  giving  a  value  of  about  70  dB  for  aX12ebit  ADC.  XThis  is  reduced  further 
by  practical  considerations  (see  [4]). 

The  rate  at  which  x(t)  is  sampled  should  be  high  enough  to  avoid  aliasing  (see  section  4).  This 
means  that  x(t)  should  usually  be  low  pass  filtered  using  analogue  filters  preceding  the  ADC.  The  cut¬ 
off  frequency  and  cut-off  rate  of  these  'anti-alias*  filters  should  be  chosen  with  particular  applications 
in  mind  but  very  roughly  speaking  if  the  3  dB  point  is  a  quarter  of  the  sampling  frequency  and  the  cut-off 
rate  better  than  48  dB/octave,  then  this  at  least  ensures  a  40-50  dB  reduction  at  the- folding  frequency 
(half  the  sampling  frequency),  and  so  probably  an  acceptable  level  of  aliasing  (though  we  must  emphasise 
that  this  may  not  be  adequate  for  some  applications) . 


3.  DETERMINISTIC  DATA  -  FOURIER  METHODS 

In  Figure  1  we  defined  three  types  of  deterministic  signal,  namely,  periodic,  transient  and  almost 
periodic.  Periodic  data  is  analysed  using  the  Fourier  series,  transient  data  uses  the  Fourier  integral 
and  some  classes  of  almost  periodic  signals  (and  also  damped  signals)  may  be  studied  using  the  Prony  series 
[15].  The  basic  difference  between  the  Prony  series  and  the  Fourier  series  is  that  in  the  former  case  the 
frequencies  are  not  assumed  known  and  so  both  amplitude,  phase  and  frequency  are  computed,  while  only 
amplitudes  and  phase  are  calculated  at  particular  frequencies  using  the  Fourier  method.  The  Prony  method 
is  computationally  more  'difficult'  but  can  be  very  attractive  under  certain  circumstances  (e.g.,  where 
data  lengths  are  short).  We  shall  only  discuss  Fourier  methods  in  this  section. 


3. 1  The  Fourier  Series  and  Fourier  Integral 

If  a  signal  repeats  itself  exactly  every  T^  seconds  then  x(t)  may  be  represented  as 

»  j27mt/T 

X(t)  -Ice  P 

n=-oo 

whilst  if  x(t)  is  a  transient  then  the  discrete  set  of  sines  and  cosines  becomes  a  continuum  and  we  write 


(1) 


x(t)  -  i  X(f)ej2irftdf. 


(2) 


The  specification  of  C  or  X(f)  is  equivalent  to  the  original  time  history.  For  example,  X(f) 
is  given  by  n 

00 

X(f)  =  |  x(t)e"j2irftdt.  (3) 

—  00 

An  important  consideration  when  calculating  the  transform  X(f)  is  that  of  data  truncation  (or 
windowing).  The  infinite  integral  (3)  may  be  replaced  by  a  finite  one  because,  for  instance,  x(t)  may 
only  be  known  (measured)  for  a  limited  duration,  say  for  T  seconds,  and  we  might  define  x_(t)  -  x(t), 

| t |  $  T/2;  **  0,  elsewhere.  xT  is  a  truncated  version  of  x(t)  and  from  Figure  4  we  can  think  of  this 
cutting  off  the  tails  of  the  data  as  though  we  are  looking  at  the  data  through  a  'data  window'  w(t), 
where 

w(t)  =1,  |t|  S  T/2 

=  0,  elsewhere, 

so  that 

xT(t)  =  x(t)w(t). 

Fourier  transforming  x^(t)  gives  X_(£)  which  is  related  to  the  Fourier  transforms  of  x  and  w 
by 

00 

XjXf)  =  |  X(g)W(f  -  g)dg  (4) 


where  in  turn  W(f)  is  sometimes  called  a  'spectral  window'. 

The  convolution  integral  (4)  indicates  that  X^(f)  is  a  distorted  version  of  X(f)  (unless  W(f)  is 
a  delta  function).  This  effect  is  simply  demonstrated  with  a  truncated  cosine  wave.  If  x(t)  ■ 
cos  2Trpt,  then 

X(f)  =  4  [6(f  +  p)  +  6 (f  -  p)]  (Fig.  5(a)) 

and 

Xj(f)  =  J[w(f  +  p)  +  W(f  -  p)]  (Fig.  5(b)  for  a 

rectangular  data  window) 

The  appearance  of  energy  at  frequencies  other  than  p  is  sometimes  called  leakage.  If  two  frequencies  are 
present,  say  p^,  p^,  then  in  order  to  be  able  to  get  two  distinguishable  peaks  it  is  necessary  for  the 
data  length  T  to  (approximately)  satisfy  T  £  2/(p£  -  P-^)  for  a  rectangular  window.  The  rectangular 
window  is  a  poor  window  since  the  side  lobes  are  large  and  do  not  decay  rapidly.  Numerous  alternatives 
have  been  suggested  to  reduce  leakage  in  Fourier  transform  calculations.  By  tapering  the  windows  to  zero, 
the  side  lobes  are  significantly  reduced  but  at  the  expense  of  widening  the  main  lobe.  The  frequency 
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domain  behaviour  of  windows  is  often  given  in  decibels  (dB)  where  the  characteristics  have  been  norma¬ 
lised  to  unity  gain  (0  dB)  at  zero  frequency  and  some  terms  are  defined  in  Figure  6  which  relates  to 
the  rectangular  window. 

The  paper  by  Harris  [ll]  contains  a  comprehensive  treatment  of  windows  and  their  effects. 

3.2  The  Fourier  Transform  of  a-  Sequence 

Since  the  calculations  of  Fourier  coefficients  and  transforms  are  carried  out  on  a  digital  computer 
it  is  necessary  to  re-examine  the  preceding  work  for  data  in  discrete  form.  We  might  treat  a  discrete 
version  of  (3),  for  example,  as  an  approximation  to  the  'correct*  result.  However  completely  rigorous, 
exact  theories  can  be  developed  for  discrete  data  which  are,  of  course,  closely  related  to  the  continuous 
time  counterparts,  but  there  are  fundamental  differences  and  it  is  often  more  convenient  to  consider  the 
problems  of  discrete  data  as  self-contained  and  relate  the  results  to  those  of  the  continuous  domain 
only  as  an  when  they  are  required,  accounting  at  that  stage  for  any  errors  or  approximations  that  might 
have  been  incurred  in  using  discrete  methods  in  place  of  the  continuous  operations.  Having  said  this 
we  will,  nevertheless,  attempt  to  relate  the  Fourier  analysis  of  continuous  and  discrete  data. 

Impulse  train  modulation 

One  way  of  introducing  the  Fourier  transform  of  a  sequence  involves  the  use  of  the  mathematical 
notion  of  'ideal  sampling*  of  a  continuous  wave.  If  an  analogue  signal  x(t)  is  to  be  sampled  every 
A  seconds  it  is  convenient  to  model  the  sampled  signal  as  the  product  of  the  continuous  signal  with  a 
'train'  of  delta  functions  i(t)  where 

00 

i(t)  =  l  6(t  -  n),  i.e.,  xg(t)  =  x(t)i(t). 

n=-°° 

The  Fourier  transform  of  x  (t)  is  X  (f)  and  using  properties  of 
written 

Xs(f)  =  l  x(nA)a-^fnA. 
n=-°° 

This  has  the  inverse  1/2A 

x(nA)  =  A  j  Xs(f)e-’2irfnAdf.  (6) 

-1/2A 

Equations  (5)  and  (6)  relate  the  sequence  of  numbers  x(nA)  to  the  quantity  X  (f)  which  is 
termed  the  Fourier  transform  of ( the  sequence.  A  natural  question  to  ask  at  this  stage  is  'How  is  X  (f) 
(or  as  it  is  often  written  X(eJ27rfA))  related  to  X(f)?'  The  answer  to  this  can  be  obtained 
formally  as  follows.  Since  i(t)  is  periodic  we  might  represent  it  with  a  Fourier  series,  i.e., 

i(t)=i  J  e(2irjnt)/A 
n--» 

Now  substituting  this  into  x  (t)  -  x(t)i(t)  and  Fourier  transforming,  gives  an  alternative  right  hand 
side  to  (5),  namely, 


the  delta  function,  it  is 
(5) 


X(ej2,rfA)  =  j  [  X( f-|).  (7) 

n=-oo  ^ 

This  important  equation  relates  the  Fourier  transform  of  a  continuous  signal  and  the  Fourier  trans¬ 
form  of  the  sequence  formed  by  sampling  the  signal  at  equispaced  intervals.  It  will  be  discussed 
further  in  the  section  on  'aliasing*. 

The  z- transform 

An  alternative  route  to  equation  (5)  is  to  use  the  notion  of  the  z-transform  of  a  sequence  (widely 
used  in  the  solution  of  difference  equations) .  The  z-transform  of  a  sequence  of  numbers  x(n) ,  say 
(where  the  notion  of  time  is  not  made  explicit)  is 

CO 

X(z)  «  l  x(n) z  n  (8) 

n=-co 

z  is  interpreted  as  a  complex  number  and  X(z)  a  function  of  a  complex  variable.  If  z  is 
allowed  to  take  values  on  the  unit  circle  in  the  z  plane,  i.e.,  z  «  e^*0  ■  e^11^,  then  (8)  is 

00  , 

X(ej2,rf)  =  l  x(n)e'j2,tfn 

n=-oo 

which  is  seen  to  correspond  identically  with  (5)  if  the  sample  interval  A  is  1.  The  general  inverse 
of  (8)  is 

x(n)  -  |  X(z)zn  1dz  (9) 

c 

where  the  contour  c  includes  the  singularities  of  X(z) ,  and  which,  if  x(n)  is  a  bounded  sequence, 
can  be  taken  as  the  unit  circle  so  that 

X(ej2*f)ej2lTfndf. 


x(n)  = 


(10) 
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4.  ALIASING 


Equation  (7)  describes  how  the  frequency  components  of  the  sampled  waveform  relate  to  that  of  the 
continuous  waveform  and  Figure  7  explains  this  pictoriallv.  In  Figure  7(a)  it  is  assumed  that  X(f)  =  0 

2  7(b)  is  a  plot  of  X(eJ2lT*A)  assuming 


for 

f  = 
s 


f  >  f 


(say)  and  Figure 


that  the  sampling  rate 


1/A  is  such  that  f  <  1/2A.  Some  commonly  used  terms  are  defined  on  the  diagram. 


Suppose  now  f  >  f  /2,  then  there  is  an  overlapping  of  the  shifted  versions  of  X(f)  resulting 
in  a  distortion  of  She  frequency  description  for  |f|  <  1/2A  as  in  Figure  7(c).  This  1  distortion'  is 
due  to  the  fact  that  high  frequencies  in  the  data  are  indistinguishable  from  lower  frequencies  owing  to 
the  sampling  rate  not  being  fast  enough.  More  specifically  consider  x(t)  =  cos  2iTpt  sampled  at 
f  *  1/A,  i.e.,  at  t  =  nA  (with,  say,  p  <  1/2A).  This  may  be  written  x(nA)  =  ^(ei^iiAp  +  e-j2TmAp)# 
Now  letting  frequency  p  above  be  replaced  by  _+  p  +  k/A  (k  =  1,  2,  ...,)  results  in  an  identical 
sequence.  So  if  a  frequency  component  were  detected  at  p  Hz,  any  one  of  these  higher  frequencies  might 
have  been  responsible  for  this  rather  than  a  'true'  component  at  p  Hz.  This  phenomenon  is  called 
' aliasing' . 


To  avoid  aliasing  the  sample  rate  must  be  chosen  to  be  greater  than  twice  the  highest  frequency 
contained  in  the  signal.  (See  the  discussion  in  Section  2  regarding  'anti-alias’  filters.) 


5.  THE  DISCRETE  FOURIER  TRANSFORM 

The  equation  (5)  is  still  not  a  'practical  proposition'  and  a  finite  sum  would  be  more  appropriate 
which,  for  an  N  point  sequence,  could  be  written 


N~1  *o  C  A 

l  x(ni)e_j2lrfnA. 
n=0 


Obviously,  if  this  involved  truncating  the  data  some  distortion  would  be  involved,  explained  by  the 
discussion  on  windowing  earlier.  Assuming  for  the  moment  that  we  can  ignore  this,  we  can  think  of 
simplifying  our  task  by  only  evaluating  f  at  specific  points,  say  at  k/NA  Hz,  k  =  0,  .,,,  N-l.  Then 


j2TTk 

N 


N-l 

X(e  )  =  l  x(nA)e 
n=0 


-j(-^)nk 


Or,  adopting  the  more  usual  notation  (and  omitting  the  A  for  convenience), 


Multiplying  both  sides  by  e' 


j(2Tr/N)mk 


N-l 

X(k)  =  l  x(n)e 
n=0 


-j  (^f)nk 


and  summing  over  k  gives 

i  N-l  j(%nk 

x(n)  =  f  I  X(k)e 


k=0- 


(11) 


(12) 


The  pair  (9)  and  (10)  constitute  the  Discrete  Fourier  Transform  (DFT)  and  are  the  form  that  are  suitable 
for  machine  computation.  It  is  important  to  realise  that  even  though  the  original  sequence  x(nA)  may 
have  been  zero  for  n  outside  the  range  0  N-l,  the  act  of  ’sampling  in  frequency*  has  imposed  a 
periodic  structure  to  the  sequence,  i.e.,  it  follows  from  (12)  that  x(n  +  N)  =  x(n) .  It  is  instruc¬ 
tive  to  follow  (diagrammatically)  the  interpretation  of  a  DFT  of  an  aperiodic  function  that  is  truncated. 
(See  Figure  8^(ref.  [7]).) 


The  evaluation  of  the  DFT  can  be  accomplished  efficiently  by  a  set  of  algorithms  known  as  the  fast 
Fourier  transform  (FFT) .  The  FFT  algorithms  essentially  exploit  the  periodicity  and  symmetry  properties 
of  ej(27t/N)nk)  and  so  recjuce  the  number  of  multiply  and  add  operations  needed  to  calculate  X(k)  from 
about  N2  to  approximately  N  log^N.  which  for  N  -  1024  is  a  reduction  by  a  factor  of  about  100. 
References  [9]  and  Qlo]  treat  the  subject  comprehensively. 

5. 1  Circular  convolution 

A  key  operation  in  linear  system  theory  is  that  of  convolution.  If  x(t)  is  an  input  and  h(i) 
the  response  of  a  linear  time  invariant  system  to  a  unit  impulse  then  the  output  y(t)  may  be  expressed 


y(t) 


00 

h(x)x(t  -  x)dx. 

—00 


(13) 


If  the  system  is  causal,  the  lower  limit  is  replaced  by  0.  The  frequency  domain  equivalent  of 
(13)  obtained  by  Fourier  transforming  the  equation  is 

Y(f)  =  H(f)  X(f )  (14) 

which  is  a  considerable  simplification  (and  from  which  we  directly  obtain  a  relationship  between  input 
and  output  energy  spectra) . 

When  discrete  data  are  used  the  DFT  is  often  used  as  a  quick  method  (using  the  Fast  Fourier  Trans¬ 
form)  to  perform  convolutions  and  in  this  context  the  notion  of  circular  convolution  and  the  'wraparound' 
effect  arises.  We  start  by  considering  two  sequences  x(n)  and  h(n)  defined  for  0  $  n  $  N-l. 

Since  we  shall  be  considering  DFT's  of  these  sequences  it  is  convenient  to  consider  x(n)  and  h(n)  as 
one  period  of  periodic  sequences  x  (n) ,  h  (n) .  For  such  periodic  sequences  Figure  9  explains  the 

meaning  of  x  (n  -  n  ) .  ^  ^ 

p  o 
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x  (n)  may  be  considered  as  formed  from  observing  a  rotating  drum  with  x(n)  on  its  circumference 
(hencepthe  term  Circular*). 

If  another  periodic  sequence  is  formed  from  a  convolution  as 


then 


NHL 


yp(n)  -  l  xp(£)hp(n  -  *) 

(15) 

Y  (k)  =  H  (k)X  (k). 

P  P  P 

(16) 

The  inverse  discrete  Fourier  transform  (IDFT)  of  the  product  of  the  two  DFT's  is  a  periodic  sequence <jsin(15) . 
This  must  be  borne  in  mind  when  using  the  DFT  to  perform  the  convolution  of  two  non  periodic  sequences 
x(n),  h(n).  If  x(n)  is  length  and  h(n)  length  N2>  then 

n 

y(n)  =  l  h(n  -  k)x(k) 
k=0 

is  of  length  ~  1.  If  one  selected  the  larger  of  the  two  sequences  (say  N^)  and  performed 

point  DFT's  of  both  x  and  h  (suitably  augmenting  the  other  sequence  with  zeros)  and  took  the  DFT 
of  the  product,  the  resulting  sequence,  y^(n)  say,  would  be  incorrect  owing  to  the  fact  that  it  would 
be  the  result  of  convolving  two  periodic  N-  point  sequences.  To  ensure  that  the  correct  result  is 

obtained  (within  one  period)  it  is  necessary  to  augment  both  x  and  h  with  zeros  to  make  them 
N  +  ~  1  point  sequences.  Then  the  IDFT  of  the  product  of  DFT* s  of  these  sequences  produces  a 

periodic  sequence,  one  period  of  which  is  the  required  result.  This  idea  is  basic  to  various  methods 
of  'fast  convolution*  that  make  use  of  the  fast  Fourier  transform. 


6.  DIGITAL  FILTERING  OF  DATA 

The  computer  offers  enormous  flexibility  in  the  processing  of  data,  and  some  of  the  vast  array  of 
procedures  that  may  be  carried  out  on  a  sequence  of  numbers  is  referred  to  as  'digital  filtering'. 

Several  extremely  good  books  exist  [9,  10,  8j  that  have  become  standard  texts  and  all  we  shall  do  in  this 
short  section  is  introduce  some  terminology  and  direct  the  reader  toward  some  of  the  methods  that  may 
prove  relevant.  We  shall  restrict  our  discussion  to  linear  operations  on  input  data  with  time  (shift) 
invariant  filters. 


A  linear  time  invariant  system  can  be  characterised  by  the  impulse  response  sequence  h(nA)  (the 
response  to  a  sequence  which  is  zero  everywhere  except  at  n  =  0,  where  it  is  unity) .  Then  the  res¬ 
ponse  y(nA)  to  input  x(nA)  can  be  written  (for  a  causal  system) 

n 

y(nA)  =  J  h((n  -  m)A)x(mA) 

m=— oo 

from  which  the  frequency  response  function  for  the  system  is 

H(ej2rfA)  =  l  h(ri)e'j2,rfrA 
r=0 

which  differs  from  the  frequency  response  function  of  continuous  systems  in  that  it  is  a  periodic 
function  of  frequency. 

Rather  than  characterising  the  system  (digital  filter)  by  its  impulse  response  sequence  a  differ¬ 
ence  equation  form  can  be  used  to  relate  input  and  output  sequences.  More  specifically,  if  x(n) 
denotes  an  input  sequence  (time  increment  A  is  dropped  for  convenience),  and  y(n)  the  output  sequence, 
then  a  difference  equation  relating  the  sequences  can  be  written 

y(n)  -  -b^y(n  -  1)  -  b^y(n  -2)  ...  ~bNy(n-N)+  aQx(n)  +  a^x(n  -  1)  +  ...  +  a^x  (n-M)  (17) 


This  is  a  general  digital  filter  which  can  be  programmed  to  produce  an  output  sequence  given  an  input 
sequence  and  some  starting  conditions.  The  z-transform  of  section  3  may  also  be  used  to  solve  the 
equation,  and  this  leads  to  a  definition  of  a  transfer  function,  H(z),  where 


H(z) 


-1  -2  -M 

a  +  a  z  +  a  z  +....+  a  z 
o  1  2  M 


1  +  bjZ-1  + 


+  b  z 
N 


-N 


(18) 


By  suitable  selection  of  the  coefficients  b.,  a.  (and  the  orders  N,  M)  the  transfer  character¬ 
istics  can  be  adjusted  to  approximate  some  desired  folm.  Finite  word  length  effects  mean  that  ideal 
coefficients  cannot  be  represented  exactly  and  arithmetic  round-off  in  the  multiply  operations  constitute 
another  source  of  error.  These  effects  are  not  discussed  further  here  (see  chapter  9,  ref.  [9],  for 
example,  for  more  details) . 


Returning  to  equation  (17),  if  at  least  one  coefficient  b.  is  not  zero  the  filter  is  recursive 
whilst  if  all  the  b.  are  zero  then  the  filter  is  non-recursive.  If  the  filter  has  a  finite  memory 
(i.e.,  its  impulse  response  sequence  is  zero  after  a  certain  'time')  then  it  is  called  a  Finite  Impulse 
Response  or  FIR  filter,  in  contrast  to  Infinite  Impulse  Response  (HR)  filters  which  have  infinite  memory. 
We  note  that  the  terns  recursive  and  non-recursive  describe  how  a  filter  is  realised  and  not  whether  an 
impulse  response  is  finite  or  infinite,  though  FIR  filters  are  usually  non-recursive  and  IIR  filters 
recursive  in  implementation. 
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Numerous  design  procedures  are  available  for  both  types  of  filter.  A  popular  procedure  for  HR 

filters  is  to  discretize  some  well  understood  analogue  filter  (bearing  in  mind  that  any  digital  counter¬ 
part  is  bound  to  have  a  frequency  response  that  is  periodic  in  frequency).  The  'impulse  invariant1 
method  of  design,  as  its  name  suggests,  creates  a  filter  whose  impulse  response  sequence  matches  the 
impulse  response  function  of  an  analogue  filter  at  equispaced  time  instants.  This  procedure  is  simple 
but  limited  in  effectiveness  since  high  pass  and  bandstop  filters  cannot  be  designed  this  way.  The 
'bilinear  transform'  method  is  a  procedure  that  overcomes  the  'aliasing*  problems  of  the  impulse 
invariance  procedure  at  the  expense  of  introducing  some  frequency  distortion  when  transforming  from  the 
analogue  to  the  digital  domain.  However,  this  can  be  compensated  for  and  this  is  an  effective  and 
widely  used  procedure.  Finally,  optimal  IIR  filters  can  be  designed  to  meet  certain  criteria  and  list¬ 
ings  of  Fortran  programs  are  available  [l6] ,  which  produce  optimal  filters. 

FIR  filters  have  certain  advantages  over  IIR  filters,  for  example,  that  they  are  always  stable  and 
can  have  linear  phase  characteristics,  but  a  major  disadvantage  is  that  they  must  be  long  enough  to 
achieve  adequate  cut-off.  Easily  implemented  Fortran  FIR  optimal  filter  design  programs  (e.g.  ^1 3^)  are 

available  that  work  very  effectively,  and  such  filters  could  then  be  implemented  using  a  (fast)  convo¬ 
lution  algorithm.  Recent  technological  developments  have  exploited  the  use  of  FIR  filters  (or  tapped 
delay  lines  as  they  are  often  called)  and  filtering,  correlation,  etc. ,  can  be  implemented  cheaply  and 
simply  using  CCD's  (Charge  Coupled  Devices).  A  basic  text  covering  much  of  this  subject  is  [23]. 

We  note  that  linear  phase  FIR  filters  can  easily  be  designed  (thereby  ensuring  no  phase  distortion), 
but,  if  data  files  can  be  stored  then  zero  phase  filtering  can  be  achieved  even  with  IIR  filters.  This 
is  done  by  processing  the  data  'forwards'  and  'backwards*  with  the  same  filter.  Figure  10  shows 
a  possible  scheme  (see  [lo]).  The  only  thing  to  watch  for  are  the  filter  'starting  transients'  at  both 
ends  of  the  data,  but  this  apart  it  is  a  simple  and  effective  procedure. 

7.  'ZOOM'  ANALYSIS 

Very  often  there  is  a  need  to  study  the  'fine  detail*  in  a  spectrum,  i.e.,  to  select  a  particular 
narrow  band  of  the  spectrum  whose  spectral  lines  are  spaced  at  1/NA  Hz  apart  (fg  =  1/A  being  the  sample 
rate  and  N  the  number  of  data  points  in  the  FFT) ,  and  'zoom*  onto  this  band  to  obtain  a  finer  spacing 
of  points  on  the  frequency  axis.  This  is  often  referred  to  as  'improving  the  resolution',  though  we 
make  the  point  that  it  is  probably  safer  to  refer  to  it  as  simply  achieving  a  finer  spectral  line  spacing, 
since  true  resolution  may  already  have  been  limited  by  data  truncation  (prior  to  any  transformation)  so 
that  finer  spacing  in  such  a  case  will  merely  give  a  closer  look  at  a  windowed  spectrum.  Bearing  this 
in  mind  we  note  that  there  are  several  ways  of  achieving  this  finer  spectral  spacing  and  we  shall  discuss 
two  of  them, 

7.1  The  Chirp  z-trans formation  Algorithm 

The  Chirp  z-transformation  (CZT)  algorithm  [9]  is  a  procedure  for  the  efficient  computation  of  the 
z-transform  X(z)  of  a  sequence  x(n) ,  where 

N-l 

X(z)  =  £  x(n)z  n. 

n-0 

The  ordinary  DFT  evaluates  X(z)  at  z  =  eJ  (2Tr/N)k  and  '  zoom’  analysis  requires  the  spacing  to  be 
finer  than  this  over  a  restricted  range.  The  CZT  is  in  fact  more  general  in  that  it  is  a  procedure  for 
the  computation  of  the  z-transform  on  a  spiral  contour  in  the  z-plane  at  points  that  are  equi-spaced  in 
an  angular  sense  (see  Fig.  H). 

-k  *o 

If g the  points  in  the  z-plane  are  M  points,  z^  =  AW  (k  =  0,  ...,  M-l) ,  where  W  -  WQe  and 

A  =  A  e  °,  (W  ,  A  real),  then  the  spiral  shown  in  the  figure  is  defined  (for  W  <  1)  and  the  z- 
transxorm  is  °  0 

N-l 

X(zfc)  =  l  x(n)A  V  k  =  0,  ....  M-l. 

n=0 

Now  employing  the  identity  nk  **  \  [n^  +  k^  -  (k  -  n)  ^]  converts  the  required  evaluation  into  a  con¬ 
volution  (of  complex  valued  sequences)  which  can  be  evaluated  using  'fast  convolution'.  For  'zoom' 
analyses  on  the  unit  circle  the  parameters  A  and  W  would  be  set  to  unity.  Whether  this  procedure 
is  more  efficient  than  a  direct  evaluation  of  the  transform  depends  on  the  sizes  of  M  and  N  (neither 
of  which  need  be  a  power  of  two).  There  are  other  methods  that  may  be  employed  for  restricted  evalua¬ 
tions  on  the  unit  disc  (see,  for  example,  the  Goertzel  algorithm  in  ref.  [9]). 

7.2  Zoom  Analysis  by  Complex  Demodulation  (Heterodyning) 

The  key  point  to  note  in  the  frequency  analysis  of  a  time  history  using  straightforward  DFT  (FFT) 
methods  is  that  line  spacing  is  at  f  /N  where  f  is  sample  frequency  and  N  is  FFT  size.  If  N  is 

fixed  (e.g.,  1024)  then  f  must  be  reduced,  though  obviously  this  cannot  be  done  arbitrarily  since 
aliasing  might  occur.  The  reduction  in  f  can  be  achieved  by  first  employing  complex  demodulation 
(often  referred  to  as  heterodyning,  ref.  (jr  ]).  We  shall  explain  the  procedure  starting  with  a  con¬ 

tinuous  time  signal. 

Suppose  x ( t )  has  Fourier  transform  X(f)  (see  Fig. 12a)  with  upper  frequency  f  ,  and  that  the 
signal  is  sampled  at  f  (£  2fmax  )  then  suppose  that  if  the  resulting  'usual'  spacingmax  f  /N  is 
inadequate  and  we  wish  to  obtain  finer  resolution  in  the  shaded  band.  If  we  form 

x(t)e  J2rfc*  =  x^(t)  we  then  create  a  complex  valued  signal  x  ^(t)  by  a  process  called  complex  demodu¬ 
lation  (or  heterodyning)  whose  Fourier  transform  X^(f)  has  theX  form  in  Fig.  12b,  i.e.,  a  frequency 
shifted  version  of  X(f) .  If  both  components  of  x^(t)  are  now  low  pass  filtered  through  a  filter  with 
sharp  cut-off  and  bandwidth  B/2,  we  obtain  a  narrow  band  process  that  can  be  sampled  at  f'  (<  f  ) 
and  satisfying  a  much  less  stringent  condition  than  f  £  2f  so  that  the  resolution  usingSFFT  S 
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methods  if  fg/N. 


If,  however,  the  data  has  already  been  sampled  at  f  and  as  a  result  of  a  preliminary  spectral 
analysis  it  is  decided  that  ’zooming*  onto  a  particular  frequency  range  is  wanted,  then  the  same  technique 
may  be  employed  by  multiplying  by 


-J2rfct 


(n  =  0,  1,  ...  ). 


However,  owing  to  the  fact  that  the  data  has  already  been  sampled^  the  digital 

low  pass  filtering  operation  that  is  now  necessary  must  be  performed  with  care.  Assuming  that  this  is 
done  without  undue  difficulty  (difficulties  may  occur  if  we  wish  to  zoom  onto  a  region  very  near  the  fold¬ 
ing  frequency  fg/2),  then  the  sample  rate  f  is  now  unnecessarily  high  and  so  can  be  reduced.  Various 
digital  filtering  methods  exist  for  sample  rate  reduction  but  a  simple  and  effective  procedure  is  simply 
to  retain  only  every  p*-*1  sample  if  a  new  sample  rate  of  f  /p  is  wanted  (i.e.,  a  zoom  factor  of  p)  . 

The  frequency  analysis  of  the  demodulated,  decimated  data  Ihen  proceeds  normally.  It  is  worth  noting 
that  if  a  fixed  record  length  of  data  has  been  acquired  say  for  random  data,  then  the  extra  length  of 
data  taken  for  each  transformation  means  less  smoothing  is  achieved  if  the  segment  averaging  technique  is 
used  (see  the  next  chapter) . 

The  instantaneous  envelope  and  phase 

In  view  of  the  use  of  the  complex  demodulation  method  of  ’zoom*  analysis,  it  is  appropriate  to  note 
that  this  technique  can  offer  additional  information  about  band  limited  signals  if  viewed  slightly 
differently.  It  stems  from  the  fact  that  any  real  band  limited  signal  can  be  expressed  in  the  form 
x(t)  =  A(t)  cos  Q>(t)J  where  A(t)  is  the  envelope  of  x(t)  and  g(t)  the  phase.  A  unique  definition 
of  A(t)  and  g(t)  can  be  obtained  by  using  concepts  from  communication  theory  [25].  Suppose  a  band 
limited  signal  x(t)  has  the  spectrum  shown  in  Fig.  13(a)  then  complex  demodulation  and  filtering  (b)  , 
and  subsequent  multiplication  by  eJ^nfct  results  in  a  complex  valued  process  x+(t)  whose  spectrum 
X+(f)  is  zero  for  f  <  0  and  identical  to  that  of  2X(f)  for  f  >  0.  x+(t)  is  called  the  analytic 

signal  associated  with  x(t)  and  can  be  written 

x+(t)  =  A(t)eJg(t)  =  x(t)  +  jxh(t)  (19) 

so  that  the  envelope  A(t)  is  |x+(t)  |  and  the  phase  is  arg  x+(t) .  The  real  valued  quantity  x^(t)  is 
is  the  Hilbert  transform  of  x(t)  and  can  be  computed  in  a  quite  different  way  as  the  convolution  of 
x(t)  with  1  /  irt  • 


8.  DECONVOLUTION 

Deconvolution  is  a  term  which  embraces  a  wide  range  of  signal  processing  theory.  The  aim  is  to 
unravel  the  effects  of  a  convolution  of'  two  signals  (or  a  system  and  signal)  so  as  to  restore  one  of  the 

signals.  For  example,  if  a  signal  x  is  operated  upon  by  a  system  with  impulse  response  h  to 

produce  an  output  y,  we  seek  to  design  and  apply  some  operator  f  which  will  restore  x. 

It  is  assumed  that  the  operation  on  x  is  linear  and  that  h  and  y  are  known.  The  operator 
f  is  the  'inverse  filter*  corresponding  to  h  and  may  be  denoted  h“  .  However,  it  may  not  always  be 
possible  to  realise  an  exact  inverse,  in  which  case  it  is  necessary  to  make  do  with  an  approximation  to 
h  A  and  a  corresponding  approximation  to  the  signal  x.  We  therefore  write^the  output  of  f  as  x 

(the  *hat*  notation  denotes  an  estimate  of  x)  and  define  an  error  e  =  x  -  x.  We  now  try  and  find  the 

filter  f  that  minimises  some  function  of  the  error.  This  is  represented  in  figure  14.  The  problem 
posed  relates  to  the  deconvolution  problem  in  its  barest  form.  More  usually  the  measurement  y  is 
noise  contaminated  and/or  the  system  dynamics  h  are  not  known  exactly  (indeed  the  system  may  be 
nonlinear).  It  is  these  embellishments  to  the  basic  theme  which  account  for  the  large  number  of  tech¬ 
niques  that  have  been  developed  with  the  objective  of  deconvolution. 

It  is  appropriate  now  to  point  out  a  generalisation  which  is  also  sometimes  referred  to  as  deconvo¬ 
lution.  This  is  the  design  of  some  filter  which  shapes  a  given  (measured)  signal  y  into  some  other 
desired  form  denoted  by  d.  At  first  sight  this  problem  appears  unconnected  with  deconvolution. 

However,  the  ideal  solution  is  f  =  y-  *  d,  thus  requiring  the  ’inversion*  (deconvolution)  of  a 
signal.  A  special  case  of  this  is  the  predictive  filter  where  the  aim  is  to  design  a  filter  whose 
output  is  a  future  (time  shifted)  version  of  the  input.  In  this  section  we  shall  mention  some  of  the 
many  approaches  to  the  problem  using  both  continuous  time  and  discrete  time  formulations. 

8. 1  'Direct*  Inversion 

We  shall  look  at  the  simplest  case  here,  namely  when  measurement  y  is  noise-free  and  h  is  known 
exactly.  The  treatment  will  be  in  discrete  time.  (*  will  denote  convolution.) 


Inverse  digital  filtering 

Suppose  that  h  is  a  discrete  time  system  with  known  transfer  function  H(z)  which  may  be 
expressed  as 


H(z)  = 


b  +  b-  z 
o  1 

a  +  a,  z 
o  1 


bMZ 


-1 

b  H  (1  +  a. z  ) 
°i=0  1 


a  n  (1  +  Q.z  X) 
0i=1  J 


with  zeros  at  a.  and  poles  at  8.  (the  poles  satisfy  \$.\  <1  for  stability).  Now  we  seek  f 

such  that  h(n)  *  1f(n)  =  6(n)  (<5(n^  denoting  a  unit  impulse)  oi  equivalently  H(z)F(z)  =1,  and  we 
write,  formally,  F(z)  =  1/H(z).  Unfortunately  of  course  such  a  solution  is  not  generally  possible 
since  the  zeros  of  H(z)  need  not  lie  within  the  unit  disc  in  the  z-plane  (i.e.,  H(z)  may  not  be 
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minimum  phase).  Thus  1/H(z)  will  have  poles  outside  the  unit  disc  and  will  therefore  be  unstable  if 
realised  as  a  difference  equation  in  'forward  time'. 

Three  possibilities  now  present  themselves 

(a)  We  form  the  inverse  of  the  minimum  phase  version  of  H(z).  More  specifically,  any  general 
transfer  function  H(z)  may  be  written  (see  reference  [9])  H(z)  =  H  (z)  H  (z).  H  (z)  denotes  a 
transfer  function  having  identical  modulus  to  H(z)  but  with  zero  locItionsaEdjustede(^to  be  within 
|z|  =  1,  and  H  (z)  is  an  'all  pass'  transfer  function  having  unity  modulus  but  with  zeros  outside 
the  unit  disc. 


The  all  pass  component  has  zeros  and  poles  at  conjugate  reciprocal  locations.  The  portion  H  (z) 
will  have  a  stable,  realisable  inverse  in  forward  time  and  so  the  operations  indicated  in  fig.  15  e<* 

will  result  in  a  signal  x  that  is  distorted  by  the  all  pass  component.  The  modulus  of  the  Fourier 
transforms  of  x  and  x  are  indistinguishable  but  the  phase  structures  will  differ. 


(b)  If  we  do  not  restrict  ourselves  to  processing  only  in  forward  time  then  a  factorisation  of 
H(z)  into  the  form  H(z)  =  H  «n(z)H  (z)  where  H  .  (z)  denotes  the  minimum  phase  part  of  H(z)  and 
H  (z)  the  maximum  phase  partnof  raax  H(z)  permi?sncomplete  deconvolution.  This  is  demonstrated  for 
amf ingle  zero  lying  outside  the  unit  disc.  Suppose  we  have  H(z)  =  1  +  kz-^,  |k|  >  1. 


Clearly,  1/H(z)  is  unstable  in  forward  time, 
in  reverse  time  and  may  be  written  as 


However,  it  can  be  argued  that  the  inverse  is  stable 


(c)  The  third  possibility  is  simply  an  approximate  version  of  (b) .  If  it  is  imperative  that  pro¬ 
cessing  is  done  in  forward  time  then  the  scheme  (b)  can  be  modified  by  calculating  the  impulse  response 
function  of  the  'reverse  time  inverse*  which  is  'acausal'  as  far  as  the  original  data  is  concerned, 
truncating  it  at  some  suitable  point,  delaying  it  by  its  duration  (to  make  it  causal)  and  implementing 
it  as  a  finite  impulse  response  filter,.  The  delay  imposes  a  linear  phase  structure  to  the  output  but 
more  importantly  the  truncation  introduces  distortion  to  amplitude  and  phase.  This  problem  is  addressed 
by  Robinson  (reference  [17^ ) >  where  a  least  squares  approach  is  used  to  aid  the  design  of  the  inverse^ 
CSee.  below!) . 


As  a  final  discussion  on  'direct'  methods  we  consider  the  'Fourier'  procedure  of  undoing  h(n)  by 
dividing  the  Fourier  transform  of  y  by  the  Fourier  transform  of  h  and  inverse  transforming  the 
result.  This  method  follows  from  the  discussion  in  section  5.  Recall  that  if  x(n)  is  an  point 

sequence,  h(n)  an  point  sequence,  then 

n 

y(n)  =  h(n)  *  x(n)  =  £  h(m)x(n  -  m) 

m=0 

is  an  L  -  ^  ~  1  point  sequence.  To  obtain  this  convolution  using  the  discrete  Fourier  transform 

(FFT)  and  to  avoid  distortions  in  the  result  due  to  'circular  convolution*  zeros  must  be  appended  to 
x(n)  and  h(n)  to  make  both  say  P  point  sequences  (P  L) .  Then  the  product  of  the  P  point  DFT  of 
h(n)  and  x(n)  gives  the  DFT  of  a  periodic  sequence,  one  period  of  which  is  the  required  sequence  y(n). 

So  we  can  write  X(k)  =  Y(k)/H(k). 

N.  B*  It  is  necessary,  however,  to  resist  the  temptation  to  say  that  the  sequence  h^(n)  whose  DFT  is 
1/H(k)  is  the  impulse  response  function  of  the  inverse  filter  of  h(n) .  Oppenheim  and  Schafer  give  an 
instructive  example  on  page  132  of  reference  [9]  to  clarify  this  point. 

We  note  in  conclusion  that  these  discussions,  relating  as  they  do  to  ideal  inversion,  take  no 
account  of  additive  noise.  It  is  worth  noting  that  a  compromise  between  inverse  filter  bandwidth  and 
output  signal  to  noise  ratio  may  be  considered  by  relaxing  the  requirement  that  h  *  f  -  6  and  instead 
of  the  delta  function  use  a  more  'spread'  function. 

8.2  Optimal  Filters 

When  it  is  not  possible  to  form  an  ideal  inverse  we  are  obliged  to  construct  an  approximation.  One 
particularly  useful  and  widely  used  procedure  is  to  design  the  filter  that  minimises  some  squared  error. 
Referring  to  figure  16,  we  seek  f  that  minimises  some  measure  of  e^.  There  are  several  versions  of 
this  problem  and  its  solution  and  we  shall  note  a  few  of  them  briefly.  For  some  sort  of  completeness 
both  continuous  and  discrete  time  formulations  are  considered.  Furthermore,  random  signals  are  mentioned; 
see  Lecture  II  for  relevant  definitions. 

Continuous  time  Wiener  filters 

The  design  of  optimal  filters  in  continuous  time  when  random  signals  are  involved  -can  be  found  in 
numerous  texts  (e.g.,  reference  [l&])  under  the  title  'Wiener  filtering'.  With  reference  to  the  figure 
16  where  y  and  d  are  stationary  random  signals,  we  seek  to  estimate  d  by  selection  of  filter  f(t) 
so  that  E[e^(t)]  is  minimised.  If  f(t)  is  not  restricted  to  being  causal  then  the  necessary 

condition  that  f  should  satisfy  is  the  so-called  Wiener-Hopf  integral  equation, 

00 

&dy (T)  ®  |  Ryy(T  -  a)  f  (a)  da  for  all  x. 

—00 

(An  alternate  statement  is  that  the  estimation  error  is  uncorrelated  with  estimate  z(t).) 
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The  acausal  solution  is  obtained  by  Fourier  transforming  the  equation  to  give 


F(o>) 


(So  • 


This  is  a  general  signal  shaping  formulation  and  it  can  be  made  into  an  inverse  filtering  problem  by 
redrawing  the  figure  as  shown  in  fig.  17.  Here  measurement  y  is  a  noisy  version  of  x  and  d  is 
identified  with  x.  The  solution  is  (assuming  n  and  x  are  uncorrelated) 


F(u>) 


H(m)sxX(m) 

snnM  +  |H(oO  |2sxx(*0 


Such  a  solution  (being  acausal)  would  require  implementation  using  forward  and  reverse  filtering.  The 
imposition  of  the  condition  that  the  optimal  system  be  causal  results  in  a  modified  Wiener-Hopf  equation, 
namely, 

Rdy(T)  =  J  Ryy(T  “  °0 f (°0 da  for  x  >  0  only. 


The  solution  of  this  follows  the  method  of  spectral  factorisation  and  is  summarised  below  (see  page  341 
of  reference  08]). 


(i)  Express  Syy(-js)  =  A  (s)A  (s) 


where  A  (s)  is  a  minimum  phase  transfer  function. 


(ii)  Form  the  ratio  S^(-js)/A  (s)  -  B+(s)  +  B  (s)  where  B  +  (s)  is  analytic  for  Re(s)  >  0, 
(iii)  The  required  F(s)  =  B+(s)/A+(s)  which  is  now  causal. 


Since  the  causality  condition  is  an  additional  constraint,  the  value  of  the  optimal  error  variance 
is  greater  for  this  case  than  the  acausal  case.  Just  as  for  the  acausal  case  this  can  be  phrased  as  an 
inverse  filtering  problem.  Directly  analogous  results  may  be  obtained  in  discrete  time  and  are 
detailed  with  examples  in  reference  08],  chapter  10,  where  the  emphasis  is  on  filtering  noise  from  data 
rather  than  inverse  filtering.  We  note  finally  in  this  section  as  we  did  earlier,  that  this  optimisa¬ 
tion  procedure  results  in  a  filter  that  is  a  compromise  between  bandwidth  and  output  signal-to-noise 
ratio. 


Finite  optimum  (Inverse)  discrete  time  filters 

The  previous  section  related  to  the  problem  of  calculating  the  optimal  filter  which  in  general  will 
have  infinite  length  impulse  response.  We  shall  now  consider  the  problem  of  optimal  finite  length 
filters.  As  an  introduction  to  this  we  consider  the  illustration  below  (see  references  07]  and  09] 
for  further  details). 


Suppose  K(z)  ■  (1  +  kz  **)  where  |k|  <  1  then  H  (z)  -  1/1  +  kz  and  this  inverse  has  an 
infinite  impulse  response.  Let  us  now  seek  a  truncated  approximate  inverse,  but  rather  than  simply 
truncating  the  (infinite)  impulse  response  of  the  inverse  we  optimise  the  coefficients.  For  example, 
suppose  a  ’two  coefficient  inverse'  is  to  be  used,  i.e.,  the  impulse  response  sequence  is  (fQ,  f ^) , 
then  the  filter  output  is  (1,  k)  *  (fQ,  f-)  =  (f^,  kf  +  f  ,  kf ^) ,  and  the  desired  output  is 
(1,  0,  0)  so  the  error  sequence  is  e°=  (I  -  fQ,%fo  ?  f  ), -kf^).  The  error  energy  is 

1  =  f  e2(n) 
n=0 


and  this  is  minimised  with  respect  to  fQ  and 
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f -  ,  i.e.,  —  ;  -rr~  =0  to  give  the  optimal  coeffi- 

1  9£0  3fj_ 


cients.  This  procedure  can  be  extended  to  higher  order  filters  and  leads  to  optimum  inverse  referred  to 
as  least  error  energy  approximate  inverses. 


Having  introduced  the  ideas  we  now  consider  the  more  general  formulation  depicted  inAfig.  2*8.  The 

aim  is  to  design  a  filter  f,  which,  when  applied  to  the  signal  y  produces  an  output  d(n)  which 
approximates  a  desired  signal  d(n>;  Various  formulations  are  possible  including  both  deterministic  and 
random  sequences  (see  ref.  0-2],).  Ror  brevity  we  only  mention  the  case  of  deterministic  signals  where  the 
function  to  be  minimised  is  the  error  energy  I  *  Be^(n),  where 


N 

e(n)  =  d(n)  -  £  f (k)y(n  -  k)  and  £(k)  is  the  filter  impulse  response  function  to  be  obtained.  Inver¬ 
sion  (of  h(n)  say?  is  a  special  case  of  this  obtained  by  setting  x(n)  =  d(n)  «  <5(n)  (see  fig.  18),  (an 
extension  to  this  is  to  shift  the  delta  function  and  write  x(n)  =  6(n)  and  d(n)  =  <$(n  -  n^)  (ref.  06]) 
This  is  one  approach  to  overcoming  the  problem  of  inverting  a  non-minimum  phase  sequence.)  Returning  to 
the  basic  N  formulation  a  necessary  condition  for  the  minimisation  of  I  is 
l  f (k)  l  y(n  -  k)y (n  -  i )  -  I  d(n)y(n  -  i)  i  -  0,  1 ,  , . . ,  N 

k=0  n  n 


These  equations  are  known  as  the  normal  equations .  The  specification  of  the  range  of  summation  of 

n  leads  to  two  distinct  formulations  (reference  02])  known  as  the  autocorrelation  and  the  covariance 
methods,  respectively.  There  are  several  variations  on  this  basic  theme  ultimately  concerned  with  the 
specification  of  the  optimal  filter  coefficients  as  the  solution  of  a  set  of  linear  equations,  often 
employing  the  so-called  ’Levinson  procedure’  or  the  Durbin  modification  (references  00,21,24]). 


In  conclusion  we  note  that  other  methods  of  deconvolution  exist  (e.g.,  reference  02]).  We -also  parti 
cularly  mention  a  technique  referred  to  as  'homomorphic  deconvolution’  which  is  not  discussed  here  since 


it  is  considered  in  a  later  chapter  on  cepstral  analysis. 
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Fig.  2.  Block  diagram  representation  of  analogue  to 
digital  conversion. 


Fig.  3.  An  analogue  to  digital  conversion  scheme. 


Fig.  4.  A  truncated  (windowed)  segment  of  data. 


(a)  (b)  -ill- 


Fig..  5.  Fourier  transforms  of  a  cosine  wave  (a) 
and  a  truncated  cosine  wave  (b) . 


-S  (c) 


Fig.  7.  The  Fourier  transform  of  a  continuous 

wave  (a)  and  the  transform  of  correspond¬ 
ing  sampled  versions  ((b)  and  (c)). 


Fig.  8.  Discrete  Fourier  transform  of  a  truncated 
aperiodic  function  related  (pictoriaily) 
to  the  transform  X(f ) . 


Fig.  6.  Frequency  domain  characteristics  of  a 
rectangular  data  window. 
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LINEAR  SIGNAL  PROCESSING  II 


SUMMARY 
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This  is  a  companion  chapter  to  the  previous  one.  It  is  concerned  with  the  treatment  of  random 
(stochastic)  processes.  This  is  often  referred  to  as  ’time  series  analysis’  in  the  statistical 
literature.  Whilst  the  computation  methods  referred  to  use  digital  techniques,  the  basic  principles 
that  will  be  outlined  will  refer  to  continuous  time  processes.  Thus  the  concepts  of  periodicity, 
aliasing,  etc.  that  are  involved  will  not  be  mentioned  explicitly. 

Discussions  will  be  restricted  to  stationary  random  processes  and  initially  the  definition  of 
correlation  functions  and  spectra  are  given.  This  is  followed  by  a  review  of  conventional  estimation 
methods  (implemented  using  digital  schemes) .  Next  the  concepts  of  residual  spectra  and  partial  and 
multiple  coherence  functions  for  multi  input  systems  are  explained.  Finally  functions  of  more  than 
one  variable  are  treated.  This  relates  directly  to  quantities  that  depend  both  on  space  and  time. 
Aspects  of  two  dimensional  signal  processing  are  reviewed  and  some  applications  are  discussed. 


1.  STOCHASTIC  PROCESSES 


We  begin  with  the  description  of  nondeterministic  signals.  We  may  visualise  a  sample  of  such  a 
signal  as  shown  in  fig.  1.  The  essential  feature  of  such  a  signal  is  that  its  value  at  some  future 
time  cannot  be  predicted  exactly.  The  elements  of  probability  and  statistics  required  to  describe 

such  processes  are  treated  fully  by  Jenkins  and  Watts  ]V]>  see  also  refs,  [l,2,3,17]  .  We  shall  only 
summarise  some  of  the  basic  features  here,  using  ’continuous  time'  for  convenience.  We  start  by 
defining  a  sample  space  (ft) ,  as  the  set  of  all  possible  outcomes  of  an  experiment  of  chance.  Any  sub¬ 
set  of  points  in  the  sample  space  is  an  event  E,  and  individual  elements  (to)  in  the  sample  space  are 
called  * elementary  events ’ .  A  number  is  assigned  to  each  event  E  in  ft  that  is  a  measure  of  the  likeli¬ 
hood  of  occurrence  of  event  E,  called  the  probability  of  occurrence  of  event  E  written  P(E).  For 
any  element  to  in  the  sample  space  we  can  define  a  function  X(to)  which  is  said  to  be  a  random 
Variable  defined  on  the  sample  space  and  both  discrete  and  continuous  random  variable  are  described  in 
terms  of  their  probability  distributions.  It  is  now  necessary  to  introduce  'time*  into  the  picture. 
Consider  a  random  variable  which  is  time  dependent.  A  possible  notation  to  emphasise  this  dependence 
is  Xt(w),  i.e.,  a  ’parametered *  random  variable.  This  is  abbreviated  X(t)  and  implies  that  for  each 
time  point  t  in  some  interval  X(t)  exists  having  some  defined  sample  space,  and  an  associated 
probability  density  function  p^(x)  (or  p(x(t)  or  p(x,  t)).  Such  a  parametered  random  variable 
is  called  a  stochastic  process  or  time  series  and  is  sometimes  denoted  (X(t)},  The  concept  of  the 
’ ensemble 1  is  often  introduced.  An  observed  time  history  may  be  regarded  as  one  realisation  of  an 
infinite  number  of  records,  i.e.,  records  which  may  be  visualised  as  being  generated  by  a  large  number 
of  independent  repetitions  of  the  same  experiment  under  conditions  which  are  essentially  identical. 


The  probability  density  function  for  the  stochastic  process  is  p(x,  t)  =  lim  Pr°b  Lx  *0  = 

dF(x, t)_  where  F(x>  t)  _  prob|x(t)  £  x]  is  the  cumulative  distribution  function?  Similarly,  a  joint 


x29  t2^9xi3x2 


where 


probability  density  function  p(x^,  t^;  x^,  t^)  is  defined  as 

F(x^,  t^;  x^,  t^)  is  the  Prob  [x(t^)  $  x^ ,  X(t2)  $  xj .  For  a  bivariate  stochastic  process 
(X(t) ,  Y(t)}  the  density  function  is  p(x,  t^;  y,  t^) . 

Moments  of  the  stochastic  process  are  defined  in  the  usual  way  for  random  variables  with  the  time 
dependence  the  only  difference,  e.g.,  the  mean  is  defined 


Ux(t)  =  E[x(t)]  =  /  x  p(x,  t)dx 

—  OO 

and  variance  is  9  of00? 

cr/(t)  =  E[(X  -  u  (t))2]  =  (x  -  y  (t))  p(x,  t) dx. 

X  X  J  X 

—  co 

e[  ]  denotes  the  expected  value  operator  which  may  be  identified  with  averaging  across  the  set  of 
records  or  ’ensemble  averaging’. 

Stationarity 

In  general  the  properties  of  a  stochastic  process  are  time  dependent  but  to  simplify  matters  we 
often  assume  that  a  sort  of  ’steady  state’  has  been  reached  in  the  sense  that  the  statistical  properties 
are  unchanged  under  a  shift  in  time,  i.e.,  (i)  p(x,  t)  =  p(x)  (implying  y  and  a  are  constant); 

(ii)  p(x^,  ti>  a  funct*-on  t9  ~  tl  only  an^  not  both  and  t2*  If  only  condi¬ 

tions  (i)  and  (iij  hold,  the  process  is  said  to  be  ’weakly  stationary’  or  simply  stationary.  If 
similar  conditions  for  all  higher  order  joint  probabilities  hold,  then  the  process  is  completely 
stationary.  We  shall  be  content  with  conditions  (i)  and  (ii) .  The  assumption  of  stationarity  (though 
an  approximation)  has  important  consequences,  since  it  is  the  key  to  being  able  to  replace  our  previous 
’ensemble’  averages  across  a  set  of  records  with  ’time  averages’  along  a  single  record. 

1. 1  Covariance  (Correlation)  Functions 

A  widely  used  average  for  a  random  process  (X(t)}  is  the  autocovariance  function  defined  as 
R  (t  ,t  )  =  E{(X(t  )  -  y  (t  ))(X(t9)  -  y  (t  ))}.  This  is  a  measure  of  the  degree  of  association  of 

XX  X  Z  I  xJL  Z  x  Z 

the  signal  at  time  t^  xri-th  itself  at  time  In  the  engineering  literature  the  quantity 
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E[x(t  )X(t2)]  is  usually  referred  to  as  the  autocorrelation  function.  If  a  process  is  stationary,  we 
note  ^thatthe  statistical  properties  are  unchanged  under  a  time  shift  so  that  t^)  = 

R  (t^  “  t^)  or  in  more  usual  notation  R  (t)  (T  t^ie  'lag*).  For  a  bivariate  process  the  cross 
Covariance1  (cross  correlation)  function  is^a  measure  of  the  degree  of  association  of  signal  X  at  time 
t  with  signal  Y  at  t  .  We  will  assume  zero  mean  processes  for  simplicity  of  notation  and  so 

R1  (t1  ,  t  )  =  E[x(t  )Y(t  ]  and  if  the  processes  are  stationary  R  (t)  =  E[x(t)Y(t  +  t)[]  .  The 

xy  l  z  l  z  xy 

averaging  operations  (so  far)  should  be  interpreted  as  ensemble  averages. 


Time  averages 

The  definitions  above  have  all  involved  the  underlying  probability  distributions  (or  equivalently 
ensemble  averaging).  Often  only  a  single  record  is  available  from  which  to  make  estimates  of  the 
averages  we  have  defined.  This  raises  the  question  as  to  whether  averages  aVbng  a  record,  i.e.,  a  time 
average,  might  be  used  in  place  of  the  ensemble  average.  It  seems  self  evident  that  ' stationarity '  is  a 
prerequisite  if  this  is  to  be  feasible,  and  it  turns  out  that  for  stationary  processes  some  time  averages 
approach  the  equivalent  ensemble  average  as  record  lengths  increase.  Such  averages  are  said  to  be 
ergodic ,  and  they  should  be  correctly  discussed  via  estimation  theory.  However,  we  shall  anticipate 
that  stationary  processes  are  ergodic  with  respect  to  the  mean  and  auto  and  cross  covariance/correlation 
functions  and  note  that  this  has  prompted  many  texts  to  adopt  the  following  'definitions1. 

1  T 

(i)  The  mean  value  y  =  lim  —  J  x(t)  dt;  (1) 

x  t+oo  -T 


(ii)  The  cross  correlation  function  R  (t) 

xy 

with  y  =  x  for  the  autocorrelation  function. 


T 

lim  ~  [  x(t)y(t  +  x)dt 

T->oo  / 


(2) 


1.2  Spectral  Density  Functions 


Consider  the  sample  function  of  a  random  process 
Fourier  transform  of  x^(t)  the  average  power  is 


x^t) 


1 

T 


(t)  dt 


1_ 

T 


00 


~00 


IXjCf) |2df. 


as  in  figure  1  then  if  X^(f)  denotes  the 


The  quantity  |XT(f)|2/T  is  called  the  sample  (raw)  spectral  density  function  denoted  §xx(f)  Simply 

defining  lim  ( |X  (f)|  2/T)  as  the  power  spectral  density  of  the  process  is  useless  since  the  quantity 
T  “*"°°  A , 

does  not  converge  in  a  statistical  sense,  i.e.,  the  values  of  this  are  just  as  erratic  for  long  data 
lengths  as  shorter  ones.  The  use  of  'more  data'  does  not  'improve'  the  estimate  (indeed,  the  estimate 
of  what?).  We  have  an  estimate  for  which  the  ergodic  property  does  not  hold.  However,  we  can  introduce 
a  useful  quantity  by  averaging  this  to  remove  the  erratic  behaviour  and  define 


S 

xx 


(f) 


lim 

T-x» 


EiX^f)!2 

T 


(3) 


so  (from  the  equation  above) 


S  (f )df . 
xx  N 


(4) 


S  (f)  is  the  power  spectral  density  function  and  describes  the  decomposition  of  the  average  power  of 
X(t)  over  frequency. 

It  follows  from  the  definition  (3)  that  Sxx(f)  is  related  to  Rxx(x)  by 


s  Jf)  " 


R  (t)  e~-' 2llf  Tdx 


and 


R  <t)  - 

XX 


S  (f)e^2lrfTdf. 
xx 


(5) 


The  cross  spectral  density  is  similarly  defined  as 

X*(f)Y  (f) 

S  (f)  =  lim  E  {— - - } 

^  T-ho  T 

and  is  related  to  the  cross  correlation  function  by 


(6) 


S  (f)  = 
xy 


R  (T)e"j2rfTdT 
xy 


and 


R  (t) 
xy' 


S  (f  )  e 
xy 


j  2irf  t 


df . 


(7) 

|S  (f)| 


j  arg  S  (f) 

The  cross  spectral  density  is  complex  and  may  be  expressed  |S  (f) |e  J 

is  the  cross  amplitude  spectral  density  and  indicates  whether  frequency  components  in  one  timers eries 
are  associated  with  large  or  small  amplitudes  at  the  same  frequency  in  the  other  series.  Arg  S  (f) 
is  the  phase  spectral  density  and  indicates  whether  frequency  components  in  one  series  lag  or 
lead  the  components  at  the  same  frequency  in  the  other  series. 
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1.3  Input-output  Relationships  for  Linear  Systems 

A  linear,  time  invariant  system  may  be  characterised  by  its  impulse  response  function  h(t)  and  if 
X(t)  Is  the  input  and  Y(t)  the  output  to  an  input  starting  at  t  «  t  then 


Y(t)  =  f  h(t  -  t1)X(t1)dtr 
1*' 


(8) 


If  X(t)  is  stationary,  t  approaches  -°°  and  the  system  is  stable  then  Y(t)  is  stationary  and 


R  (t) 

yy 


00  oo 

1  I  h(Tl 


)h(T2)Rxx(T  +  T1  "  T2)dTldT2 


(9) 


which  relates  input  and  output  correlation  functions.  Fourier  transforming  this  equation  results  in 
the  simpler  spectral  density  input  output  equation 


Sy^f)  =  |H(f)|2Sxx(f)  (10) 

where  H(f)  is  the  system  frequency  response  function.  This  equation  indicates  how  the  input  spectral 
density  is  'shaped1  by  |H(f)|2. 


'Cross'  relations  involving  input  and  output  can  be  obtained  similarly.  The  time  domain  form  is 

00 

Rxy(T)  =  |  h(Tx)Rxx(T  -  T1)dx1 

and  the  frequency  domain  equivalent  is 

S  (f)  =  H(f ) S  (f) 
xy  xx 

Since  phase  information  is  retained  in  these  relationships  they  are  sometimes  used  in  system  identifica¬ 
tion  schemes  where  only  input  and  output  are  measureable  and  the  system  is  unknown.  In  particular  if 
the  input  is  white  noise  then  the  cross  correlation  function  is  proportional  to  the  system  impulse 
response. 


(ID 

(12) 


The  ordinary  coherence  function 

The  ordinary  coherence  function  between  input  X(t)  and  output  Y(t)  is  defined  as 

1 2 


Y  (f)  - 
xy 


S  (f) 

1  xy 

s  (f)  s 


XX 


yy 


(13) 


2  2 
and  can  be  shown  to  satisfy  0  £  y  (f)  $  1.  If  X  and  Y  are  completely  unrelated,  y  (f)  -  0, 

whilst  if  X  and  Y  are  linear lyxyrelated  then  y2  (f)  =1.  In  fact  the  coherence  function 

arises  naturally  when> given  two  random  processes  X  and  Y,Xyone  asks  the  question  'Is  it  possible  to 

produce  Y  (in  some  approximate  sense)  from  purely  linear  operations  on  X?'  This  is  a  problem  of 

system  identification.  Put  another  way,  we  wish  to  find  the  impulse  response  function  h(t)  such  that 

the  variance  of  the  'error'  is  minimised  (see  fig.  2).  Such  an  'optimal  filter'  satisfies  the  Wiener- 

Hopf  equation  (written  here  for  the  case  where  h(t)  need  not  be  causal) 


00 


R 

xy 


(t) 


h(xl)Rxx(T  ■ 


Ti)dV 


(14) 


From  this  it  can  be  argued  that  the  spectral  density  of  the  error  is 

y2  (f)  can  be  written  v2 
xy 


proportion  of  the  power  of  Y 
taken  further  in  section  3.) 


See(f)  =  s  (f)(1  -  (f))  and 

showing  that  the  coherence  function  is  a  measure  of  the 

that  can  be  accounted  for  by  linear  operations  on  the  input.  (This  is 


Vf>  =  SZz(y)/Syy(f) 


discrete  time  processes 

The  treatment  above  has  been  restricted  exclusively  to  continuous  time  processes  but  the  develop¬ 
ment  could  equally  well  have  been  done  in  discrete  time.  For  example,  the  cross  correlation  of  two 
sequences  might  be  defined 

R  (m)  =  lim  ~  J  x(n)y(n  +  m) 
xy  N-*»  n=0 


and  the  cross  spectral  density  defined  as 


S  (f) 
xy 


and  this  can  be  inverted  as 


R  (m) 

xy 


00 

7  R  (m)e“j2,rmf 
j  Sxy(f)ej2,rfmdf. 


It  is  important  to  note  that  S  (f)  is  periodic  in  f  with  period  unity  (since  we  interpret  the 
samples  as  occurring  every  second  in^this  particular  case).  Input-output  relationships*  stateforms 

(see  3.1)  etc.  may  be  redeveloped  using  a  completely  discrete  formulation. 
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2.  ESTIMATION  METHODS  AND  ESTIMATION  ERRORS 

In  this  section  we  introduce  and  discuss  estimation  methods  for  random  signals  based  on  a  single 
recording  of  the  process. 

2.1  Estimator  Errors  and  Accuracy 

Suppose  the  mean  value  of  a  random  process  is_  y  (unknown  to  us)  and  we  only  have  a  record 
length  T  of  the  signal.  A  reasonable  estimate  x  of  px  is 

T 

x-±f  x(t)dt . 

o  _ 

The  value  obtained  is  a  sample  value  of  a  random  variable  X,  having  its  own  probability  distri¬ 
bution  (called  a  sample  distribution)  and  x  is  a  single  realisation.  Each  x  computed  from  a 
(different)  record  of  length  T  will,  in  general,  be  different.  If  the  estimation  procedure  is  to  be 
useful  we  would  hope  that  (i)  the  scatter  of  values  of  x  is  not  ’too  great’  and  should  lie  ’close’  to 
y  ;  (ii)  the  more  data  we  take  (the  larger  T  is)  the  'better*  the  estimate.  We  can  formalise  these 
icfeas  as  follows  (see  refs.  [2,  4^). 

Let  <f>  be  a  parameter  we  wish  to  estimate  (in  the  introductory  example  above  <j)  is  y  )  and  let 
$  be  an  estimator  for  <f> ,  then  $  is  a  random  variable  with  its  own  sampling  distribution  p(<f>) 
which  is  often  difficult  to  obtain  and  so  we  shall  settle  for  a  few  summarising  properties. 

(1)  Bias  error.  The  bias  of  an  estimator  is  defined  b($)  =  E  [i]  -  <j>.  This  is  the  difference 
between  the  average  of  the  estimator  and  the  true  value.  If  b(l)  =  0,  then  $  is  ’unbiased’.  Whilst 
it  might  seem  desirable  to  use  an  unbiased  estimator  it  is  sometimes  prudent  to  tolerate  some  bias  if  it 
means  that  the  variability  of  the  estimate  is  reduced  (relative  to  that  of  an  unbiased  estimator). 

(2)  Variance .  The  variance  of  an  estimator  is  a  measure  of  the  spread  of  $  about  its  own  mean  value 
Variance =  E  [($  -  E(i))2J.  The  square  root  of  the  variance  is  the  standard  deviation  (a($))  of  the 
estimator.  We  would  hope  that  this  would  be  ’small’,  i.e,,  the  probability  density  function  should  be 
’peaky’,  but  this  requirement  often  increases  the  bias.  A  measure  of  the  relative  importance  of  bias 
and  variance  is  the  mean  square  error. 

(3)  Mean  square  error,  (mse) .  The  mse  of  an  gstimator  is  a  measure  of  the  spread  of  values  of  $ 

about  the  value  <f>,  i.e.,  mse[$]  =  E  [(I  -  cj>)  .  This  can  be  rewritten  as  mse[<§]  **  Variance^]  +  b2[ji] 

showing  that  mse  reflects  both  variance  and  bias.  If  the  mse  reduces  as  the  sample  size  (amount  of 

data  used)  increases  then  the  estimator  is  consistent . 


Confidence  intervals 


The  estimates  $  referred  to  so  far  are  point  estimates ,  i.e.,  single  values.  It  is 
desirable  to  know  that  a  parameter  is  likely  to  fall  within  a  certain  interval  of  values . 
if  we  estimate  a  mean  value  x  as  5,  perhaps  it  is  ’likely’  that  y  lies  in  the  interval 
These  estimates  are  interval  estimates ,  and  are  called  confidence  intervals  when  we  attach 
describing  the  likelihood  of  the  parameter  falling  within  the  interval  (see  section  2.2). 


frequently 
Eor  example, 
4. 5-5.5. 
a  number 


2,2  Estimators  for  Stochastic  Processes 

The  problem  of  the  study  of  estimators  for  stochastic  processes  is  a  wide  one  and  some  idea  of  the 
extent  of  the  field  can  be  obtained  from  [4^ •  Several  other  texts  are  not  as  detailed  and  give  useful 

summaries;  these  are  [1,2,3,173.  We  shall  pick  out  the  autocorrelation  function  and  power  spectral 
density  as  examples,  and  try  and  indicate  some  of  the  features  that  should  be  considered  when  analysing 
a  sample  time  history.  Following  this  we  briefly  discuss  cross  spectra  and  system  identification. 
Unless  otherwise  stated  we  shall  assume  we  are  dealing  with  realisations  of  a  continuous,  stationary 
random  process.  The  data  is  sampled  so  that  the  computation  may  be  done  and  is  therefore  subject  to  the 
attendant  ’aliasing’  problems.  It  is  assumed  throughout  that  the  sampling  rates  are  ’sufficiently  high’ 


The  Autocorrelation  Function 


(a)  Definition .  If  we  have  a  signal  defined  for  0  <:  t  £  T,  then  there  are  two  (ref.  [4])  commonly 
used  estimators  of  the  function  Rxx(x).  Following  [4]  we  write  than  as  R^(x)  an^  R^(t)  where 
(assuming  a  zero  mean  process) 


T-  lx  | 


and 


)  =  i  |  X(t)X(t  +  |  t  |  )dt  0  *  |t|  *  T,  and 


=  0 


T  >  T 


(15) 


T- 


R^(t)  = 


T  -  |  x  | 


A 

X(t)X(t  +  |t I )dt  0  $  |t|  £  T,  and  =0  It!  >  T.  (16) 


The  ’engineering  literature’  seems  to  favour  the  latter  since  it  is  unbiased  but  it  is  the  mse  that 
should  be  the  criterion  for  a  choice  between  the  two. 


(b)  Statistical  considerations.  For  x  in  the  range  0  £  |x|  £  T,  R^  is  unbiased,  and 
4^(0]  =  Rxx(t)[1  -  if1]  showing  (15)  to  be  ’asymptotically  unbiased’.  An  approximate  expression 
for  the  variance  of  R^^x)  is  m 

Var[Fxx(x)]  -  I  J  [^(r)  +  R^r  +  OR^r  -  x)]dr 
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showing  this  to  be  a  consistent  estimator.  When  t'«  T  there  is  little  to  choose  between  the  two 
estimators,  but  as  t  approaches  T  the  variance  of  the  unbiased  estimator  diverges.  Another 
important  feature  of  the  estimators  is  that  values  computed  for  neighbouring  values  of  t  are  sample 
values  of  (in  general)  strongly  correlated  random  variables  meaning  that  R^(x)  is  more  strongly 
correlated  than  the  original  time  series  x(t)  so  the  estimate  may  not  decay  as  rapidly  as  one  might 
expect  (see  section  5.3  of  ref.  [4]). 

(c)  Computation.  Computation  of  (15)  is  achieved  using  sampled  data  with  the  formula 

,  N-lm|-l 

R  (m)  =  n  ^  x(n)x(n  +  |m|).  (17) 

n=0 

The  divisor  is  N  -  |m|  for  R'  (m) ;  m  is  the  lag  and  may  take  values  0  £  m  £  M-l,  The  calculations 
to  be  done  in  (17)  are  time  coSuming  if  M  is  not  small  and  FFT  methods  can  be  employed  with  consider¬ 
able  speed  advantage.  A  method  due  to  Rader  [7]  is  particularly  effective,  the  procedure  being  based 
on  the  idea  of  'fast*  convolution. 

The  power  spectral  density 

Estimation  methods  for  spectra  considered  here  will  relate  to  the  'traditional'  methods  rather  than 
the  recently  developed  'parametric*  methods.  The  standard  methods  are  (i)  the  Fourier  transform  of  the 
autocorrelation  function  (indirect  method);  (ii)  the  direct  method  of  averaging  periodograms ; 

(iii)  filtering  (either  bandpass  or  complex  demodulation  (heterodyning)  and  low  pass  filtering).  We 
shall  outline  (i)  and  (ii) .  (An  interesting  and  readable  paper  [b]  considers  various  aspects 
(computational  and  statistical)  of  spectral  estimation  though  recently  [lo]  some  criticisms  of  the 
tendency  to  favour  method  (ii)  have  been  voiced.) 

(i)  The  Fourier  transform  of  the  autocorrelation  function 

(a)  Definition.  An  estimate  of  the  power  spectral  density  from  a  length  of  data  T  (here  assumed 
to  be  defined  for  |t|  ^  T/2)  is 


§xx(f) 


ivol2 

T 


-T 


(18) 


This  is  termed  the  'raw'  spectral  density  since  it  turns  out  (see  (b)  which  follows)  that  the  variability 
of  this  estimator  is  independent  of  the  data  length  T  and  so  is  no  use  as  an  estimator.  To  reduce  the 
sampling  fluctuations  the  estimate  must  be  smoothed  in  the  frequency  domain  and  this  can  be  achieved  by 
multiplying  the  autocorrelation  function  estimate  by  a  'lag  window'  w(t)  which  has  a  Fourier  trans¬ 
form  W(f)  (a  'spectral  window'),  and  Fourier  transforming  the  product.  This  defines  the  estimator 
S^f)  where  T 


sxx(f) 


Rxx(T)w(x)e  ^2?TfTdT 


-T 


(19) 


which  is  the  convolution  of  the  'raw'  spectral  density  with  W(f ) ,  i.e.,  (f ) *W(f) .  This  estimation 

procedure  may  be  viewed  as  a  smoothing  operation  in  the  frequency  domain  or,  in  the  time  domain,  the  lag 
window  can  be  regarded  as  reducing  the  'importance'  of  values  of  R^  as  t  increases  (since  the 
variability  of  the  estimator  R^  is  increased  as  x  increases). 


(b)  Statistioal  properties.  (See  references  [3,4,17]  for  details). 

Bias.  The  raw  spectral  density  S  (f)  is  an  asymptotically  unbiased  estimator. 

XX 

A 

Variance.  Since  S  (f)  is  a  squared  quantity  (and  if  we  assume  X(t)  is  Gaussian)  then  it  can  be 
argued  that  21?  (f)/§  ✓  is  distributed  as  a  chi-squared  random  variable  with  two  degrees  of  freedom, 
i*e.,  x|  (for  all  va¥ues'of  data  length  T) .  It  follows  that  the  variance  of  S^(f )  is  equal  to 
Sxxff)*  So  SXX(£)  is  an  inconsistent  estimator  of  S^(f),  and  the  standard  deviation  of  the 
estimate  is  as  Targe  as  the  quantity  being  estimated.  It  is  these  unsatisfactory  properties  that 

lead  to  the  consideration  of  another  estimate. 


r\j  a 

Smoothed  spectral  estimators.  Since  S  (f)  is  a  convolution  of  S  y(f)  with  W(f)  it  turns  out 

that  S  (f)  is  biased.  In  fact  (for  ^large  T) 

Xa 

00  00 

Elj^f)]  «  fsxx(g)W(f  -  g)dg  and  bias  [s^Cf )]  «  j  [w(t)  -  (20) 


The  first  expression  indicates  how  the  average  of  the  estimate  is  distorted  by  smearing  and 
'leakage'  of  the  spectral  density  owing  to  the  spectral  window  width  and  shape  (side  lobes).  The 
general  effect  is  to  reduce  the  dynamic  range  of  the  spectra,  i.e.,  peaks  are  underestimated  and 
troughs  are  overestimated  and  this  effect  is  reduced  as  the  spectral  window  gets  narrower.  However, 
the  windows  cannot  be  made  too  narrow  since  then  there  is  little  smoothing  and  the  random  errors 
increase.  Consequently  there  is  always  the  problem  of  trading  bias  errors  against  random  errors. 
(The  bias  problem  is  sometimes  referred  to  under  'bandwidth  considerations'). 


Since 


^  is  a  weighted  sum  of  values  of  is  is  argued  [4]  that  nSxx^f ^sxx^f )  i 

approximately  distributed  as  x2  where  n  (the  number  of  degrees  of  freedom)  =  2BT  and  B 


is  the 


resolution  bandwidth.  It  follows  that 


^  s  (f) 
’»&*«>]  ■  -=rr 


S2  (f) 
xx  ' 


"XX '“/J  n/2  BT  ’ 

and  in  chapter  6  of  ref.  [4]  details  of  estimator  accuracy  are  tabulated  for  various  lag  windows. 
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The  choice  of  window  should  depend  on  whether  the  concern  is  for  statistical  stability  (low 
variance)  or  small  bias.  If  the  bias  is  small  for  all  f ,  then  we  have  high  fidelity .  Of  course 
in  a  general  situation  we  must  be  careful  with  both.  For  example,  if  the  spectral  function  has  narrow 
peaks  of  importance  we  may  willingly  tolerate  some  loss  of  stability  to  resolve  the  peaks  properly, 
whilst  if  the  spectral  function  is  smooth  then  bias  errors  are  not  likely  to  be  so  important. 


Confidence  intervals .  We  now  give  ’interval  estimates’  based  on  the  ’point  estimates’  for  the  smoothed 

spectral  density.  Since  nS  (f)/S  (f)  is  distributed  as  a  x2  random  variable  then  for  a  particular 

point  estimate  S  the  100X1  -  a)*  confidence  limits  for  S  are 
r  xx  xx 


a- 

S 


xx 


n,  l-a/2  n,  a/2 

and  the  confidence  interval  is  the  difference  between*  them.  Note  that  on  a  linear  scale  the  confidence 
interval  depends  on  the  estimate,  but  on  a  log  scale  the  inverval  is 
which  is  a  constant  independent  of  ^xx* 


log(n/xn,a/2)  ”  log(n/xn,l-a/2) 


(c)  Computation  of  S  (f)  is  achieved  by  implementing  a  discrete  form  of  (19).  Reference  contains 
details.  XX 


(ii)  Segment  averaging 

A  method  of  spectral  estimation  that  has  become  very  popular  (owing  mainly  to  its  speed  of 
computation)  is  that  of  segment  averaging  discussed  in  Jenkins  and  Watts’  book  (section  6.3.4)  as 
Bartlett’s  procedure  and  in  some  detail  by  Welch  \&]  The  books  by  Bendat  and  Piersol  [2],  Otnes  and 
Enochson  [3j  and  Beauchamp  [l]  also  discuss  it  in  detail  and  emphasise  it  as  the  current  main  method  of 
estimating  spectra.  The  basic  procedure  is  outlined  with  reference  to  figure  3. 


A  data  length  T  is  split  up  into  q  segments^ of  length  T^  (in  thi|  case  non  overlapping)  and 
the  raw  periodogram  formed  for  each  segment,  i.e.,  S^x  (f)  -  1/T^|x^  (f ) |  for  i  =  1,  ...,  q,  and  to 
reduce  the  fluctuations  the  average  i  ri 


3  (f)  =  -  ?  S  (f) 

xx  q  .  \  xx . 

n  1=1  l 

is  formed  and  it  can  be  argued  (very  approximately)  that  since  each 

variable  then  2S  q/S  is  xS  from  which  it  follows  that 
aa  xx  zq  g 2  (f) 

Varty  “ 

and  since  the  resolution  bandwidth  B  is  approximately  1/T  then 


2^XX  ^Sxx  is  a  X2  random 

i 


s2  (f) 

Var[Sxx]  *  —  (as  before). 


Whilst  this  summarises  the  essential  features  of  the  method,  references  [8]  and  [5]  give  more  elaborate 
procedures  and  insight.  An  important  aspect  is  the  use  of  data  windows  for  linear  tapering  as  it  is 
sometimes  called)  that  are  assigned  to  each  segment.  Furthermore,  the  segments  may  be  chosen  to  over¬ 
lap  each  other.  The  criticism  of  this  method  [id]  is  that  linear  windowing  in  effect  ignores  some  data 
because  of  the  tapered  shape  of  the  window.  Intuitively  the  overlapping  of  segments  compensates  for  this 
in  some  way  and  Welch  Qf]  has  results  for  this  case  though  it  is  not  easy  to  relate  these  results  to  the 
indirect  method  of  Fourier  transforming  the  autocorrelation  function. 


The  use  of  a  data  window  on  a  segment  before  Fourier  transformation  reduces  leakage  but  has  the 
disadvantage  of  also  reducing  the  total  energy  of  that  segment  and  this  must  be  compensated.  This 
results  in  the  calculation  of  modified  periodograms  for  each  segment  of  the  form 


~  I  |  x(t)w(t)e  3  2tt£ fcdt  |  2 

r  i'th  interval 
T  /2 

j  w2(t)dt 

r  -T  /2 
r 

where  the  denominator  compensates  for  the  'energy  reduction'.  As  far  as  computation  is  concerned  the 
DFT  (FFT)  is  used  to  compute  the  required  modified  periodograms  and  the  appropriate  summations  performed. 

Cross  Spectra*  Coherence  and  Transfer  Functions 

(a)  Cross  spectra 

The  basic  considerations  above  also  relate  to  cross  spectral  estimation  together  with  some 
additional  features.  Detailed  results  can  be  found, in  chapter  9,  ref.  [4].  If  the  smoothed  cross 
spectral  density  S  (f)  is  written  as  |S  (f) |e^  ar&  SXy(f)  then  the  variances  of  the  amplitude 
(p  |)  and  phase  x^(arg  S  )  estimators  ar^  proportional  to  1/BT  but  are  also  strongly  dependent 
on  ^  the  coherency  y2  (f)^ 

xy 

(b)  The  coherence  function 

The  estimate  for  the  coherence  function  is  made  up  from  estimates  of  smoothed  power  and  cross 
spectra,  i.e., 

v '  *„«>*„«> 

(It  should  be  noted  that  if  'raw*  spectra  are  used  in  this  estimate  it  is  a  simple  matter  to  verify  that 
the  sample  coherence  function  is  unity  for  all  frequencies  for  any  signals  x  and  y.)  Statistical 
errors  and  confidence  limits  are  given  in  [1,2,4*]  and  a  recent  paper  [6]  discusses  the  bias  of  the 


(f) 
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estimator.  Results  derived  by  Jenkins  and  Watts  show  that  the  bias  is  proportional  to  the  square  of  the 
derivative  of  the  phase  spectrum  between  x  and  y.  This  means  that  the  estimator  is  sensitive  to  delays 
between  x  and  y  and  can  also  be  expected  to  be  inaccurate  when,  for  example,  x  and  y  are  input 
and  output  for  a  lightly  damped  oscillator.  The  bias  error  can  be  reduced  by  improving  the  resolution 
of  the  estimate.  In  fig.  4  the  coherence  function  is  estimated  for  simulated  input/output  results  for  an 
oscillator  with  centre  frequency  f  =  1  Hz.  The  theoretical  value  of  coherence  is  unity  and  the  reso¬ 
lutions  used  are  shown  on  the  figure. 

fc)  Frequency  response  functions  are  estimated  using  smoothed  spectra  from  the  expression  H(f)  = 

S  (f ) /S  (f),  and  results  for  errors  and  confidence  limits  can  be  found  in  [2,4j.  The  use  of  this 
noXparame?ric  approach  for  systems  with  feedback  is  treated  in  [9].  (If  feedback  loops  are  not  correctly 
accounted  for  the  estimate  of  the  frequency  response  function  of  an  element  in  the  loop  can  be  biased.) 


3.  MULTIPLE  INPUT  SYSTEMS,  RESIDUAL  SPECTRA  AND  PARTIAL  COHERENCE 

Multi-input  multi-output  systems  may  be  treated  in  the  same  manner  as  single-input  single-output 
systems  in  section  1  and  the  results  look  similar  as  long  as  the  appropriate  vector-matrix  interpretation 
is  adopted.  If  a  system  characterised  by  the  matrix  of  impulse  response  functions  H^(t)  has  m  inputs 
(vector  j*(t)  and  n  outputs  (vector  x(t)),  then 


x(t) 


J  HjWlft  *r)dT 

o 


(N.B.  We  shall  use  lower  case  letters 
for  functions  of  time  hereafter.) 


T 

resulting  in  the  spectral  input-output  relationship  $xx(f)  =  Hy*(f)S  (f)Hp  (f) .  S^Jf) ,  S  (f)  are 
the  output  and  input  spectral  density  matrices  respectively  (which  aril  Hermitian)  ii  i! 

and  HF(f)  denotes  the  matrix  of  system  frequency  response  functions.  The  input-output  cross  spectral 
relationships  are  S^(f)  "  Sgg(f)HpT(f).  These  equations  above  are  easily  derived  but  the  results 

themselves  require  further  consideration  if  we  are  to  use  them  to  reveal  details  about  the  system;  for 
example  it  may  be  of  interest  to  know  the  relative  importance  of  the  inputs  with  reference  to  one  parti¬ 
cular  output  or  indeed  whether  the  set  of  inputs  considered  is  ’ adequate*.  These  and  other  problems 
associated  with  systems  with  more  than  one  input  will  be  discussed  in  section  3.2. 


3. 1  State  Forms  for  Linear  Systems 

A  widely  used  method  of  analysis  for  stochastically  driven  dynamic  systems  uses  the  state  variable 
description  (ref.  [llj ) .  This  has  achieved  considerable  attention  in  the  treatment  of  control  systems. 

It  starts  from  the  premise  that  a  large  class  of  processes  can  be  modelled  by  the  first  order  vector 
matrix  equation 

x  =  Ax  +  Bw;  x(tQ)  and  £  -  Cx. 

x  is  an  n-dimensional  state  vector  and  w  an  m-dimensional  vector 
Q<S(t  -  t^)  say,  and  y  is  a  p-dimensional  output  vector.  A,  B, 
dimension  (which  may  be  time  varying) . 

The  solution  to  this  equation  for  state  x(t)  is 

t 

*(t, 

t 

o 

where  $  is  the  state  transition  matrix  for  the  system.  If  P(t) 
covariance  matrix  for  the  state  then  it  is  easy  to  verify  that 

P  =  AP  +  PAT  +  BQBT;  P(tQ)  (23) 

which  is  true  even  if  A,  B  are  time  dependent,  lowing  that  P  may  be  computed  by  solving  a  linear 
differential  equation  directly  rather  than  needing  This  method  therefore  offers  a  particularly 

simple  approach  to  certain  nonstationary  situations,  and  will  be  discussed  in  a  later  lecture.  The 
apparent  restriction  that  the  input  w  should  be  'white'  can  be  circumvented  as  long  as  whatever  input 
there  is  can  itself  be  regarded  as  the  output  of  a  ’white  excited’  linear  system,  i.e.,  a  solution  of  the 
'shaping  filter'  problem.  This  automatically  means  however  that  the  dimension  of  the  system  is 
increased  by  the  dimension  of  the  shaping  filter.  In  fact,  retaining  the  'white'  excitation  ensures  that 
the  state  is  a  'Markov  vector'  which  in  turn  has  important  consequences  insofar  as  the  probabilistic 
structure  of  the  state  is  concerned.  For  example,  it  is  then  possible  to  show  that  the  transitional 
probability  density  function  satisfies  a  partial  differential  equation  called  the  Fokker-Planck  equation 
which  offers  one  approach  to  the  treatment  of  nonlinear  systems. 

3. 2  Residual  Spectra 

Recently  interest  has  been  shown  in  the  application  of  the  concepts  of  residual  spectra  and  partial 
and  multiple  coherence  for  systems  with  more  than  one  input.  The  objective  of  this  section  is  to  explain 
the  significance  and  use  of  some  of  these  concepts  and  draws  extensively  on  the  work  reported  by  Dodds  and 
Robson  [l6j  and  Bendat  [12-15]  and  the  recent  book  [17] .  It  is  necessary  to  recall  the  concept  of 
coherence  as  discussed  in  section  1.3.  Suppose  two  measurements,  x  and  y  are  available  and  one  wishes 
to  establish  a  linear  transfer  characteristic  linking  the  two  that  account  for  y(t).  Let  y  (t)  denote 
a  stationary  random  process  produced  by  operating  on  x(t)  linearly,  i.e., 

00 

yo(t)  =  J  h(x)x(t  -  t) dx 

o 

and  e(t)  -  y(t)  -  y  (t)  denote  the  error.  The  problem  of  system  identification  now  becomes  that  of 


x(t)  =  $(t,  tQ)x(to)  + 


(21) 

T 

of  white  noises  with  E[w(t^)w  (t^)j  = 
C  are  matrices  of  appropriate 

t1)Bw(t1)dt1  (22) 

T 

=  E[x(t)x  (t)]  denotes  the  zero  lag 
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finding  the  transfer  function  h(t)  that  minimises  E [y  (t)] .  This  problem  can  be  solved  in  the  time 
domain  using  variational  methods  and  results  in  the  equation  E(e(t)x(t')J  -  0  for  t1  <  t,  or,  in 
words,  the  estimation  error  is  uncorrelated  with  past  observations  (the  condition  t*  <  t  results  from 
the  imposed  causality  condition  on  h(t)).  This  is  called  the  Wiener-Hopf  equation  and  is  often  written 


VV  =  | h(1 


h(x2)Rxx(TX 


T2)dT2 


>  0 


and  the  solution  of  this  equation  for  h(x)  yields  the  required  transfer  function.  Owing  to  the  added 
condition  >  0  the  solution  cannot  be  accomplished  simply  by  Fourier  transforming  the  equation,  but 
requires  the  method  of  spectral  factorisation.  If,  however,  the  requirement  of  causality  is  relaxed, 
then  Fourier  transforming  the  equation  yields  H(f)  -  S  (f ) /S  (f ) .  Following  Dodds  and  Robson  [l6j 
one  may  regard  y(t)  as  being  composed  of  two  parts  yx^  and  y^  (see  fig.  5).  y9  is  fully  coherent 
with  y.  and  y~  is  uncoherent  with  y  .  - -,J-  *-  — 

Y2  S  (f)  and  S  (f)  =  (1  -  y2  )S  (f) . 
xy  yy  y3y3  v  Txy'  yyv 

It  is  useful  to  think  of  y3  as  a  residual  random  variable,  i.e.,  the  result  of  y  (or 
having  had  the  (linear)  effects  of 


Furthermore  it  is  easily  verified  that  S  (f)  = 

y2y2 


write  yQ  =  x, 


2,1 


x2) 

x^  removed  in  an  optimal  (least  squares)  way,  and  so  one  might 
for  this  residual  variable. 


We  extend  the  discussion  to  a  two  input-single  output  system.  A  simple  system  of  this  nature 
allows  the  method  to  be  explained  easily;  the  equations  developed  can  be  extended  appropriately  to 
describe  systems  with  more  than  two  inputs. 


A  two-input  single-output  system 

Suppose  three  random  processes  x^,  x  and  x3  are  measured  (where  one  might  choose  to  interpret 
one  of  these  as  an  ’output1  y,  for  example,  x3)  and  suppose  the  objective  is  to  identify  some  form  of 
excitation-response  relationship  between  them.  As  noted  in  [2] ,  when  a  single  component  of  a  random 
process  is  influenced  by  (many)  others  a  distinct  response  relationship  connecting  it  with  any  one  of 
them  is  likely  to  be  obscured  by  the  action  of  the  remainder.  It  is  only  by  removing  the  effects  of 
the  remainder  in  some  way  that  the  connection  can  be  established.  Suppose  x^,  x^,  x3  are  measured 
(see  figure  6)  and  it  is  suspected  that  x^  and  x^  cause  x3,  i.e.,  (linear)  systems  S^,  S2  are 

believed  to  link  x^,  x„  to  x  .  Suppose  further  that  in  reality  link  is  not  present  (but  this 

is  unknown)  and  also  that  both  x.  and  x^  are  themselves  ’caused1  by  some  fundamental  (unmeasured) 
process  0  ensuring  that  x^  and  x„  are  highly  coherent.  If  the  ordinary  coherence  function  y2 
is  formed  this  will  be  large  tending  to  ’confirm1  the  belief  in  the  presence  of  path  S  .  But  if  x2y 
the  effect  that  x-  may  have  on  both  x^  and  y  is  removed  before  trying  to  establish  a  link  between 
x^  and  y  then  it  would  soon  be  realised  that  no  such  link  existed.  The  procedure  for  effecting  this 
’removal*  is  now  explained. 


Consider  a  two  input  single  output  situation  as  in  fig.  7  (n  may  be  measurement  noise  or  intro¬ 
duced  to  model  nonlinearities)  and  the  objective  might  be  to  (i)  establish  the  relative  magnitudes  of 
noise  to  ’linear  effects*  at  the  output,  (ii)  to  find  the  relative  importance  of  inputs  x^,  x^, 

(iii)  to  estimate  the  transfer  functions  H^,  H„.  (It  is  assumed  that  the  ordinary  coherence  Zf unction 
Y2  is  not  unity  since  in  this  case  it  is  only  a  single  input  problem.) 

X1X2 

As  a  starting  point  it  is  convenient  to  decompose  the  processes  involved  as  shown  in  fig.  8. 

7L  and  x3  are  split  into  two  components  each  where  y 2  and  y^  are  fully  coherent  with  y  (i.e., 

those  parts  of  x^  and  x3  accounted  for  by  optimal  linear  operations  on  x  through  filters  L- , 

L^) .  y3  is  uncoherent  with  y  ,  and  is  a  residual  random  variable  denoted1  (similarly  for 

x3  p .  From  these  residual  random  variables  one  can  define  residual  spectra  which  are  ordinary  spectra 
formed  from  residual  variables  and  partial  coherences  which  are  ordinary  coherences  formed  from  residual 
variables.  Referring  in  particular  to  ’stage  1’  in  the  figure  it  is  noted  that  and  x3  have  been 

conditioned  with  respect  to  x^  (this  choice  is  arbitrary)  and  from  the  earlier  work  one  can  write  down 
the  following:-  (i)  The  ’coherent  output  power*,  i.e.,  that  proportion  of  the  power  of  x„  accounted 
for  by  linear  operations  on  xn  is  y^  S  0.  (N,B.  S09  =  S  ,  etc.)  (ii)  The  ’noise*  power  S 

^  x2*2  y o 

is  a  residual  power  spectral  density  written  S^2  and  is  S  =  (1  -  yi?^S22*  (m)  Tiie 

optimal  linear  filter  is  S  /S  -.  Identical  expressions  hole  r or  processesZ  x  ,  x  with  3 

replacing  2  above.  It  is  important1 to  realise  that  L,  and  are  not  and  H^.  In  fact  since 

x  ^  and  x3  ^  denote  what  is  left  after  the  linear  effect  of  x^  is  removed  from  x^  and  y  it 
should  be  clear  that  ]/^22  1  ^t0  reverse  the  roles  of  1  and  2).  it  only  remains 

to  obtain  an  expression  for  the  residual  cross  spectrum  S^3  ^  in  terms  of  x^,  x^9  Xy  Since 

S23.1  =  lifflE[i(X*>1(£)X3<1(f))I 

then  using  the  signal  flow  algebra  of  the  figure  and  expressions  for  L.  ,  gives  ^23  1  = 

^23  ~  ^21^13^11  the  residual  spectral  density  is  evaluated  interns  of  ordinaryspectra. 


These  concepts  introduced  at  ’stage  1*  can  be  extended  in  similar  fashion  to  ’stage  2*  where  x„ 


can  be  further  conditioned,  now  with  respect  to 
and  yy  is  that  part  of  x3  that  is  uncoherent 
of  x„  not  accounted  for  by  linear  operations  on  ^ 

variable  formed  by  conditioning  x3  with  respect  to^oth  A-  dUU  auu  J.S  Wi.lk.tCU  A  „  .  n U 

stage  2  (by  analogy  with  stage  1)  one  can  write  down  the  following:-  Z(i)  The  output  noise  power  spectral 


X9  1* 

with  both 
x 


is  that  part  of  x^  ^  coherent  with  x^  ^ 
x^  and  x^  or  in  other  words  that  part 
and  Xy  This  means  y_  is  the  residual  random 
x,  and  xn  and  is  written  x„  At 


density  is 


-  (1 


- 


Y23.1)S33.1 


where  (ii)  The  partial  coherence  function  Y23  ^  is 


33.12 

^23  1  =  S23  1S32  1^S22  1S33  1  and  (iii)  The  optimal  filter  L3  is  S  -/S  2  1*  The  total  outPut 
power  spectral  density* can  Be  decomposed  as  the  sum  of  three  terms  (andZtftis  canbe  done  directly  from 
the  diagram) 
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S23  =  Y13S33 


Y23.1S33.1 


+ 


S33. 12 


part  fully 
coherent 
with  x^ 


part  fully  coherent  with 
x^  after  x^  has  been 

removed  from  and  x^ 


un coherent  with 
both  and 


The  multiple  coherence  function  (written 
function  as  for  a  single  input  system,  i.e.,  it 


Yy.x^ 


put  via  linear  relationships  between  input  and  output,  i.e. 
expressions  above  can  be  written  y2  —  1  —  (1 


is  defined  by  analogy  with  the  ordinary  coherence 
is  that  fraction  of  power  accounted  for  in  the  out- 


y.x 


-y£3M1 


'23. 1 


Y2 

jy.x  33 


-  S 
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and  by  the 


It  is  appropriate  to  emphasise  that  the  multiple  coherence  function  is  a  measure  of  how  well  the 
two  inputs  x^  and  x^  account  for  the  measured  response  of  the  system,  whilst  the  partial  coherence 
is  a  measure  of  how  well  an  additional  signal  (in  this  case  x^)  improves  the  predicted  output. 

All  the  formulae  above  can  be  related  back  to  the  direct  and  cross  spectra  computed  from  the  original 
three  signals  and  can  be  applied  directly  to  higher  order  systems  to  recover  the  general  formulae  given 
by  Bendat  [l7]  by  simply  adding  on  more  'stages1  to  the  figure  for  appropriately  more  inputs  and  desig¬ 
nating  higher  order  residual  processes  in  the  obvious  way  (e.g.,  x^  ^3)*  With  reference  to  the  com¬ 
putation  of  the  transfer  functions  H^,  an  expression  for  *  has  been  written  down  earlier, 

but  the  H.  are  easily  expressed  in  terns  of  the  L.  (themselves  easily  written  down).  By  simply 
following  1the  signal  flow  algebra  in  the  figure  one  ^can  write  -  L^  and  ~  L^L^.  it  is 

appropriate  to  note  (see  the  discussion  following  reference  [l5]  ,  that  the  manipulations  to  evaluate 
the  transfer  functions  amount  to  a  Gauss  elimination  solution  of  the  input-output  cross  spectral  equa¬ 
tions  but  that  the  approach  as  outlined  here  at  least  offers  some  physical  interpretation  in  the 
unravelling  of  complex  problems.  Finally  it  is  pointed  out  that  Bendat  [l7]  has  given  a  comprehensive 
summary  of  the  statistical  properties  of  residual  processes. 

4.  FUNCTIONS  OF  MORE  THAN  ONE  VARIABLE 

In  the  foregoing  the  data  to  be  analysed  have  been  assumed  to  be  real  valued  functions  of  a  single 
variable.  Often  data  may  be  regarded  as  functions  of  more  than  one  variable  (e.g.,  space  and  time)  and 
the  methods  already  outlined  may  be  generalised  to  include  such  phenomena.  Two  (and  more)  dimensional 
signal  processing  occurs  in  many  fields  with  many  applications,  e.g.,  image  processing,  seismic  signal 
analysis,  beamforming,  etc.  and  a  few  examples  relevant  to  vibration  and  acoustic  problems  are  noted 
later.  To  begin  with,  however,  a  brief  general  description  of  two  dimensional  signal  processing  in  both 
continuous  and  discrete  form  is  given. 


4. 1  Two  Dimensional  Signal  Analysis 
Continuous  space /time  processes 

Let  s(x,  t)  denote  a  signal  that  is  a  function  of  both  time  t  and  x  a  space  variable. 
Obviously  this  could  be  generalised  to  include  more  space  variables  or  'simplified'  to  exclude  time. 
Discussion  of  the  form  chosen  is  sufficient  for  our  purposes.  Assume  s(x,  t)  to  be  a  deterministic 
function  of  both  x  and  t;  we  can  define  a  two  dimensional  Fourier  transform 


00 

S(k,  id)  *  |  js(x,  t)e  J  ^x+a)t^dxdt 

—00 


(24) 


By  regarding  S(k,  (d)  as  the  result  of  two  one-dimensional  transforms  [l8]  it  is  simple  to  establish  the 
inversion  formula 

00 

s(x,  t)  =  — — 9  (  fs (k ,  o))e^kx  +  Wt^dkdu>  (25) 

<2*>  LI 

The  two  dimensional  Fourier  transform  S((d,  t)  is  a  function  of  the  angular- frequency  u)  (radians/ 
second)  and  the  wavenumber  k  (radians /metre)  describing  the  harmonic  structure  of  s(x,  t)  in  terms  of 
distance.  The  (temporal)  frequency  component  m  has  period  T  »  2tf/cd  seconds  and  the  (spatial)  wave- 
number  component  k  has  wavelength  X  =  2tr/k  Metres.  (We  note  that  both  radians /second  and  Hz  are 
used  in  this  section  as  appropriate.) 

Input-output  relationships  for  functions  of  two  variables  may  be  developed.  In  fig.  the  impulse 
response  function  of  a  generalised  linear  system  operating  both  in  time  and  space  is  h(x,  t)  and  the 
output  variable  is  y(x,  t) ,  so  that 

00 

y(x,  t)  =  JJh(x  “  *]_»  t  -  t1)s(x1>  t1)dx1dt1. 

—  CO 

It  can  be  verified  [l8]  that  Y(k,  to)  =  H(k,  a))S(k,  cd)  .  Stoohastio  processes  may  be  included  in  the 
above  formulation.  Suppose  s(x,  t)  is  a  random  process  defined  such  that  the  process  is  stationary  in 
time  and  homocpintoos  in  space,  then  E[s(x..,t  )s(x2,t2)J  =  R(x9  -  x  ;  t2  -  t  )  or 
E[s(x,t)s(x  +  £,  t  +  t)J  =  R  (£;t  ).  ^The  cross  spectral  density  S,  (k,  w)  is  defined 

12  00  sls2 

ss  <k,  u>)  «  [  (  R  s  (5;  T)e"j(kC+WT)dCdT 

12  t  {a  S1S2 

which  has  a  corresponding  inversion  formula.  Papoulis  [l8j  discusses  these  aspects  further. 
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Discrete  space /time  processes 

Since  processing  is  generally  done  using  digital  methods  it  is  appropriate  to  reconsider  (briefly) 
the  above  Fourier  relationships  using  discretized  signals.  A  more  detailed  account  may  be  found  in  the 
chapter  by  Peardon  Ql9]  or  Rabinerand  Gold  [20] .  A  two  dimensional  signal  may  be  inherently  discrete  (at 
least  in  one  variable)  or  generated  by  sampling  a  function  of  continuous  variables.  It  is  convenient  to 
regard  the  result  as  a  two  dimensional  sequence  (array)  s(mAx,  nAt)  ,  .  The  sampling  is 

assumed  uniform  in  both  the  space  and  time  domains.  Ignoring  the  sample  separations  Ax,  At  we  can 
define  the  two  dimensional  Z  transform  as 

CO  00 

z2)  =  l  l  s(m,  z2  n 

m=-oon=-o° 

If  this  is  evaluated  on  the  unit  circle,  i.e.,  -  e^^1;  z„  =  e^2  we  obtain  the  Fourier  transform 

relationship 

S(ejWl,  ejt°2)  =  l  l  s  (m,  n)e_jwln  e~JW2n 
m=-°°  n-— 00 


with  the  inverse 

'  ^S(ej%  ej“2)ejwlV^  d( ^ 

-IT  “IT 

(The  notation  adopted  here  is  that  appropriate  to  discrete  sequences.)  The  two  dimensional  discrete 
Fourier  transform  (DFT)  is  the  natural  progression  from  the  above  so  that  the  transforms  can  be  computed 
using  digital  methods.  So,  if  s(m,  n)  -  0  for  0  $  m  $  M  -  1,  0  $  n  5  N  -  1,  then 


s(m,  n)  = 


The  inverse  is 


M-l  N-l  + 

S(k,  =  l  l  s(m,  n)e 
m=0  n=0 

.  M-l  N-l  j2Tr(£2  + 

s(m»  n)  =  l  l  S(k,  A)e 


k=0  £~0 


Fast  Fourier  transform  methods  [l9]  may  be  employed  to  reduce  the  computational  effort  to  evaluate 
these  transforms. 


Two  dimensional  digital  filters  can  be  constructed  and  the  effect  of  operation  on  array  s(m,  n) 
written  as 


y(m,  n)  =  \  \  h(m  -  k,  n  -  £)s(k,  £) 

k  l 

where  h(m,  n)  is  the  response  of  the  filter  to  an  impulse  at  m  =  n  »  0.  The  filter  frequency  response 
is  the  double  Fourier  transform  of  h(m,  n) .  Two  dimensional  digital  filters  may  be  designed  and 
implemented  using  methods  that  are  generalisations  of  the  appropriate  one  dimensional  methods  mentioned  in 
the  first  lecture.  It  is  important  to  note  however  that  the  DFT  S(k,  £)  of  an  array  of  numbers  s(m,  n) 
is  periodic  in  both  k  and  l  and  that  this  periodicity  must  be  borne  in  mind  if  it  is  intended  to 
implement  linear  convolution  using  frequency  domain  methods,  i.e.,  the  'distortion*  that  can  result  from 
the  effects  of  cyclic  or  periodic  2-D  convolution  using  FFT  methods  must  be  accounted  for  [l9] . 


Aliasing  for  two-dimensional  signals  is  an  aspect  that  requires  special  consideration  as  it  can  have 
a  very  marked  effect  on  the  appearance  of  Fourier  transformations.  Recall  that  for  a  one  dimensional 
process  a  sampled  signal  may  be  regarded  as  the  product  of  the  continuous  wave  and  a  delta  ’comb',  i.e., 

s(nAt)  =  s(t)  £  6(t  -  nAt)  so  that  S(e^2TT^)  =  S(f)  *  £<S(f  “  k/At)  (*  denotes  convolution).  This 
n  k 

argument  may  be  extended  to  two  dimensions.  First  generalise  the  delta  'comb'  to  a  delta  'brush'  and 
write 

s(mAx,  nAt)  =  s(x,  t)  £  ][  6(x  -  mAx,  t  -  nAt) 

m  n 

This  results  in  a  Fourier  transform 


SCe32^1,  ej2llfZ)  =  S(£  ,  f  )  *  £1  6(f 

k  l 


_k 
Ax  * 


This  equation  indicates  that  the  continuous  transform  S(f^,  f^)  is  'copied'  onto  rectangular  cells 
spaced  at  intervals  1/Ax  and  1/At  in  the  f^,  f^  directions.  This  results  in  a  two  dimensional 
version  of  the  overlapping  that  is  the  result  of  aliasing,  thereby  complicating  the  appearance  of  the 
transform  evaluated  within  a  single  cell  (see  ref.  [l9]). 


4.2  Applications 

Space-time  functions  occur  in  various  contexts  and  we  shall  very  briefly  indicate  a  few  here. 

Rough  ground  profiles 

The  irregularities  of  a  rough  surface  may  be  written  as  a  function  of  two  space  variables,  i.e., 
s(x,  y)  where  now  time  plays  no  role.  Such  height  profiles  are  useful  when  describing  the  response  of 
vehicles  running  over  rough  terrain.  If  the  surface  is  assumed  random  and  homogeneous  then  wavenumber 
spectra  can  be  computed  from  the  appropriate  correlation  function.  Numerous  models  for  rough  ground 
wavenumber  spectra  have  been  proposed  in  the  literature  (see,  for  example,  [2l]). 
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Random  pressure  fluctuations 

Often  interest  is  in  the  characteristics  of  a  pressure  field  in  some  spatial  domain  where  the 
instantaneous  value  is  p(£,  t)  where  _r  is  the  vector  position  of  the  point  in  space.  Spatial  cross 
correlation  and  cross  spectra  arise  in  the  description  of  the  structure  of  pressure  fields  in  turbulent 
flow  (e.g.,  [22]). 

Seismic  signal  -processing  [19] 

Seismic  'sections1  are  obtained  by  placing  in  juxtaposition  sets  of  one  dimensional  records  that  are 
obtained  by  probing  some  feature  of  interest  with  an  acoustic  excitation.  Each  record  may  be  obtained  by 
triggering  a  response  at  differing  spatial  positions  (see  fig.  10)  . 

It  is  only  by  placing  such  records  together  and  viewed  as  a  whole  that  the  geological  structure 
becomes  apparent.  if  is  pointed  out  that  the  time  record  may  be  continuous  but  spatial  sampling 

is  built  in  automatically. 

Beam  forming  [23,24] 

The  problem  of  estimating  the  bearing  of  some  source  using  an  array  of  sensors  is  often  referred  to 
as  'beam  forming*.  Many  array  signal  processing  systems  use  delay  and  sum  beam  forming  to  estimate  source 
bearings  assuming  that  the  process  is  nondispersive  at  the  array.  Furthermore,  beam  forming  can  be 
directly  related  to  frequency-wavenumber  Fourier  analyses.  This  is  now  explained  following  Hinich  [24]. 
As  a  simple  model  consider  (fig.  11)  a  linear  array  of  M  sensors  receiving  coherent  radiation  (in  this 
case  a  single  frequency  plane  wave) . 


axis 


If  a  is  the  wave  velocity  and  0  the  angle  between  the  direction  of  propagation  and  the  array 
then  She  signal  at  the  sensor  may  be  expressed  (if  noi|eQis  zero)  as 

j“o(t  -  V-°S-  -  > 

s(t,  x^)  =  Ae  o  (A  complex) 


Since  each  of  the  M  signals  is  merely  a  delayed  copy  of  the  preceding  one, if  the  appropriate  delay 
was  built  in  to  each  and  the  signals  added  the  signals  would  reinforce  one  another  to  produce  a  signal 
with 'maximum  power*.  If  we  assume  that  the  direction  of  arrival  of  the  wave  is  0  and  form 

M 

B(t,  9)  =  1  s(t  +  tl>  x^) 

b  “I 


where  x  =  x^  cos  0/a  , 
written  0  1  ° 


then  B(t,  0)  has  maximum  power  when  0 

M  jkx. 

B(t,  9)  =  l  s(t,  x.  ) e  1 
1=1  1 


0^.  Note  that  B(t,  0)  can  be 

w 

(fc  =  —  cos  0) 

o 


and  so  beamforming  is  equivalent  to  computing  the  spatial  Fourier  transform  of  the  M  signals  from  the 
array.  Aliasing  effects  are  discussed  by  Hinich  in  [23].  These  ideas  may  be  generalised  to  include 
noise,  broadband  signals  and  larger  arrays.  There  is  a  lot  of  interest  now  in  adaptive  beam  forming 
[25]  and  the  Maximum  Entropy  method  has  also  been  applied  [26]  . 


Source  location 

A  collection  of  methods  commonly  referred  to  as  'source  location  techniques'  have  been  described  in 
a  review  paper  by  Fisher  and  Glegg  [27] .  Additional  detailed  material  may  be  found  in  [28] .  The 
objective  of  these  methods  is  to  establish  the  relative  importance  (in  the  far  field)  of  a  collection  of 
sound  sources  that  occur  simultaneously.  Whilst  the  techniques  developed  may,  in  principle,  be  applied 
to  a  variety  of  situations,  a  particular  application  that  has  received  considerable  attention  is  the 
evaluation  of  relative  source  strengths  for  noise  radiated  from  a  jet  engine.  It  is  noted  that  in  con¬ 
trast  to  'usual*  radar  and  sonar  applications  there  is  considerable  a-priori  knowledge  of  the  system  under 
study.  More  specifically,  noise  is  radiated  from  the  engine  inlet,  the  bypass  duct  exhaust,  the  hot  core 
exhaust  and  also  the  jet  flow.  Any  engine  noise*  reduction  study  would  require  information  concerning  the 
relative  importance  of  each  component  as  far  as  the  far  field  noise  level  is  concerned.  Several 
techniques  have  been  proposed  to  deal  with  the  problem  and  a  brief  comparative  assessment  is  given  in  [27]. 
All  the  methods  involve  the  problems  of  space-time  signal  processing  and  some  show  marked  similarities 
with  'beam  forming'  discussed  earlier.  For  brevity  only  the  polar  correlation  [28]  technique  will  be 
outlined  below. 


Some  assumptions /features  of  the  technique  are  listed  below. 

(a)  The  method  uses  an  array  of  microphones  on  a  polar  arc  centred  at  a  point  in  the  source  region 
(see  fig.  Jl) .  Equivalently  a  reference  microphone  and  a  traversing  second  microphone  may  be  used. 

(b)  In  what  follows  below  we  follow  [27]  and  assume  a  line  source  of  (correlated)  monopoles. 

The  signal  at  a  microphone  at  angular  position  a  in  the  far  field  is 


p2(t) 


1 _ 

(r  -  y  sin  a) 


F(y, 


(r  -  y  sin  a) 

- )dy 

o 


where 
if  r 

o 


F  is  the  source  strength  at  y  of  an  equivalent  distribution  of  monopoles  on  the  jet  axis  which 
is  sufficiently  large  is  approximately 


p2(t) 


F(y, 


(r  -  y  sin  a) 

c  — — a - )d* 

o 
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The  reference  microphone  signal  (a  =  0)  is 


Pi(t)  =  7^  f  J?(y\ 

O  * 

yf 

If  the  cross  correlation  function  between  microphones  is 


o 

r12(t)  "  E[p1(t)p2(t  +  t)] 


then 


R12^t^  ~  2  I 


t  +  y  sin  a, 


)  dy 1  dy 


where 


o  y  y' 


^(y’.y,  V-JL-gig*.)  =  E{F(y' ,  t  -  ^)F(y,  t  +  x  -  f  + 


The  cross  spectral  density  S^^w)  is 


s12(w) 


y  sm  a 


S(y,  u>)  dy 


where 


00 

s(y,  io)  =  — j  f  RppCy' .  y. 

2irr  * 


e)e"jw9  dedy'. 


The  definition  of  source  strength  is  chosen  as  S(y,  ui)  and  so  this  may  be  found  from  S^2(u)  as 


S(y 


*  u)  =  2i  \ 


y  sin  a 

0  -Ja)  - 

S12(a>)e  °  d(“  lln  a) 


Thus,  in  principle  at  least,  the  source  strength  may  be  computed  from  knowledge  of  S^Cw)* 

However  some  difficulties  should  be  immediately  apparent,  namely,  (a)  the  limits  for  the  last 
integral  are  _+u>  sin  a  /a  (and  in  any  event  no  greater  than  +.  (o/a  ).  This  imposes  a  resolution  limit, 
(b)  The  cross  spectralmlensity  is  not  known  at  a  continuum  of  angular°positions  but  practical  considerations 
dictate  a  finite  set,  then  this  spatial  discretization  results  in  aliased  images  of  the  sources. 


Detailed  discussions  of  these  problems  including  the  use  of  a  graded  microphone  array  (i.e.,  non- 

uniform  spacing)  is  given  in  full  in  the  thesis  by  Glegg  [28]  . 
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Fig.  1.  Sample  function  of  a  random  process. 


Fig.  2. 


Optimal  estimation  of  htt) 
(to  relate  X  and  Y) 


Fig.  7.  A  two  input  single  output  system  including 


1  23  456  7  8  ^  10  Hz 

Coherence  function 


noise. 


Stage  1  Stage  1 


Fig.  8.  Decomposition  of  a  two  input  single  out¬ 
put  system  in  terms  of  residual  spectra. 


Fig.  4.  The  effect  of  changing  resolution  on 
the  coherence  estimate. 


Fig.  5.  A  single  input  _(x)  single  output  (y)  system: 
y^  is  a  resid^l  random  variable. 


Fig,  10.  A  seismic  section. 
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NON-STATIONARITY  AND  NONLINEARITY  IN  DATA  ANALYSIS 
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SUMMARY 

Problems  involving  nonstationary  random  processes  and  nonlinear  systems  pose  urgent  and  challenging 
questions.  In  what  is  a  wide  area  of  study  we  shall,  in  this  chapter,  merely  select  a  few  aspects  in  an 
attempt  to  highlight  some  of  the  approaches  to  the  problems  that  arise.  Both  time  and  frequency  domain 
methods  are  considered,  with  emphasis  on  procedures  that  are  generalisations  of  methods  that  are  applic¬ 
able  to  stationary  processes  and  linear  systems.  Whilst  the  title  explicitly  mentions  ’data  analysis1 
the  treatment  is  broader  since  the  problem  of  modelling  of  processes  is  also  considered  as  this  may  be  the 
basis  of  any  subsequent  analysis  procedure. 

The  work  is  broken  in  three  portions.  The  first  deals  with  nonstationary  random  processes  and 
begins  with  some  general  considerations  related  to  analysis  of  nonstationary  data  and  then  outlines  a  time 
domain  approach  to  the  modelling  of  vehicles  travelling  over  rough  ground  at  variable  speed.  This  is 
followed  by  a  quite  different  description  of  a  class  of  nonstationary  phenomena  using  the  evolutionary 
spectral  density.  The  second  part  deals  with  nonlinear  phenomena  and  begins  again  in  the  time  domain 
with  a  brief  survey  of  a  body  of  theory  devoted  to  the  solution  of  randomly  driven  nonlinear  systems, 
and  concludes  with  a  description  of  a  frequency  domain  approach  for  nonlinear  systems  using  the  bi¬ 
spectrum.  The  final  section  of  the  chapter  explains  a  signal  processing  approach  that  might  be  called 
Nonlinear*  (rather  than  the  phenomenon  from  which  the  data  arises).  This  is  homomorphic  signal  process¬ 
ing  which  has  very  wide  application,  one  of  which  is  the  treatment  of  echo-like  processes. 

1.  NONSTATIONARY  RANDOM  PROCESSES 

A  stationary  process  is  one  for  which  the  probabilistic  structure  is  invariant  under  a  shift  in  time, 
though  for  ’weak1  stationarity  this  requirement  is  reduced  to  include  only  the  first  and  second  order 
probability  density  functions.  A  nonstationary  process  is  one  that  contravenes  the  former  condition, 
though  we  may  decide  only  to  refer  to  the  latter  (weaker)  condition.  In  view  of  this  we  may  say  that  the 
nonstationarity  of  a  random  process  x(t)  is  embodied  (up  to  second  order  properties)  in  the  time  vary¬ 
ing  mean  (vx(t)),  the  time  varying  variance  (a  2(t))  and  the  autocorrelation  function  Rxx(t^»  t^)  , 
which  is  no  Xlonger  merely  a  function  of  lag  (tX  -  t^) .  A  further  consequence  of  nonstationarity  is 
that  the  notion  of  the  power  spectral  density  is  no  longer  admissible  (at  least  not  without  careful 
redefinition  -  see  section  1.2). 

As  far  as  the  analysis  of  nonstationary  data  is  concerned  it  seems  evident  that  numerous  realisa¬ 
tions  of  the  same  phenomenon  are  required  and  then  estimates  of  the  required  quantities  may  be  computed 
by  ensemble  averaging.  For  example,  an  estimate  of  the  mean  at  time  t  from  M  records  would  be 

1  M 

x(t)  ®  -jj  'I  x^(t).  It  is  often  the  case,  however,  that  suitably  large  numbers  of  realisations  are 

unavailable,  indeed  we  may  have  only  a  single  record  of  the  process  and  are  confronted  with  the  problem 
of  analysing  the  data.  The  only  procedure  open  to  us  is  to  create  estimates  of  the  required  quantities 
at  time  t,  say,  from  data  ’in  the  vicinity  of1  that  time,  for  example.  We  may  visualise  using  a  ’window* 
centered  on  the  time  t,  having  a  limited  extent  in  both  the  t  and  t  directions  (perhaps  with 
taper)  defining  the  ’local*  data  set  to  be  used  in  the  computation.  Such  local  averages  may  easily  be 
computed,  but  the  difficulty  is  deciding  on  their  usefulness.  To  obtain  estimates  that  do  not  suffer 
large  sample  fluctuations  means  in  turn  that  the  underlying  nonstationary  trend  is  often  smeared  out. 
Clearly  as  much  prior  information  concerning  the  structure  of  the  nonstationarity  should  be  incorporated 
and  accounted  for  if  this  is  to  be  an  effective  procedure.  It  may  happen  though  that  prior  information 
is  lacking  and  that  it  might  be  that  the  issue  is  as  basic  as  whether  the  process  is  stationary  or  not. 

This  raises  the  question  of  the  development  of  tests  for  (non)  stationarity  and  some  have  been  proposed 
in  the  literature.  Bendat  and  Piersol  [l\  consider  criteria  aimed  at  deciding  whether  a  sequence  of, 
say,  mean  square  values  (computed  from  independent  data  segments)  display  some  underlying  trend.  More 
recently,  Subba  Rao  and  Tong  [2]  have  considered  tests  for  nonstationarity  based  upon  evolutionary 
spectra. 

However,  if  prior  information  allows  a  model  of  the  process  to  be  constructed  then  a  simple  prag¬ 
matic  approach  to  analysis  can  be  effective.  Suppose,  for  example,  it  is  known  that  a  nonstationary 
process  z(t)  is  a  uniformly  modulated  process,  i.e.,  z(t)  ■  m(t)x(t)  where  x(t)  is  a  zero  mean 
stationary  process  and  m(t)  a  nonrandom  ’slowly1  varying  function.  Since^  cr2(t)  =  m2(t)a2  a 

’running1  estimate  of  a2(t)  leads  directly  to  an  estimate  of  m(t) ,  say  m(tj  (any  convenient 
envelope  detection  procedure  might  do) .  Next  the  portion  x(t)  can  be  estimated  and  analysed  as  a 
stationary  process  allowing  the  nonstationary  properties  of  z(t)  to  be  written,  e.g., 

£„<V  t2)  =  “(tl)“(t2)\x(t2  '  V 

(we  note  that  m(t)  can  only  be  estimated  to  within  a  scale  factor). 

It  is  more  usually  the  case  that  the  nonstationarity  is  not  ’separable’  as  above  but  more  complicated. 
In  the  next  section  we  outline  a  vibration  problem  where  this  arises  and  propose  a  time  domain  model  to 
describe  it.  The  objective  is  to  demonstrate  a  model  for  the  prediction  of  nonstationarity  and  will  not 
consider  the  analysis  of  data  arising  from  realisations  of  the  process. 
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1 . 1  The  Nonstationary  Response  of  Vehicles  Travelling  Over  Rough  Ground  [3] 

The  analysis  of  the  behaviour  of  vehicles  traversing  uneven  ground  profiles  has  been  considered  by 
many  workers  over  a  number  of  years  and  a  common  assumption  is  that  the  rough  ground  is  a  sample  from  a 
homogeneous  (spatially  stationary)  random  process,  and  following  from  this  it  is  straightforward  to  pre¬ 
dict  the  stationary  response  of  a  vehicle  modelled  by  linear  dynamics  travelling  over  the  ground  at 
constant  velocity.  If  the  velocity  of  the  vehicle  is  variable  this  results  in  nonstationary  response 
and  in  ref.  [3]  a  novel  state  space  approach  for  the  solution  of  the  problem  for  linear  dynamics  is  given, 
and  in  [4J  nonlinear  dynamics  are  included  using  the  method  of  equivalent  linearisation  (see  section  2). 

We  shall  indicate  the  approach  used  in  [3] . 


Figure  1  is  a  simple  model  of  a  vehicle  running  over  rough  ground.  (The  equations  may  be  developed 

for  more  complicated  dynamics  but  the  method  is  best 
explained  using  the  simple  model.)  The  vehicle  travels 
at  (variable)  speed  s  over  the  ground  whose  height 
h(s)  is  characterised  by  the  spatial  autocorrelation 
function  Rj,  (s2  “  sp  "  E  jh(s1)h(s2)J .  If  s  is 
written  as  antlf unction  of  time  (i.ef,  s(t))  to  denote 
vehicle  motion  an  equivalent  temporal  autocorrelation 


Fig.  1 


function  is 


w 


1* 


t2) 


Rhh(s(t2^  “  s(ti))  which  now 


(for  general  s(t))  describes  a  nonstationary  process. 

If  g(r)  is  the  impulse  response  function  of  the  vehicle 
and  y(t)  the  (say  displacement)  response  then  the 
response  autocorrelation  function  is  obtained  from 


Ryy(ti’ 


V 


g(t.. 


T1)g(t2  - 


c2)Rhh(l 


,T2)dT1dt2 


Reference  [3]  contains  a  brief  summary  of  solutions 
based  on  this  equation  and  others  that  have  appeared  in 
the  literature. 


A  key  assumption  in  the  use  of  the  state  space  approach  described  in  detail  in  [3]  is  that  the 
ground  surface  undulation  may  be  described  as  the  output  of  a  white  noise  excited  shaping  filter  (in  the 
spatial  domain) .  This  allows  the  linking  of  the  differential  equations  for  the  dynamics  and  the  excita¬ 
tion  into  a  composite  state  form.  The  vehicle  dynamics  for  the  simple  situation  depicted  in  fig.  1  are 
described  (assuming  linear  dynamics)  in  the  usual  way  as 

y  +  2cmQy  +  a)Q2y  =  2£u>oh  +  w  2h  (1) 

where  h  is  the  notation  for  the  height  profile  regarded  as  a  function  of  time,  i.e.,  h(t)  5  h(s(t)). 
We  shall  now  assume  that  the  spatial  autocorrelation  function  of  the  height  is 

Rhh(5)  =  a2e_“l51  a  =  BX  -  s2).  (2) 


The  height  h  represented  in  this  form  may  be  modelled  as  the  output  of  a  first  order  shaping  filter 
which  in  differential  equation  form  is  (using  space  variable  s) 


dh 

ds 


+  ah  =  Kw(s) 


(3) 


K  is  the  strength  of  the  white  (in  space)  process  selected  to  be  a/ 2a  where  a  is  the  standard  devi¬ 
ation  of  h.  (This  choice  of  K  ensures  the  correct  variance  of  h.)  The  idea  now  is  to  link  (3) 

with  (1)  but  we  first  need  to  use  a  common  independent  variable,  either  s  or  t,  We  shall  use  t 
noting  that  d(  ) /ds  =  (l/s)/(d(  ) /dt)  so  that  (3)  may  be  rewritten  as 


+  sah  =  sKw[s(t)]. 


(4) 


Now  we  couple  (4)  with  (1)  into  the  state  form 
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W(s(t))  (5) 


As  is  shown  in  [3],  if  a  state  system  is  described  by  x  ■  Ax  +  §Bw[s(t)]  with  E  [w(s..  )wT(s2)]  « 
Q6(s^  -  s^)  then  the  zero  lag  covariance  matrix  P(t)  =  E[x(t)x^(t)]  satisfies  £  =  AP  +  FA^  +  sBQB1 
and  so  knowledge  of  A,  B,  s  and  Q  ensures  that  the  response  statistics  can  be  computed  even  in  a  non¬ 
stationary  situation  by  simply  integrating  the  equation  for  P  numerically.  In  the  example  above  it 
means  that  the  response  of  the  vehicle  may  be  obtained  for  any  velocity  profile  and  solutions  are  pre¬ 
sented  in  [3]  for  constant  acceleration  and  sinusoidally  varying  velocities.  As  mentioned  earlier  this 
technique  can  be  extended  to  include  nonlinear  dynamics  if  the  method  of  (stochastic)  equivalent  linear¬ 
isation  is  used  for  the  nonlinear  elements  (see  section  2).  It  is  emphasised  though  that  the  excitation 
must  admit  a  (spatial)  shaping  filter  representation  in  order  that  this  technique  be  applicable. 


1.2  Evolutionary  Spectra 

In  contrast  to  the  time  domain  approach  to  treating  nonstationary  processes  it  is  interesting  to 
consider  the  possibility  of  applying  frequency  domain  methods  since  spectra  have  a  physical  appeal  and 
the  notion  of  a  *  time  varying  spectral  density*  is  intuitively  attractive.  Many  forms  of  two  dimensional 
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spectra  have  been  defined  for  nonstationary  processes  but  one  which  retains  the  physical  interpretation 
of  the  ordinary  spectral  density  is  the  ’evolutionary  spectral  density’  introduced  by  Priestley  [5]. 

This  was  later  generalised  to  include  cross  spectra  [6]  and  utilised  for  a  vibration  application  in  [7~] . 
The  object  of  this  section  is  to  explain  the  basis  of  the  method. 

A  stationary  random  process  has  a  generalised  Fourier  representation 

00 

x(t)  «  |  e^ut  dZ(w)  (6) 

(This  Stieltjes  integral  reduces  to  the  usual  form  when  x(t)  is  a  transient  so  that  =  X(uj)  , 

say.)  Since  x(t)  is  random  Z(w)  changes  from  realisation  to  realisation,  i.e., 
dZ(o>)  is  itself  a  random  variable  and  for  a  stationary  process  the  increments  dZ(w^) ,  dz(to2)  are 
uncorrelated  for  ^  to2,  i.e.,  E  [dZ*^)  dZ((o2)1  =  0,  ^  co2.  1 

This  property  ensures  that  the  autocorrelation  function  E[x(t)x(t  +  x)]  is  a  function  of  lag  t 
only  and  can  be  written 


Rxx(t)  =  j  ejUiT  E-t  QdZ  (to)']  2> 

,  —00 

which  can  in  turn  be  written  R  (x)  =  e^WTS  (oj)dw  and  this  introduces  the  spectral  density  S  (u>) . 

XX  J  XX  XX 

The  key  features  in  this  development  are°°the  representation  of  x(t)  as  the  sum  of  sines  and  cosines 
and  the  orthogonality  of  the  increments  dZ(aj).  If  x(t)  is  nonstationary  some  processes  still  admit 
representation  (6)  but  the  increments  dz(w)  are  no  longer  orthogonal  and  this  results  in  two  dimen¬ 
sional  (bi-frequency)  spectra  written  S(w^,  w2)  which  are  difficult  to  interpret.  Priestley’s  object¬ 
ive  was  to  define  a  two  dimensional  spectral  density  where  the  dimensions  are  frequency  and  time  written 
S  (t,  oj)  ,  say,  such  that  for  a  fixed  t,  S  (t,  to)  does  indeed  describe  the  local  power  distribution 
over  frequency,  so  that  sxx(t>  w)  ^as  exac?fy  the  same  interpretation  as  the  power  spectral  density  of 
a  stationary  process.  The  starting  point  for  this  is  equation  (6).  It  is  necessary  to  develop  a 
representation  for  x(t)  still  retaining  the  notion  of  'frequency'  and  the  orthogonality  property  and 
yet  relating  to  nonstationarity.  Priestley  chose  the  basic  elements  in  the  representation  as  modulated 
sines  and  cosines  A(t,  m)ejtot  so  that 


x(t)  -  jA(t,  W)ejaJtdZ(co)  (7) 

—00 

where  %  (w)  is  still  an  orthogonal  process.  Not  all  nonstationary  processes  may  be  represented  in  this 
way  but  if  there  exist  a  family  of  'oscillatory  functions'  {A(t,  w)e^tot}  in  terms  of  which  x(t)  can 
be  represented  as  in  (7)  then  x(t)  is  said  to  be  an  'oscillatory  process'.  A  useful  interpretation 
of  equation  (7)  is  that  such  a  representation  arises  naturally  if  the  nonstationary  process  may  be  re¬ 
garded  as  the  output  of  a  time  varying  filter  driven  by  a  stationary  process.  In  that  case  the  A(t,  ui) 
function  can  take  a  variety  of  forms  but  in  the  original  papers  conditions  were  imposed  on  A(t,  w)  to 
ensure  that  it  was  'slowly  varying*.  It  is  a  simple  matter  to  use  (7)  and  the  orthogonality  condition 
to  show  that 

00 

E|x2(t)]  *  1 1 A(t ,  w)|2Sxx(“)do)  (8) 

—00 

so  that  the  evolutionary  spectral  density  is  S  (t,  w)  =  |A(t,  u>)  |2S  (w)  and  from  (8)  is  seen  to 

satisfy  the  required  interpretation  as  a  power  decomposition. 

Estimation  of  evotutionc&y  spectra 

We  now  consider  the  problem  of  estimating  the  evolutionary  spectral  density  from  a  single  realisa¬ 
tion.  The  procedure  proposed  is  roughly  equivalent  to  splitting  the  process  up  into  segments  and  esti¬ 
mating  the  spectral  content  within  each  interval  and  there  are  variants  of  the  basic  method.  We  shall 
outline  the  procedure  described  by  Priestley  using  complex  demodulation  and  which  is  summarised  in  the 
block  diagram,  fig.  2. 


-jV 

The  steps  are  (i)  form  x(t)e  =  y(t)  (this  complex  demodulation  procedure  frequency  shifts  by 

0)  );  (ii)  low  pass  filter  y(t) ;  (iii)  square  the  filtered  signal;  (iv)  smooth  the  result.  Whilst 
tfie  technique  is  essentially  the  same  as  that  used  for  stationary  processes  the,  important  difference  is 
the  very  careful  choices  to  be  made  for  the  filters  with  weighting  functions  g:(x)  and  w(x).  Roughly 
speaking  g(x)  must  both  'low  pass'  y(t)  and  yet  also  the  modulating  function  A(t,  oj)  ,  must  be 
slowly  varying  compared  with  g(x)  so  that  the  evolutionary  trends  are  not  lost'.  Similarly  the  filter 
w(x)  must  smooth  out  sample  fluctuations  but  the  extent  of  the  smoothing  must  be  such  as  to  achieve  the 
variance  reduction  without  losing  the  temporal  information.  This  means  there  is  a  conflict  in  resolving 
temporal  and  frequency  information.  In  fact  one  cannot  obtain  arbitrarily  high  resolution  in  both  time 
and  frequency  together. 
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As  noted  before,  there  are  other  ways  of  estimating  moving  spectra  which  are  essentially  similar  to 
that  above,  e.g.,  applying  a  sliding  'data  window*  to  the  record  and  Fourier  transforming  and  then 
averaging  (locally)  the  sequence  of  raw  spectra  obtained  in  this  way.  This  is  discussed  in  [8],  which 
also  contains  examples  of  the  estimation  of  the  moving  spectrum  of  aircraft  noise  measured  during  landing. 

There  are  numerous  applications  of  the  evolutionary  spectral  density  mainly  to  random  vibration 
problems  and  a  review  paper  by  Van  Marcke  [9]  contains  a  useful  bibliography  on  this,  and  other,  subjects. 

2.  NONLINEAR  PHENOMENA 

When  a  system  is  driven  by  a  random  excitation  three  problems  can  be  addressed  [9],  namely,  measure” 
ment,  identification  and  prediction.  More  specifically,  if  we  have  measurements  from  processes  involved 
we  may  wish  to  characterise  the  input  or  output  signal  in  some  way,  e.g.,  estimate  the  probability  dis- 
tribution,  or  we  may  wish  to  identify  the  system  based  upon  excitation  and  response  measurements.  Alter¬ 
natively,  we  might  model  the  system  and  excitation  and  attempt  to  predict  the  response.  If  the  system 
is  linear  and  the  processes  Gaussian  then  solutions  to  the  problems  are  known.  However,  departures  from 
linearity  and  Gaussianity  mean  that  special  methods  must  be  brought  to  bear  and  the  problems  that  arise 
have  been  treated  in  a  number  of  ways  and  this  is  still  a  fertile  research  area.  We  shall  only  mention 
a  few  of  the  techniques  that  are  available  beginning  with  time  domain  methods  and  finishing  with  a  fre¬ 
quency  domain  approach.  A  recent  pair  of  survey  articles  by  Roberts  [loj  and  the  paper  by  Van  Marcke 
[9]  (both  addressed  to  random  vibrations)  are  used  as  the  basis  of  some  of  the  general  comments  here. 

Roberts  lists  and  describes  five  approaches  to  the  problem  of  predicting  the  response  of  nonlinear 
systems.  They  are  (a)  Markov  methods;  (b)  equivalent  linearisation  methods;  (c)  perturbation  methods; 
(d)  functional  series  representations;  and  (e)  simulation  methods.  We  shall  begin  with  the  last,  as  it 
is  conceptually  the  simplest.  Sample  functions  of  the  excitation  (either  measured  or  synthetically 
generated)  are  used  as  the  input  to  a  mathematical  model  describing  the  system.  Numerical  methods  are 
employed  to  produce  corresponding  sample  response  time  histories.  From  these,  summarising  quantities 
may  be  generated,  e.g.,  variances,  higher  moments,  distributions,  spectra,  etc.  A  lot  of  data  is  needed 
to  ensure  that  the  summarising  quantities  themselves  do  not  have  a  large  spread.  For  stationary  pro¬ 
cesses,  time  averaging  is  used  to  obtain  the  quantities  but  for  nonstationary  processes  ensemble  averag¬ 
ing  over  a  large  number  of  runs  (see  the  example  below)  is  required.  Simulation  also  provides  a  valuable 
check  for  the  validity  of  the  analytic  methods.  Of  the  analytic  methods  listed  above  we  shall  briefly 
explain  methods  (a) ,  (b)  and  (c) . 

A  (sector)  Markov  process  x  is  one  which  is  characterised  by  its  transition  (conditional)  probab¬ 
ility  density  function  r(x^,  *"1^  anc*  ^or  a  nonl*-near  dynamic  system  expressed  in  differential 

equation  form  x  =  f  (x)  +  w1  where^  w  rs  the  excitation,  the  state  vector  x  is  Markovian  if  w  is  a 
vector  of  white  noise  processes.  It  is  possible  to  show  further  that  the  transition  probability  density 
function  satisfies  a  partial  differential  equation  of  the  diffusion  type  called  the  Fokker-Planck- 
Kolmogorov  equation.  Roberts  [loj  describes  some  cases  for  which  exact  solutions  to  the  F-P-K  equation 
have  been  given  and  also  considers  approximate  solutions. 

The  equivalent  linearisation  method  (b)  is  an  approximate  technique  that  is  both  popular  and  quite 
successful.  The  basic  principle  is  that  nonlinear  systems  are  replaced  by  a  set  of  'equivalent*  linear 
equations.  This  is  sometimes  referred  to  as  the  (stochastic)  describing  function  technique.  The  essence 
of  the  method  is  that  a  nonlinear  function  f(x)  is  approximated  by  the  linear  expression  n^  +2nxx’ 

The  quantities  n^,  n^  are  obtained  by  minimising  the  mean  squared  error  E[(f(x)  -  (nQ  +  n^x))zJ  with 
respect  to  nQ  and  n^.  The  'optimal*  values  n  and  n^  require  one’  to  make  an  assumption  about  the 
distribution  °of  x  and  often  it  is  assumed  that  ?he  equivalent  linear  system  is  Gaussian  distributed. 
This  technique,  given  above  for  a  scalar  quantity,  can  be  extended  to  vector  valued  functions. 

Applying  this  technique  for  example  to  a  system  characterised  by 

x  =  Ax  +  f_(x)  +  Bw  (9) 

where  f  is  a  vector  of  nonlinearities  and  w  is  a  vector  of  white  noises,  and  if  we  assume  symmetric 
nonlinearities  (and  so  zero  mean  processes)  an  equivalent  linear  form  for  (9)  is 

x  =  (A  +  D)x  +  Bw.  (10) 

D  is  a  matrix  of  equivalent  linear  gains  and  if  x  is  assumed  Gaussian  D  is  a  function  of  the  zero 
lag  correlations  contained  in  matrix  P  (=  E [x(t)x(t)] ) .  It  is  then  possible  to  write  down  an  equation 
for  P  which  is  now  nonlinear  in  P  but  which  can  be  solved  numerically. 

As  an  example  the  vehicle  on  rough  ground  has  been  considered  [4]  with  a  nonlinear  (square  law) 
damper.  Using  fig.  1  again,  where  now  we  assume  the  damper  is  described  by  a  square  law  nonlinearity  we 
can  write  the  equation  as 

.i.i  2  ^ 

x  +  yx|x|  +  x  "  -h 

where  x  “  (y  -  h)  is  the  relative  motion.  Using  a  second  order  spatial  model  for  the  height  profile 
and  replacing  the  nonlinearity  with  an  equivalent  linear  gain  allows  solution  for  the  variances  for 
accelerating  vehicles.  Figure  3  shows  the  propagation  of  E  [x2J  whilst  the  vehicle  undergoes  a  constant 
acceleration  from  rest.  We  note  that  for  low  speeds  the  equivalent  linearisation  method  is  indistinguish¬ 
able  from  the  ensemble  average  of  a  3000  run  simulation.  The  computational  saving  thus  offered  is 
obvious  since  many  runs  are  required  for  accurate  estimates.  (It  is  noted  that  the  initial  condition  dif¬ 
fers  from  that  given  in  ref.  [4]  which  was  in  error.) 

Finally  we  mention  technique  (d) ,  i.e.,  the  functional  series  expansion.  The  literature  on  this 
method  is  extensive  but  a  recent  book  by  Shetzen  [l2]  provides  a  comprehensive  and  readable  account  of 
the  approach.  The  basis  of  the  method  is  that  the  convolutional  representation  for  linear  systems  is 
generalised  for  nonlinear  systems.  More  specifically  if  x(t)  is  input  and  y(t)  the  output  of  a  sys¬ 
tem,  then  the  linear  expression 


y(t)  =  h(t-1)x(t  -  t1)dt1 


Ill 


3000  run  simulation 


is  generalised  to  the  form 

y(t)  =  l  J.-j  hn(t1,t2,  ....  tR)x(t  -  tx)x(t  -  t2)...x(t  -  tn)dt1---dtn 

n  n  fold 

=  I  Hn[x(t)].  (11) 

n 

This  is  called  a  VojLterra  series  and  the  hn(t  ,  •••»  tR)  are  |Jje  Volterra  kernels  of  the  system.  H^, 
representing  the  nfc  order  convolution  integral  is  called  the  n  order  Volterra  operator.  Whilst,  n 
as  Shetzen  shows,  numerous  interesting  results  may  be  developed  for  systems  that  admit  such  a  description 
the  Volterra  series  suffers  limitations,  namely,  that  estimation  of  the  Volterra  kernels  is  difficult  and 
that  the  Volterra  series  (a  generalised  Taylor  series)  suffers  convergence  limitations.  However,  these 
disadvantages  can  be  alleviated  by  using  a  set  of  orthogonal  functionals  suggested  by  Wiener  formed  from 
the  Volterra  functionals.  These  are  called  Wiener  G-functionals  because  they  possess  the  orthogonality 
property  when  the  input  to  the  system  is  Gaussian.  This  in  turn  means  that  the  response  of  randomly 
driven  nonlinear  systems  can  be  treated  effectively  using  G-functionals.  Furthermore,  (and  very  signifi¬ 
cantly)  generalised  cross  correlation  techniques  involving  input  and  output  allow  determination  of  the 
higher  order  Wiener  kernels  of  the  Wiener  G-functionals.  For  example,  if  the  input  x(t)  is  white 
noise  with  spectral  level  A^,  the  second  order  Wiener  kernel  is 

-^9  E  Qty  (t)  -  E[y(t)]}x(t  -  T.)x(t  -  xjJ. 

2AZ  1  Z 

Shetzen  considers  optimal  (least  squares)  methods  of  nonlinear  system  identification  using  these 
methods  for  both  white  and  nonwhite  excitation  and,  since  processes  are  assumed  stationary,  frequency 
domain  versions  of  the  results  may  be  obtained. 


The  introduction  of  frequency  domain  methods  now  means  that  just  as  the  correlation  functions  are 
generalised,  so  the  spectra  are  generalised  to  higher  order  spectra  (polyspectra)  which  are  functions  of 
more  than  one  frequency  variable.  The  first  of  these  is  the  ‘bispectrum’ ,  which  is  written 


S 
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(12) 


where  Rx  (x^ ,  x^)  =  E[x(t)x(t  +  x^)x(t  +  x  )]  is  the  generalised  correlation  function  (or  cumulant  of 
order  two^  inverting  the  equation  and  setting  Ti  ~  T2  ~  ®  gives 

00 

EI?3<t>]  =  f  1  Sxxx<fl>  Vdfldf2 


thus  showing  that  the  bispectral  density  S  is  a  decomposition  over  the  f^,  f^  plane  of  the  third 
moment  of  x(t),  (in  contrast  to  the  ordinary  spectrum  which  is  a  decomposition  of  the  second  moment  of 
the  process).  For  a  Gaussian  process,  for  example,  E[x3(t)J  =  0  and  so  the  bispectrum  may  be  used  as 
a  measure  of  non-Gauss ianity  (and  so  perhaps  nonlinearity)  associated  with  a  signal.  In  fact  the  bi¬ 
spectrum  has  been  used  for  this  purpose  in  the  past.  As  far  as  published  work  on  the  bispectrum  (and  its 
higher  order  relatives)  yj  concerned,  Brillinger  and  Rosenblatt  [13]  have  investigated  the  asymptotic 
theory  of  estimates  of  kt  order  spectra  and  it  has  been  applied  to  earthquakes  [l4] ,  economic  time  series 
[15],  and  the  study  of  sea  waves  [16]  .  Some  recent  work  [17]  has  been  concerned  with  statistical 
properties.  The  M.Sc.  thesis  by  Perrochaud  [llj  describes  the  use  of  the  ’cross  bispectrum1,  i.e., 

S  (f^,  f^) ,  for  input-output  systems,  to  identify  second  order  transfer  functions  of  nonlinear  systems. 
TfieP thesis  includes  analysis  of  real  data  relating  to  human  body  vibrations  and  also  analysis  of  a 
distorting  loudspeaker. 

3.  CEPSTRAL  ANALYSIS  (HOMOMORPHIC  SIGNAL  PROCESSING) 

In  contrast  to  the  previous  discussions  on  nonstationary  and  nonlinear  processes  where  the  terms 
referred  to  the  structure /generation  of  the  processes,  we  now  address  a  procedure  that  might  be  described 
as  ’nonlinear  processing*  appropriate  to  a  particular  class  of  signals.  We  shall  begin  our  description 
of  cepstral  analysis  with  reference  to  the  analysis  of  ’echo-like*  signals,  i.e.,  signals  which  are  com¬ 
posed  of  a  ’wavelet*  and  one  or  more  echoes  which  may  overlap.  The  simplest  form  of  this  is  shown  in 
fig.  4,  where  the  composite  signal  is  x(t)  “  s(t)  +  a  s(t  -  t  ).  The  echo  arrival  time  and  the  shape 
of  the  basic  wavelet  is  usually  obscured  by  noise,  overlapping  of  echoes  and  wavelet,  and  distortion  of 
of  the  echoes  due  to  the  characteristics  of  different  transmission  paths.  Confronted  with  a  signal  of 
this  type,  the  objective  may  be  to  estimate  the  echo  arrival  times,  determine  the  wavelet  shape  or 
establish  the  ’transfer  characteristics’  of  the  transmission  paths. 
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Fig.  4 


This  section  will  outline  the  use  of  cepstral  analysis  in  the  treatment  of  this  problem.  Much  of 
the  discussion  and  many  of  the  examples  are  given  in  greater  detail  in  the  thesis  by  Peardon  [l8j.  The 
references  also  include  a  readable  accouht  in  the  book  by  Childers  and  Burling  [l9^  and  the  highly 
instructive  pioneering  paper  by  Bogert,  Healy  and  Tukey  [20] .  It  was  in  the  latter  paper  that  the  term 
'cepstrum*  was  first  introduced  to  describe  the  result  of  forming  the  spectrum  of  a  (log  )  spectrum.  In 
view  of  the  interchanging1  roles  of  time  and  frequency  in  this  procedure  a  vocabulary  wls  proposed  to 
reduce  likely  confusion  and  some  of  these  terms  are  defined  later.  Cepstral  analysis  was  given  further 
impetus  with  the  publication  by  Oppenheim,  Schafer  and  Stockham  [2l]  which  introduced  the  1  complex* 
cepstrum.  In  fact,  the  presentation  in  [2l]  proposed  a  general  1 homomorphic  system  theory*  dealing  with 
signals  combined  nonlinearly,  with  the  aim  being  to  use  appropriate  transformations  to  render  them  in  a 
form  suitable  for  linear  filtering  techniques.  We  shall  not  consider  this  general  theory  explicitly  but 
will  deal  only  with  its  application  to  cepstral  analysis. 

3. 1  The  Power  Cepstrum  (Continuous  Time) 

The  power  cepstrum  of  a  signal  x(t)  was  originally  [20j  defined  as  "the  power  spectrum  of  the 
natural  logarithm  of  the  power  spectrum  of  the  signal"  and  can  be  expressed  mathematically  as 

00 

xp(t)  =  |J  to|x(w)  |2e'j(0tdu|2  (13) 

—  00 

The  flow  chart  in  fig.  5  gives  the  sequence  of  operations  needed  to  form  x  (t). 
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Fig.  5 

It  is  appropriate  to  make  the  comment  that  written  as  (13)  we  should  strictly  refer  to  'energy*  rather 
than  'power*  spectra.  Various  other  definitions  of  the  power  cepstrum  are  used.  The  second  Fourier 
transform  is  sometimes  replaced  by  the  inverse  Fourier  transform,  and  the  final  modulus  and  squaring 
operations  are  often  omitted. 

The  use  of  this  sequence  of  operations  is  clarified  by  considering  the  simple  case  of  a  wavelet  and 
echo  (fig.  4-)  where  x(t)  =  s(t)  +  a  s(t  -  t  )  for  which  |X(w)  I2  =  |s(u>)  |2(1  +  a2  +  2a  cos  tot  )  so 
that  o  o  o 

&n|x(io)|2  -  &n|S(o))|2  +  £n(l  +  aQ2  +  2aQ  cos  mtQ)  (14) 

demonstrating  that  the  wavelet  and  echo  information  are  additively  combined  after  taking  the  logarithm. 

In  fact  the  echo  information  is  now  a  periodic  function  of  frequency,  and  this  periodicity  can  be  invest¬ 
igated  using  usual  Fourier  techniques  interpreting  to  in  the  role  of  a  'time'  variable.  The  funda¬ 

mental  'frequency*  of  the  periodic  component  depends  on  t  but  to  emphasise  the  change  of  role  this  is 
referred  to  as  a  'quefrency*  so  that  the  independent  variable  t  of  x  (t)  (dimensionally  time)  is  the 
'quefrency  axis'.  The  'frequency  series'  £n|x(to)|2  can  be  filtered  Pin  the  frequency  domain  (just  as 
a  time  series)  and  such  an  operation  is  sometimes  referred  to  as  'liftering',  though  it  is  probably  far 
less  likely  to  lead  to  confusion  if  the  various  'data  shaping*  procedures  that  are  employed  are  explained 
in  relation  to  the  context  in  which  they  are  used. 

Expanding  the  logarithm  in  powers  of  aQ  and  retaining  only  the  first  term  yields 

Jln|x(oj)|2  -  £n|s(w)|2  +  2aQ  cos  u)tQ. 

The  contribution  of  the  echo  to  the  log  energy  density  is  a  cosine  term  which  'ripples'  with  quefrency 
t  .  The  Fourier  transform  with  respect  to  u>  yields  F.T{&n  | S  (w)  | 2}  +  2ua  Qs ( t  -  t  )  +  6(t  +  t  )]  . 

(fte  shall  omit  the  final  modulus  squaring  operation  in  this  discussion  to  av8id  the  introduction  of 
cross  product  terms.)  The  echo  has  resulted  in  the  appearance  of  'spikes'  at  quefrencies  +t  .  In 
practice,  of  course,  the  theoretical  delta  functions  are  replaced  by  functions  dependent  on  the  approp¬ 
riate  data  window  accounting  for  the  finite  operations  involved. 

The  approximation  of  the  logarithm  has  resulted  in  a  single  ripple  characterising  the  echo.  In  fact, 
since^the  logarithm  term  is  periodic  a  Fourier  series  can  be  employed,  i.e.,  Jln(l  +  a  2  +  2a  cos  mt  )  = 
A  +  2  A  cos  nwt  where,  if  la  I  $  1,  the  coefficients  are  A  =0  and  ° 

n=l  a“ 

A^  =  (-1)  2  — —  in  which  case  the  Fourier  transform  of  £n|x(a))|2  becomes 

F.T{£n  |  S  (w)  | 2)  +  £  A  ir[j5(nt  -  t)  +  <S(nt  +  t)] 

n-1 
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showing  that  the  power  cepstrum  will  have  a  sequence  of  spikes  superimposed  on  the  wavelet  information 
rather  than  just  one,  owing  to  the  nonlinear  (spreading)  effect  of  the  logarithm,  though  the  amplitudes 
of  the  spikes  will  decay  as  n  increases. 

Remarks 

(1)  The  signal  plus  echo  may  be  modelled  as  the  convolution  of  s(t)  with  a  time  function 

6(t)  +a6(t-t)  and  the  operations  in  the  power  cepstrum  analysis  serve  to  'separate*  these  con¬ 
volved  signals.  In  fact  the  above  procedure  can  be  regarded  as  a  way  of  separating  two  arbitrary  signals 
convolved  with  each  other,  e.g.,  if  x(t)  -  s(t)  *  h(t)  ,  then  £n|x(w)|2  -  £n|s(w)|2  +  in  j  H  (to)  | 2. 

(2)  Some  important  features  of  the  cepstrum  are  apparent  from  this  introductory  discussion.  We  see 
that  the  wavelet  should  have  a  wide  bandwidth,  otherwise  if  |s(io)|2  drops  to  a  zero  rapidly  there  is 
insufficient  information  about  the  ripple  available.  Furthermore,  when  the  log  of  |S(w)|2  is  taken  as 
the  argument  gets  small  the  log  spectrum  usually  has  a  very  'ragged'  appearance  which,  owing  to  the  great 
reduction  of  the  dynamic  range  by  the  log  operation  (since  fln|x(w)|2  is  now  treated  as  the  signal)  has 
the  effect  of  causing  the  cepstrum  of  the  wavelet  to  be  erratic.  This  'noisy*  behaviour  makes  it  diffi¬ 
cult  to  distinguish  echo  spikes  from  the  wavelet  cepstrum.  Put  another  way,  the  log  spectrum  of  the  wave¬ 
let  should  be  'wide'  and  'smooth'  so  that  the  wavelet  cepstrum  is  'low  quefrency'  allowing  the  echo 
cepstrum  to  be  easily  distinguishable  from  the  wavelet  cepstrum. 

Discrete  time 

The  formulation  above  does  not  account  for  the  fact  that  computations  will  be  done  using  discrete 
data.  Indeed  the  majority  of  discussions  of  the  cepstrum  begin  with  the  assumption  that  data  is  sampled. 
In  fact  the  cepstrum  does  not  exist  for  many  continuous  signals  since  if  S(m)  goes  to  zero,  then 
Jtn|S(a>)|2  is  not  defined,  but  for  sampled  signals  the  situation  is  easier  to  handle.  The.  block  diag¬ 
ram  of  fig.  6  is  a  satisfactory  definition  of  the  power  cepstrum  for  sampled  signals.  The  modulus 
squaring  operation  is  omitted. 


fig.  6 

The  equations  are  the  appropriate  discrete  equivalents  of  those  above.  They  are  not  developed  in  detail 
here  since  they  are  discussed  in  relation  to  the  complex  cepstrum  later.  Whilst  the  z-transform  is 
indicated  in  fig.  6  ,  computations  are  usually  done  using  the  Discrete  Fourier  Transform  (FFT) . 


3. 2  The  Complex  Cepstrum 

The  complex  cepstrum  of  signal  x(t)  is  written  x(t)  and  defined  in  fig.  7  (a),  which  is  drawn  for 


Fig.  7  (a)  Fig.  7  (b) 


continuous  valued  signals.  It  is  as  well  to  note  that  in  spite  of  its  name  the  complex  cepstrum  is  real 
valued  and  the  name  has  arisen  to  distinguish  it  from  the  previous  power  cepstrum  since  in  this  case  a 
complex  logarithm  of  X(io)  is  used.  It  is  this  feature  that  makes  complex  cepstrum  analysis  more  general 
than  power  cepstrum  methods  allowing  the  inverse  operations  to  be  performed  to  recover  the  original 
signal  (fig.  7(b)).  Postponing  for  the  moment  the  definition  of  the  complex  logarithm  it  is  instructive 
to  compare  this  procedure  with  that  of  the  power  cepstrum  for  the  single  echo  case^.i.e.  x(t)  55  s(t)  + 
a  s(t  -  tQ) .  Following  the  operations  in  fig.  7(a)  and  approximating  log(l  +  a  e  Jwto)  gives 
x^t)  -  s(t)  +  a  <$(t  -  t  ).  This  suggests  immediately  that  the  wavelet  might  be°recovered  if  the  'spike' 
in  x  is  'removed'  and  the  inverse  operations  of  fig.  7(b)  followed.  This  method  does  work  but  is 

complicated  in  practice  by  the  following  features.  (a)  Spikes  usually  occur  at  t  and  multiples  of  t 
due  to  the  nonlinear  logarithm  operation.  (b)  The  cepstrum  of  the  wavelet  may  not  be  smooth  enough  to 

allow  easy  identification  of  echo  spikes.  (c)  Noise  on  x(t)  causes  severe  degradation  of  x,  making 

it  difficult  to  distinguish  wavelet  from  echo  information. 


In  spite  of  these  difficulties,  however,  the  cepstrum  has  come  to  occupy  a  place  as  a  powerful  way 
of  deconvolving  signals. 

Discrete  time  formulation 

The  discrete  time  formulation  is  normally  written  using  the  z-transform  even  though  the  implementa¬ 
tion  is  achieved  using  the  FFT.  This  can  be  found  in  various  sources  (for  example,  [l9,  22,  23j), 

If  x^(n)  and  x2(n)  are  two  rea^  sequences  and  if  x(n)  is  formed  as  the  convolution  of  the  two, 
i.e.,  x(n;  -  x^(n)  *  x2^n)>  then  the  complex  cepstrum  of  x(n)  is  defined  by  x(n)  (see  fig.  8). 


fig.  8 

Evaluation  is  normally  done  on  the  unit  circle  |z|  =1  and  so  we  substitute  z  =  e"^.  Some  comments 

are  now  in  order  regarding  the  definition  of  the  complex  logarithm.  From  fig.  8  we  see 

X(z)  -  loge[xi(z)X2(z)]  =  An|X1(z)  |  +  fn|x2(z)  |  +  j(arg  X^z)  +  arg  X2(z)). 
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Whilst  there  is  no  ambiguity  in  defining  the  real  part  of  the  complex  logarithm  (when  it  exists), 
the  imaginary  part  is  multivalued  (and  so  non-unique) .  The  use  of  the  principal  value  of  the  argument 
is  inadmissible  since  (as  we  shall  see)  the  resulting  discontinuities  are  not  permitted.  These  problems 
are  circumvented  in  the  following  way.  If  x(n)  is  assumed  to  be  a, stable,  real  sequence  then  X(z) 
is  analytic  on  |z|  =  1  so  that  the  real  and  imaginary  parts  <XR(eJt0)  and  .XT(e^(t3)  are ,  continuous 
(and  periodic)  functions  of  w,  and  since  iL^10)  =  An|x(eJw;  |  and  iL(e^wJ  =  arg(X(eJW))  then  these 
functions  too,  are  continuous  (and  periodic),  ho  it  is  the  following  conditions  that  dictate  how  the 
imaginary  part  of  the  complex  logarithm  should  be  defined,  i.e.,  arg  X(e^w)  should  be  (i)  uniquely 
defined;  (ii)  continuous;  (iii)  periodic  with  period  2ir;  (iv)  the  value  at  to  -  it  is  zero.  These 
aspects  are  commented  upon  in  the  'phase  unwrapping'  discussion  under  computational  considerations. 

Once  the  phase  is  satisfactorily  defined  then  as  we  have  seen  above,  the  complex  cepstrum  separates 
convolved  signals  into  additive  form,  where  they  may  be  'liftered'  and  then  the  inverse  operations  per¬ 
formed  to  recover  one  or  other  of  the  signals. 

3.3  Multi-echo  Signals,  Distortional  Channels  and  Noise 

In  this  section  we  point  out  aspects  of  the  application  of  cepstral  methods  to  problems  other  than 
those  restricted  to  a  single  undistorted  echo. 

Multi-eoho  signals 

In  many  situations  there  may  be  several  echoes  present  in  a  signal  (e.g.,  reflection  seismology)  and 
even  when  the  echoes  are  scaled  replicas  of  the  signal  (i.e.,  undistorted)  the  analysis  can  become 
extremely  involved,  but  we  shall  make  some  observations  that  are  useful  in  practical  situations. 

An  appropriate  model  (written  in  continuous  time)  for  a  composite  signal  comprising  a  basic  wavelet 

and  N  echoes  is  . 

N-l 

x ( t)  *  s  ( t)  +  l  a^s  (t  -  tn) 
n=0 

so  that  r  N-l  -jwt 

An  X(w)  =  An  S(u>)  +  An  1  +  £  a  e  n 

L  n=0  n 

Assuming  the  log  expansion  for  the  echo  term  to  be  valid  the  problems  become  apparent  since  not  only  does 
each  echo  location  contribute  a  spike,  so  do  their  multiples  and  sums  of  combinations  of  these,  thus 
complicating  the  appearance  (and  hence  interpretation)  of  the  cepstrum. 

A  possible  remedy  is  'windowing*  to  limit  the  number  of  echoes  under  consideration.  A  particularly 
effective  window  is  merely  a  decaying  exponential  applied  from  t  =  0  which  has  the  effect  of  simply 
weighting  (reducing)  the  magnitude  of  the  'spikes'  obtained.  (Windows  are  useful  too  for  data  that  is 
nonstationary  in  character,  e.g.,  speech  [22J  and  seismic  data  [2 3] - ) 

Distortional  channels 

The  echoes  considered  so  far  have  been  scaled  replicas  of  the  basic  wavelet.  In  many  practical 
situations,  however,  the  echoes  will  be  distorted  due  to  influences  along  the  paths  (channels)  along  which 
they  travel.  The  recorded  signal  may  be  modelled  as  the  source  wavelet  convolved  with  the  channel (s) 
impulse  response.  Such  filtering  has  the  effect  of  spreading  the  original  pulse-like  wavelet  making  echo 
detection  and  wavelet  recovery  more  difficult. 

Another  obvious  distortional  effect  is  that  of  additive  interference  (noise).  This  can,  of  course, 
arise  from  a  number  of  sources  and  is  the  major  degrading  influence  in  the  effectiveness  of  cepstral 
methods . 


Convolutional  distortion 


Consider  a  measured  signal  made  up  of  a  wavelet  plus  a  distorted  echo.  This  can  be  modelled  as 
(fig.  9)  x(t)  *  s(t)  +  y(t  -  t  )  where  y(t)  ■  h(t)  *  s(t).  The  function  h(t)  represents  the 
impulse  response  function  of  the  channel. 


Has sab  and  Boucher  [24]  have  considered 
this  in  detail  and  we  outline  the 
treatment  here.  It  follows  from  the 
model  that 

~jwt 

An  X(to)  -  An  S(w)  +  An  [l  +  H(m)e  °] . 


Assuming  the  logarithm  expansion  is  valid 
results  in  the  complex  cepstrum 

00  /  nn+l 

x  =  s  +  I  - — -  h  (t  -  nt  )  (15) 

6..  n  n  o 

n=l 


s.(t) 


h(t) 

delay 

-6 


x(t) 


Fig.  9 


where  h^(t)  =  h(t)  and  hR+^(t)  =  h  (t)  *  h(t) ,  n  ■  1,  2....  Equation  (15)  shows  that  the 
impulse  response  function  occurs  in  tRe  complex  cepstrum  as  a  series  of  n-fold  auto-convolutions  at 
integer  multiples  of  the  time  delay.  In  fact,  provided  severe  overlap  does  not  occur  in  the  region  near 
tQ,  it  is  possible  to  obtain  an  estimate  of  h(t)  directly  from  the  cepstrum  [25], 

Additive  distortion 

A  model  for  additive  distortion  on  a  single  echo  is  x(t)  =  s(t)  +  aQs(t  “  t  )  +  y(t)  where 
y(t)  is  'noise'.  Analysis  can  be  carried  out  (ref.  [l8])  formally  for  this  case  but  the  algebra  is 
tedious.  Furthermore,  without  any  particular  structure  to  y(t)  it  is  only  possible  to  predict  that 
functional  shapes  involving  Y(to)  and  S(co)  will  degrade  the  cepstra.  In  fact,  wide  band  noise  very 
soon  degrades  cepstra  to  the  point  of  not  being  able  to  pick  out  the  underlying  features.  Usually  some 
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form  of  signal  averaging  is  required  to  deal  with  this  situation  either  in  the  time  domain  before  cepstral 
analysis  begins  or  in  the  cepstral  domain  (or  equivalently  in  the  frequency  domain,  e.g.,  averaging  the 
£n|x(u))|2  function  for  power  cepstra). 


Computational  Considerations 


This  section  briefly  refers  to  three  aspects  that  arise  in  the  computation  of  cepstra  that  call  for 
particular  care  if  the  method  is  to  be  effective. 


(a)  Cepstrum  aliasing 

The  problems  associated  with  sampling  continuous  data  have  been  discussed  elsewhere  and  an  adequate 
sampling  rate  alleviates  aliasing.  Similar  precautions  may  be  necessary  to  avoid  cepstrum  domain  alias¬ 
ing,  which  can  occur  if  the  ripple  in  the  frequency  domain  is  too  quick.  There  are  two  possible  remedies 
for  this  problem.  (i)  Appending  zeros  to  the  original  time  history  ensures  a  finer  sampling  of  the  comp¬ 
lex  logarithm  in  the  frequency  domain  and  an  equivalent  extension  of  the  cepstrum  domain  and  the  'alias¬ 
ing*  problem  is  reduced.  (ii)  Exponential  Weighting  of  the  original  time  history  reduces  the  amplitudes 
of  the  high  quefrency  harmonics  and  so  less  overlapping  occurs. 


We  have  already  seen  that  the  complex  logarithm  needs  careful  definition  to  ensure  that  the  complex 
cepstruqi  is  'properly'  defined,  and  we  noted  conditions  that  the  imaginary  part  of  the  logarithm  (i.e., 
arg  X(e^w))  should  satisfy.  The  procedure  ensuring  that  arg  X(e^w)  has  these  properties  has  come  to 
be  called  *phase  unwrapping*.  Various  methods  may  be  used  but  Tribolet  [26]  has  developed  an  approach 
which  is  widely  used.  It  involves  an  iterative  scheme  which  ensures  a  suitably  fine  resolution  in  the 
frequency  domain  (where  required)  in  order  to  'follow'  the  phase  variation. 


Various  forms  of  liftering  may  be  employed  and  the  thesis  by  Peardon  £l8]  describes  some  of  them. 

3. 5  Applications 

Cepstral  methods  have  been  applied  widely  and  a  short  list  of  some  applications  follows:  speech 
signal  decomposition  [22],  seismic  signal  processing  [23,18],  room  impulse  response  studies  [29],  the 
measurement  of  reflection  coefficients  [25],  ground  reflection  assessment  [27]  and  pattern  recognition 
[28]. 

References 

1.  J.S.  Bendat  and  A.G.  Piersol,  Random  Data:  Analysis  and  Measurement  Procedures,  Wiley  Interscience 
1971. 

2.  M.B.  Priestley  and  T.S.  Rao.  A  test  for  non  stationarity  of  time  series.  J.  Roy.  Stat.  Soc.  B.  31, 

1.  1969. 

3.  J.K.  Hammond  and  R.F.  Harrison.  Nonstationary  response  of  vehicles  on  rough  ground  -  a  state  space 
approach.  Proc.  of  the  Winter  Annual  Meeting  ASME,  Chicago.  1981. 

4.  R.F,  Harrison  and  J.K.  Hammond.  The  response  of  vehicles  on  rough  ground.  Proc.  of  the  Spring 
Meeting  of  the  Inst,  of  Acoustics.  Newcastle,  England.  1981. 

5.  M.B.  Priestley.  Evolutional  spectra  and  non-stationary  processes,  J.  Roy.  Stat.  Soc.  B.27,  1965. 

6.  M.B.  Priestley  and  H.  Tong.  On  the  analysis  of  bi-variate  non-stationary  processes.  J.  Roy,  Stat. 
Soc.  B. 35 ,  1973. 

7.  J.K.  Hamnond.  Evolutional  spectra  in  random  vibrations.  J.  Roy.  Stat.  Soc.  B.  35,  1973. 

8.  Y.H.  Tsao.  A  significance  test  for  nonstationarity  of  random  processes.  ISVR  Memorandum  516, 
Southampton  University.  1981. 

9.  E.H.  Van  Marcke.  Some  recent  developments  in  random  vibration.  Applied  Mechanics  Reviews,  Vol.  32, 

No.  10.  1979. 


10.  J.B.  Roberts.  Response  of  nonlinear  mechanical  systems  to  random  excitations.  Shock  and  Vibration 
Digest  Part  I,  Vol.  13,  No.  4.  April  1981.  Part  2,  Vol.  13,  No.  5,  May  1981. 

11.  J.  Perrochaud,  Bispectral  analysis  of  nonlinear  systems.  M.Sc.  Thesis,  ISVR,  University  of 
Southampton.  1981. 

12.  M.  Shetzen.  The  Volterra  and  Wiener  Theories  of  Nonlinear  Systems.  Wiley-Interscience.  1980. 

13.  D.R.  Brillinger  and  M.  Rosenblatt.  Computation  and  interpretation  of  k*^  order  spectra.  Proc.  of 

an  Advanced  Seminar  on  Spectral  Analysis  of  Time  Series,  Ed.  R.  Harris.  Wiley.  1967. 

14.  R.A.  Hanbrich.  Earth  noise  5  to  500  millicycles  per  second.  Jnl.  of  Geophysical  Research,  Vol.  70, 
No.  6,  March  1965. 

15.  M.  Godfrey.  An  exploratory  study  of  the  bispectrum  of  economic  time  series.  Appl,  Stat.  14,  1965. 

16.  K.  Hasselmann,  W.  Munk  and  G.  MacDonald.  Bispectra  of  ocean  waves.  Time  Series  Analysis. 

Ed.  M.  Rosenblatt.  J.  Wiley,  1963. 

17.  M.  Gabr  and  T.S.  Rao.  A  note  on  the  estimation  of  the  bispectral  density  function  of  a  stationary 
time  series.  Tech.  Report  123,  Sept.  Department  of  Mathematics,  UMIST,  Manchester.  1979. 

18.  L.G.  Peardon.  Aspects  of  cepstral  analysis  and  epoch  detection.  M.  Phil.  Thesis.  Dept,  of  Maths. 
Portsmouth  Polytechnic.  1979. 

19.  D.G.  Childers  and  A.  Durling.  Digital  Filtering  and  Signal  Processing.  West  Publishing  Co.  1975. 

20.  B.P.  Bogert,  W.J.R.  Healy  and  J.W.  Tukey.  The  quefrency  alanysis  of  time  series  for  echoes: 
cepstrum,  pseudo  auto covariance,  cross  cepstrum  and  saphe  cracking.  Time  Series  Analysis.  Ed. 


116 


M.  Rosenblatt,  Wiley.  1963. 

21.  A.V.  Oppenheim,  R.W.  Schafer  and  T.G.  Stockham,  Jr.  Nonlinear  filtering  of  multiplied  and  convolved 
signals.  Proc.  IEEE,  Vol.  56,  No.  8.  Aug.  1968. 

22.  A.V.  Oppenheim  and  R.W.  Schafer.  Digital  Signal  Processing.  Prentice  Hall,  Inc.  1975. 

23.  J.M.  Tribolet.  Seismic  applications  of  homomorphic  signal  processing.  Prentice  Hall,  Inc.  1979. 

24.  J.C.  Hassab  and  R.  Boucher.  Analysis  of  signal  extraction,  echo  detection  and  removal  by  complex 
cepstrum  in  presence  of  distortion  and  noise.  Journal  of  Sound  and  Vibration,  Vol.  40,  No.  3,  1975. 

25.  J.S.  Bolton  and  E.  Gold.  The  measurement  of  reflection  coefficients  in-situ  using  cepstral  tech¬ 
niques:  simulations.  Proc.  Autumn  Conference  of  Inst,  of  Acoustics,  Windermere.  Nov.  1980. 

26.  J.M.  Tribolet.  A  new  phase  unwrapping  algorithm.  IEEE  Trans,  on  Acoust.,  Speech  and  Sig.  Proc., 

Vol.  ASSP-25 ,  No.  2,  1977. 

27.  A. A.  Syed,  J.  Brown,  M.  Oliver  and  S.A.  Hills.  The  cepstrum:  a  viable  method  for  the  removal  of 
ground  reflections.  Journal  of  Sound  and  Vibration,  Vol.  71,  No.  2.  July  1980. 

» 

28.  D.W.  Thomas.  Vehicle  Sounds  and  Recognition.  Pattern  Recognition  -  Ideas  in  Practice.  Ed. 

B.  Batchelor.  Plenum  Press.  1978. 

29.  J.K.  Hammond  and  J.  Mourjopoulos .  Cepstral  methods  applied  to  the  analysis  of  room  impulse  response. 
Proc.  Inst,  of  Acoustics  Autumn  Conference  Windermere.  Nov.  1980. 


117 


PARAMETRIC  METHODS  IN  SIGNAL  ANALYSIS 
(with  particular  reference  to  autoregressive  spectral  estimation) 
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SUMMARY 


Data  may  be  analysed  using  parametric  or  nonparametric  methods,  and  often  it  is  not  clear  which  is 
the  most  appropriate  technique.  In  this  chapter  we  describe  one  particular  aspect,  namely,  parametric 
spectral  analysis  using  the  Maximum  Entropy  Method.  The  treatment  is  tutorial  in  nature,  describing 
general  linear  models  for  time  series  and  how  the  Maximum  Entropy  Spectral  Density  relates  to  auto¬ 
regressive  processes.  A  list  of  applications  of  the  method  is  included.  The  chapter  concludes  by  noting 
a  few  other  parametric  approaches  to  data  analysis  and  system  characterisation. 

1.  INTRODUCTION 

Data  may  be  examined  and  described  without  referring  directly  to  the  process  by  which  it  was 
generated,  though  interpretation  of  the  results  requires  information  about  the  mechanism  of  data  genera¬ 
tion.  Conventional  spectral  analysis  is  an  example  of  a  data  analysis  technique  that  does  not  rely  on 
such  knowledge  and  is  referred  to  as  a  nonparametric  procedure  [27].  However,  if  prior  knowledge  of 
the  process  is  available  then  it  is  often  appropriate  to  build  this  information  into  the  data  processing/ 
reduction  techniques.  This  could  mean  that  a  reasonably  detailed  mathematical  model  describing  the 
phenomenon  is  constructed,  which  is  characterised  by  a  restricted  set  of  parameters,  and  ’data  analysis' 
is  then  concerned  with  estimation  of  these  parameters  from  measured  data.  For  example,  some  vibrating 
systems  are  adequately  described  by  coupled  linear  ordinary  differential  equations  and  it  is  logical  to 
'fit'  suitable  mass,  stiffness  and  damping  parameters  to  a  chosen  model  so  as  to  best  account  for  some 
measured  data. 

Even  when  a  well  defined  prior  mathematical  model  is  not  available  it  is  sometimes  attractive  to  try 
and  fit  classes  of  model  (e.g.,  linear  difference  equation  forms)  to  data,  since  they  may  give  insight 
into  the  problem  that  was  previously  obscured.  It  is  obvious  though  that  one  should  guard  against  the 
tendency  to  constrain  the  analysis  to  fit  data  to  that  which  appears  to  be  (currently)  the  most  suitable 
model.  Often  then,  the  choice  between  a  parametric  or  nonparametric  approach  for  a  specific  application 
is  not  obvious. 

The  articles  [28,  6  [|  discuss  several  aspects  of  the  points  noted  above.  It  is  sufficient  to  say 
that  parametric  methods  are  well  established  with  wide  application.  The  literature  on  the  subject  is 
vast  and  in  this  chapter  we  will  describe  only  one  particular  aspect,  namely,  parametric  spectral 
analysis  using  the  Maximum  Entropy  method. 

At  the  end  of  the  chapter  just  a  few  other  parametric  approaches  to  data  analysis  and  system 
characterisation  are  noted  very  briefly. 


2.  MAXIMUM  ENTROPY  SPECTRAL  ANALYSIS 

Conventional  methods  of  spectral  estimation  use  filtering  methods,  windowed  correlation  functions  or 
'segment  averaging'.  Just  over  a  decade  ago  new  procedures  were  introduced  that  offered  the  possibility 
of  improved  resolution  over  the  established  methods.  In  this  chapter  we  outline  the  basis  of  the 
approach  invented  by  Burg  [i,2,3]  and  generally  referred  to  as  the  Maximum  Entropy  method  (abbreviated 
MEM).  Many  papers  have  been  written  on  the  subject,  some  of  which  have  been  collected  together  in  a 
useful  volume  edited  by  Childers  [3]  ,  and  the  material  for  this  chapter  is  drawn  from  this  and  other 
sources  listed  in  the  bibliography.  It  is  appropriate  to  begin  this  tutorial  treatment  by  considering 
the  structure  of  a  time  series.  In  common  with  all  the  texts  on  this  subject  the  processes  involved 
are  assumed  to  be  discrete  in  time. 


2.1  Time  Series  Models  [4,5] 

It  seems  self-evident  that  the  procedure  used  to  estimate  a  spectrum  of  a  time  series  should  depend 
upon  the  method  in  which  the  data  is  generated  and  so  if  the  mechanism  of  data  generation  is  unknown  then 
there  is  no  one  'correct*  method  of  spectral  estimation.  A  general  time  series  x  will  have  some 
complex  structure  reflected  in  its  mean,  covariance,  etc.,  and  various  models  have  been  proposed  to 
account  for  the  behaviour.  A  common  approach  is  to  regard  x  as  having  arisen  from  appropriate 
operations  on  white  noise  wr  (defined  by  E(w  w  )  =0,  n  #nk  and  E(w  =  a2) .  We  shall  restrict 
our  discussions  to  linear  operations  and  statioPlary  time  series.  u 

00 

A  general  linear  model  for  x  can  be  written  [5]  as  J  ®kXn-k  =  w  *  ^en  expressed  in  this 

n  k=“°°  n  n 

form  it  is  perhaps  not  apparent  that  w  is  an  'input'  and  x  an  'output1.  Rather,  the  reason  for 
choosing  this  structure  for  the  model  is  that  we  are  trying  tonfind  some  relationship  between  past, 
present  and  future  values  of  the  time  series  x  which  reduces  it  to  white  noise  (having  elementary 
properties).  The  model  as  posed  is  acausal  (anticipative)  and  to  ensure  that  x  depends  only  on  past 
values  we  set  g^  -  0  for  k  <  0  so  that  the  model  becomes 

cc 

X  *kVk  =  V  (1) 

k=0 

Assuming  that  we  can  'invert'  this  equation  we  write 


xn  =  X  Vn-k 
k=0 


(2) 


This  is  an  alternative  form  for  the  general  acausal  linear  model  where  xn  is  regarded  as  a  sum  of 
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weighted  values  of  the  white  noise.  It  is  in  this  form  that  h^  can  be  regarded  as  a  system  impulse 
response  sequence,  w^  a  white  noise  input  sequence  and  x^  the  output  sequence. 

AB3  MA  and  ARMA  models 

The  models  (1)  and  (2)  are  characterised  by  the  infinite  set  of  parameters  g^  or  tr.  The  calcu¬ 
lation  of  these  parameters  by  fitting  such  models  to  observed  data  would  provide  the  required  spectrum. 
The  spectrum  of  x^  following  from  (2)  is  |h(z)|2o2  where 

H(z)  “  J  h,  z  k  and  z  =  e+**W  . 
k-0  * 

However,  for  practical  situations  it  is  necessary  to  reduce  the  models  to  those  containing  only  a 
finite  number  of  parameters. 

A  finite  version  of  (1)  is  (with  gQ  « 


This  is  called  an  autoregressive  (AR)  model 
A  finite  version  of  (2)  is  (with  hQ  - 


This  is  called  a  moving  average  (MA)  model  of  order  q. 


1) 

+  8lVl  +  g2Xn-2 

of  order  p. 

1) 


+  g  x  =  w  . 
p  n-p  n 


(3) 


=  w  +  h-w  -  +  h0w  «  + 
n  1  n-1  2  n-2 


+  h  w 
q  n-q 


(4) 


Rather  than  attempting  to  approximate  a  general  linear  model  by  either  an  AR  or  MA  model  of  suffi¬ 
ciently  high  order  we  can  use  a  mixed  form  to  obtain  a  better  fit  with  fewer  parameters,  namely  the 
autoregressive  -  moving  average  (ARMA)  form.  (N.B.  We  shall  now  change  our  notation,  having  settled  on 
this  finite'  form  and  write  the  auto-regressive  parameters  as  a.  and  the  moving  average  parameters  as 

t  \  L  ' 


An  ARMA  (p,  q)  (mixed  autoregressive /moving  average  model  of  order  (p,  q)  is 


x  +  anx  -  + 
n  1  n-1 


+  a  x 
P  n-p 


b  w  +  b_w  .  + 
on  1  n-1 


(often  bQ  is  set  to  unity  without  any  loss  of  generality) , 


This  transfer  function  for  this  system  is 


H(z)  = 


b  +  h  z  ^  + 
o  1 


1  +  a^z  ^  + 


+  b  w 
q  n-q 


+  b  z 


-q 


+  a  z 
P 


and  the  power  spectral  density  of  x  is  |H(z)|2a2  with  z  -  e^w. 


(5) 


As  noted  at  the  beginning  of  this  section,  if  we  wish  to  estimate  the  power  spectral  density  from  a 
finite  length  of  data  it  is  only  sensible  to  choose  an  estimation  procedure  appropriate  to  the  data  model, 
i.e.,  we  must  know  whether  the  data  is  best  described  by  AR,  MA  or  ARMA  processes,  though  in  a  practical 
situation  we  may  have  few  clues  as  to  which  model  is  most  appropriate.  The  most  general  of  the  three, 
the  ARMA  model,  has  recently  been  the  focus  of  much  attention  (e.g.,  [s]).  The  MA  model  can  be  treated 

by  the  'classical1  windowed  correlation  method  [4],  and  the  AR  model  arises  naturally  out  of  the  maximum 
entropy  method. 


2.2  Maximum  Entropy  Spectral  Estimation 

As  noted  above,  the  ’conventional1  approach  to  spectral  estimation  matches  the  finite  MA  model 
since  the  autocovariance  function  is  of  finite  length  and  so  windowing  effects  might  be  discounted.  But 
if  the  MA  model  is  of  infinite  order  (equation  (2))  then  so  is  the  autocovariance  function  and  so  window¬ 
ing  results  in  an  information  loss  resulting  in  bias /resolution  problems.  If  such  an  infinite  order  MA 
process  could  be  described  by  a  finite  order  AR  or  ARMA  process  this  might  be  a  useful  model  on  which  to 
base  the  estimation  procedure.  We  might  consider  some  method  of  estimating  the  (say)  AR  parameters 
directly  or  ’suitably’  extending  the  autocovariance  function  in  some  logical  manner  rather  than  arbit¬ 
rarily  truncating  it  after  ’running  out  of  data’.  Interestingly,  it  turns  out  that  these  procedures 
are  equivalent  (for  AR  processes)  and  constitute  the  ME  method.  However,  we  have  yet  to  account  for  why 
the  concept  of  ’entropy*  arises  in  the  description,  and  this  we  now  do  rather  briefly.  (The  references 
|j7,8,l3  and  particularly  [9]  are  illuminating  and  serve  as  the  basis  of  this  section.) 

The  problem  of  spectral  analysis  is  one  of  data  reduction  and  analysis  and  it  seems  self-evident 
that  a  basic  principle  of  data  reduction  should  be  that  any  transformation  imposed  on  experimental  data 
shall  incorporate  and  be  consistent  with  all  relevant  data  and  be  maximally  noncommital  with  regard  to 
unavailable  data .  The  act  of  setting  estimates  of  the  autocorrelation  function  to  zero  outside  a 

particular  range  is  hardly  being  noncommital.  It  would  seem  more  appropriate  to  extend  the  auto covariance 
function  in  some  ’reasonable’  way,  but  whilst  still  being  noncommital  with  regard  to  unavailable  data. 

It  is  appropriate  to  introduce  the  concept  of  entropy  at  this  stage.  The  ’unavailable  data’  referred  to 
is  a  lack  of  information ,  and  information  and  entropy  are  related.  In  fact,  entropy  is  a  measure  of 
uncertainty,  or  disorder  of  a  system.  To  see  how  the  notion  of  maximising  entropy  enters  the  picture  we 
attempt  to  state  the  basic  principle  of  data  reduction  in  rather  more  specific  terms. 


Suppose  we  possess  some  data  about  a  signal,  x  ,  in  the  form  of  values  of  the  autocovariance 
function,  i.e.,  R(0) ,  R(+l) . , ,  R(+p)  and  we  wish  to  produce  from  this  finite  length  sequence  a  spectral 
density  of  a  signal  in  the  range  -J  <  f  <  £ ,  We  know  that  the  autocovariance  sequence  R(n)  and  spectral 
density  S(f)  are  related  by 
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R(n)  =  S(f)e+j27rfndf  (6) 


but  this  does  not  provide  a  unique  way  of  obtaining  an  estimate  of  S  from  R.  The  traditional  way 
simply  chooses  one  lag  window  from  an  infinite  set  in  the  inversion,  thus  contravening  the  basic  prin¬ 
ciple  of  data  reduction  by  assuming  R(n)  is  zero  for  |n|  >  p  and,  further,  'rejecting*  good  data  in 
any  tapering  process.  Since  we  should  be  noncommital  with  regard  to  the  unavailable  covariance  function 
estimates  (or  our  lack  of  information  about  them)  it  is  desirable  to  be  able  to  quantify  our  'ignorance 
of  the  original  signal  as  expressed  by  the  spectral  density  S(f)  and  maximise  this,  but  still  taking 
full  account  of  the  measured  data  as  constraints.  What  we  still  need,  however,  is  an  expression  for 
the  ignorance  (entropy)  given  in  terms  of  the  spectrum  S(f).  The  usual  definition  of  entropy  (strictly 
the  relative  entropy)  given  by 

H  -  -[  p(u)  log  p(u)  du, 


where  p(u)  is  the  signal  amplitude  probability  density  function  is  not  useful  but  Bartlett  (see 
references  [7,  9])  has  argued  that  the  (Gaussian)  signal  with  spectral  density  S(f)  can  be  regarded  as 
having  been  created  by  passing  white  noise  through  a  linear  filter,  and  the  entropy  difference  between 
the  input  process  (which  has  the  maximum  entropy  of  all  processes  with  the  same  variance)  and  the  output 
is  the  entropy  loss  AE  where  . 


AE  -  - 


log  (S (f) )df . 


(7) 


From  (6)  the  equation  (7)  is  written 


AE  =  - 


log 


l  R(n)e_j2l,fli|df 


(8) 


Now  minimising  AE  (or  maximising  the  entropy)  with  respect  to  the  unknown  R(n) ,  i.e.,  |n|  >  p,  sub¬ 

ject  to  the  constraint  that  the  spectrum  is  consistent  with  the  known  R(n) ,  i.e.,  |n|  <  p  leads  to  the 
maximum  entropy  spectrum  and  is  the  spectral  estimate  that  arises  from  making  the  least  number  of  assump¬ 
tions  about  the  unmeasured  data,  whilst  remaining  consistent  with  the  known  information. 


Thus  the  maximum  entropy  method  finally  reduces  to  a  calculus  of  variations  problem,  solved  using 
Lagrange  multipliers  and  the  resulting  MEM  spectrum  is  [B]  of  the  form 


where  K  is  a  constant. 


MEM 


1  + 


-j27rfk.2 


k=l 


(9) 


Quite  clearly  the  spectral  estimate  has  a  form  similar  to  the  transfer  function  of  an  all-pole 
digital  filter,  being  in  fact  the  squared  magnitude  of  the  frequency  response  of  the  all-pole  filter 
excited  by  white  noise. 

2.3  MEM  and  AR  Processes 

As  noted  above,  the  MEM  spectrum  is  equivalent  to  the  spectrum  of  a  white  excited  AR  filter.  This 
correspondence  between  MEM  and  AR  processes  was  formalised  by  VandenBos  [lo]  for  Gaussian  processes  where 
the  starting  point  for  the  AR  form  is 


x  =  -a1x 
n  In- 


a2Xn-2 


a  x  i 
p  n-1 


+  w 


(10) 


and  so  determining  the  extension  to  the  autocovariance  function  is  equivalent  to  calculating  the  para¬ 
meters  a.  of  the  AR  model  (10),  Indeed,  knowledge  of  the  coefficients  and  R(n)  for  n  88  0,  p 

implies  knowledge  of  R(n)  for  all  n  if  x  is  described  by  (10).  This  follows  from  (10)  by  multi¬ 
plying  by  x  ,  for  k  >  0  and  taking  expectations.  This  yields 
n— K. 

R(k)  -  -ax  R(k  -  1)  -  a2  R(k  -  2).,  ~apR(k  -  p) ,  k  >  0  (11) 

Clearly,  knowledge  of  R(0) ,  . ..,  R(p  -  1)  and  the  a,  is  sufficient  to  go  on  generating  R(n)  for 
n  f>  •  We  note  in  passing  that  when  k  =  0  we  can  show 

R(0)  =  -a^l)  -  a2R(2)  +  ...  -  apR(p)  +  a2.  (12) 


Of  course,  in  the  estimation  problem  we  only  know  the  auto covariance  function  estimates  and  not  the 
a^,  which  must  be  determined  to  calculate  the  spectrum. 


Before  considering  the  problem  of  estimation  of  the  a.  it  is  worth  noting  the  interpretation  of 
the  AR  process  (10)  as  one  that  identifies  x  with  a  value  that  is  predicted  from  the  previous  values 
of  the  process  with  an  error  e  =  w  and  the  coefficients  a^ ,  . . . ,  a^  define  a  p  point  prediction 
filter  with  w  =  x  +  a, x  ,  ...  +  a  x  , 
a).  (See  reference  [la1^?)1  *  n'P 


e  =  w  _  _  _  _ .  „  _ ,  _  _  s  , _  r _ 

n  +  ax  ,  so  the  prediction  error  f?lter  has  coefficients  (1,  a^,... 


P 

2.4 


Estimation  of  AR  Coefficients 


We  shall  now  consider  how  the  MEM  spectrum  may  be  computed  using  (9) .  Clearly  it  is  necessary  to 
determine  (i)  the  length  p  of  the  prediction  filter  and  then  (ii)  the  coefficients  a,.  However,  we 
shall  see  in  section  2.5  that  the  choice  of  p  requires  a  knowledge  of  the  a.  and  soN^e  shall  assume 
here  that  p  is  fixed  and,  subject  to  that,  calculate  the  estimates  a^  of  La^. 
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We  emphasise  that  the  discussions  so  far  have  related  to  the  definition  of  the  MEM  spectrum  using 
exact  values  of  the  autocovariance  function.  No  mention  has  been  made  of  the  use  of  estimates  of  the 
autocovariance  function  to  produce  estimates  of  the  MEM  spectra.  The  estimates  of  the  autocovariance 
function  contain  the  effects  of  additive  noise  and  data  truncation.  The  first  problem  is  considered  by 
Abies  [9]  who  suggested  the  modification  that  the  autocorrelation  be  constrained  to  pass  close  to 
measured  values.  The  problem  of  data  truncation  amounts  to  a  violation  of  the  basic  principle  of  data 
reduction  and  this  is  discussed  again  in  the  next  section. 


Coefficient  estimations 

(a)  The  Yule  Walker  (YW)  Method . 

A  widely  used  method  of  obtaining  estimates  a,  of  a.  follows  directly  from  (11)  which  can  be 
written  out  in  matrix  form  for  k  =  1,...,  p  as  1 


'  R(0)  R(l)  R(2)  . . .  R(p-l)  1 

V 

*-R(l)" 

R(l)  R(0)  R(l)  ...  R(p-2) 

•  •  «  1  t 

4 

-R(2) 

_R(p-l)  R(p-2)  R(p-3)  ...  R(0) 

a 

L  pJ 

-R(p)_ 

From  the  above  we  note  that  knowledge  of  R(0) ,  ...,  R(p)  gives  enough  information  to  obtain  the  a,. 
Any  usual  (e.g.,  Gauss  elimination)  technique  may  be  used  to  solve  (13)  but  note  that  the  coefficient  1 
matrix  is  symmetric  and  has  a  diagonal  symmetry  of  the  coefficients  (i.e.,  elements  on  leading  diagonals 
are  equal).  Such  matrices  are  called  Toeplitz  matrices  and  their  special  structure  can  be  used  to, 
speed  the  solution  using  a  recursive  procedure  originated  by  Levinson  and  improved  by  Durbin  (see  [8]). 


To  write  down  the  spectral  estimate  (9)  requires  not  just  the  coefficients  a.  but  also  the  scale 
factor  a2,  and  this  follows  from  (12)  which  when  this  final  equation  is  added  to  the  set  (13)  results 
in  the  alternate  form 


R(0) 

R(l) 

R(l)  .... 
R(0)  .... 

R(p) 

R(p-l) 

R(p) 

R(p-l) 

R(0) 

(14) 


As  noted  in  [8] ,  the  correspondence  between  the  AR  process  and  the  prediction  of  x  from  past  data 
means  that  a2  may  be  identified  with  the  prediction  error  variance  E  .  Claerbout  n[l2^|  gives  a 
recursive  solution  to  equation  (14).  We  emphasise  that  this  formulatiBn  has  used  ’theoretical'  values 
for  R(n) .  In  any  practical  estimation  problem  we  only  have  the  measured  data  x  from  which  we  might 
make  estimates  R(n)  and  from  the  (p  +  1)  equations  (14)  we  solve  for  the  (p  +  ?)  unknowns  a  ,  a2>*** 

a  and  a2.  ' 

P 


The  Yule  Walker  (YW)  estimates  of  the  AR  coefficients  may  be  criticised  since  (i)  the  AR  coefficients 
should  be  estimated  so  as  to  be  noncommital  with  regard  to  unavailable  information.  However  the  usual 
methods  of  estimation  of  R  imply  R  =  0  outside  the  available  data  length,  thus  contradicting  the 
principle  of  maximum  entropy.  (ii)  If  R  is  estimated  using  the  unbiased  estimator  it  is  sometimes 
possible  to  obtain  estimates  that  do  not  constitute  a  valid  autocovariance  matrix  [l2j .  (iii)  The  YW 
estimates  are  sensitive  to  rounding  errors  [8]  when  poles  of  the  linear  system  lie  near  |z|  =  1. 


(h)  The  Burg  method  of  coefficient  estimation  [l,2,12] 

A  method  for  the  computation  of  the  a.  proposed  by  Burg  avoids  the  problems  (i)  and  (ii)  above. 

The  need  for  calculation  of  the  autocovariance  of  the  data  is  sidestepped  altogether  and  the  scheme 
essentially  uses  the  interpretation  of  the  MEM  spectrum  as  the  spectrum  of  the  process  which  is  the  out- 
put  of  an  AR  filter.  In  fact  the  method  obtains  the  prediction  error  filter  coefficients  directly  using 
least  squares  methods.  We  follow  Claerbout' s  [l2]  explanation  in  what  follows. 


Suppose  we  have  a  data  segment  xq,  x^,...,  x^.  Then  a  simple  (two  point)  prediction  filter  for 

x  is  x  =  -a  x  .  and  the  prediction  error  is  e  =  (x  +  a  x  ,  )•  The  parameter  is  obtained  by 
rU  1  *  n  .1  ,  &  i  ♦  n  xi  n  1 

finding  a  that  minimises 


This  straightforward  approach,  however,  suffers  the  disadvantage  that  the  resulting  a  may  not  satisfy 
| a |  <1  and  so  the  prediction  error  filter  is  non-minimum  phase. 


Burg  noted  that  for  stationary  random  signals  a  prediction  filter  works  just  as  well  when  reversed 
and  run  backward  in  time,  i.e.,  x  =  -a  x  (prediction  filters  defined  in  section  2.3  depend  only  on 
the  auto covariance  of  the  data  andnnot  the  data  itself  and  so  the  same  prediction  filter  arises  from  the 
time  series  and  a  time  reversed  version).  This  being  so,  the  average  error  observed  when  this  two  point 
filter  is  operated  in  reverse  is  averaged  with  the  forward  error,  i.e., 

E(a)  =  2(N  -  1)  *  {(xn  +  3  Vl)2  +  <Vl  +  3  Xn)2}  (15) 

n— 1 

Two  important  aspects/results  of  this  formulation  are  noted.  (i)  Minimisation  of  E  with  respect 
to  a  always  leads  to  a  value  |a|  <  1  (i.e.,  a  minimum  phase  prediction  error  filter).  (ii)  The 
filter  is  not  run  off  the  ends  of  the  data  sample  and  so  no  assumptions  about  the  time  series  outside  the 
sample  interval  are  required. 


This  sample  scheme  for  a  two  point  filter  seems  easily  generalised  to  a  three  point  filter,  i.e.. 
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E  (a. 


V 


a2> 


2(N  -  2) 


n=2 


anx 
1  n- 


a  x 
2  n- 


J  +  (x 


n-2 


+  a,x 
1  n-1 


a2Xn)2} 


(16) 


and  simply  minimising  this  with  respect  to  a  and  is  required.  Unfortunately  it  is  possible  that 

the  filter  weights  that  arise  do  not  constitute  a  prediction  error  filter,  i.e.,  the  Toeplitz  matrix 
corresponding  to  the  estimated  filter  is  not  non-negative  definite.  Also  the  estimate  of  R(l)  from  the 
three  point  filter  does  not  agree  with  that  estimated  by  the  two  point  filter.  Burg  resolved  this  prob¬ 
lem  by  adopting  a  recursive  technique  relating  the  three  point  filter  to  the  two  point  filter.  In  fact, 
this  recursion  is  very  similar  to  that  used  to  solve  the  Yule-Walker  equations. 


The  essence  of  the  procedure  is  that  the  coefficient  vector  of  order  3  can  be  built  up  from  that  of 
order  2  by 


(17) 


and  instead  of  trying  to  calculate  a^  and  a„  by  minimising  (16)  directly,  a  is  found  first  by 
minimising  (15)  and  then  parameter  c  (in  (17;  is  found  by  minimising 
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The  parameter  a  remains  fixed  and  minimisation  if  (18)  with  respect  to  c  results  in  a  minimum 
phase  three  point  prediction  error  filter.  This  procedure  can  be  extended  to  higher  order  processes  and 
Fortran  programs  are  available  in  Ulrych  and  Bishop fs  paper  [8]  for  both  Yule-Walker  and  Burg  estimates. 


To  complete  the  requirements  for  the  calculation  of  the  spectral  density  the  innovation  (white  noise 
excitation)  variance  estimate  is  calculated  as  with  the  Yule-Walker  method. 


2.5  Choice  of  Filter  Length 

The  MEM  spectral  density  estimate  requires  the  length  p  (order  of  the  AR  process)  to  be  known. 
Without  prior  information  this  is  a  difficult  task.  Underestimates  of  p  tend  to  lead  to  T over smoothed' 
spectra  and  overestimates  should  be  avoided  since  (a)  computation  should  be  minimised;  (b)  ill- 
conditioning  of  the  equations  increases  with  numbers  of  poles;  (c)  spurious  ripples  occur  in  the 
spectrum. 


Several  authors  have  considered  the  problem  of  order  determination  and  the  most  successful  and 
widely  used  method  of  order  determination  can  be  attributed  to  Akaike  [l6,  25]  (though  there  are  others 
[23]),  The  criteria  are  based  upon  the  use  of  the  'error  variance'  which  is  monitored  at  each  iteration. 
Akaike 's  approach  is  to  combine  into  a  single  function  both  the  error  and  the  number  of  parameters,  which 
should  demonstrate  a  minimum  beyond  which  point  an  increase  in  order  is  not  appropriate.  Three  such 
functions  are  given  below;  the  first  two  being  due  to  Akaike  and  the  third  to  Parzen.  The  terms  FPE, 

AIG  and  CAT  stand  for  final  prediction  error,  Akaike 's  information  criterion  and  criterion  autoregressive 
transfer  function,  respectively  (E  denotes  the  prediction  error  variance.) 
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An  investigation  of  all  three  criteria  undertaken  by  Beamish  and  Priestley  [l5]  concluded  that  all  three 
formulations  lead  to  similar  results  except  for  'awkward*  time  series,  i.e.,  modelled  by  MA  terms.  See 
also  the  work  of  Tong  [ll] ,  who  has  discussed  the  use  of  AIC  for  order  determination. 

2.6  Properties  of  MEM  Spectra 
Variability 

Ulrych  and  Bishop  [8]  report  on  the  work  of  Kromer  who  determined  the  asymptotic  properties  of  the 
MEM  estimator  which  are:  (i)  the  estimator  is  asymptotically  unbiased  and  (ii)  the  variance  of  the 
estimator  is  (2/n)S^(f)  where  n  «  N/p.  This  holds  when  N  and  p  are  large  and  S(f)  is  smooth. 


Akaike  [l6]  has  noted  that  confidence  intervals  can  be  evaluated  for  MEM  spectra  if  the  model  order 
is  assumed  to  be  correct  and  Kromer 's  conclusion  accepted.  Baggeroer  [l7]  has  discussed  the  problem  of 
obtaining  confidence^  intervals  more  closely. 


Resolution 

An  often  noted  reason  for  using  MEM  estimates  is  that  this  is  a  high  resolution  approach  that  is  not 
restricted  to  the  finest  resolution  being  the  reciprocal  of  the  data  length  and  numerous  authors  have 
attempted  to  quantify  this. 

Marple  [l8]  gives  an  approximate  result  for  the  'two  sinusoid*  frequency  resolution  <5f,  which 
depends  on  the  signal-to-noise  ratio  (SNR)  which  for  SNR  >  -3  dB  is  6f  -  1.03/p  (At)  SNR(p  +  l)*31 
(At  =  1 /sample  rate)  and  simulation  studies  by  Dyson  and  Rao  [19]  confirm  this.  Durrani  and  Taylor  [20] 
describe  the  side  lobe  structure  for  data  containing  pure  tones  in  wide  band  noise. 
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MEM  spectral  analysis  has  been  applied  to  a  wide  range  of  topics,  including  speech,  geophysics, 
astronomy,  EEG  analysis  (references  [3,13]),  spatial  array  data  (33],  etc.  As  far  as  structural  vibra¬ 
tions  are  concerned  the  work  reported  in  references  J[l4  a&d  2l]  are  particularly  relevant.  The  work 
of  Vandiver  and  Campbell  [2l]  is  concerned  with  applying  MEM  spectral  analysis  to  offshore  structures 
where  short  data  records  may  have  to  be  used  owing  to  the  nonstationary  nature  of  the  wave  excitation. 
Laight's  work  [14]  is  a  detailed  study  of  the  use  of  MEM  on  vibrating  systems  of  varying  complexity 
(including  a  model  offshore  rig).  The  detailed  conclusions  are  too  lengthy  to  include  here  but  the 
general  conclusions  are  that  lightly  damped  systems  (with  separated  modes)  are  suitable  candidates  for  AR 
modelling,  and  since  peaks  in  spectra  are  well  represented  (with  1  correct'  choice  of  model  order)  then 
damping  ratios  can  be  estimated. 


3.  OTHER  METHODS 

We  shall  refer  in  very  brief  terms  to  a  few  ot|jer  paramtric  methods.  The  Prony  Series  is  a  method 
of  characterising  signals  in  the  form  x(t)  =  Jc..e  J  where  the  c.,  s.  may  be  complex.  The  objective 

is  to  estimate  these  coefficients  from  measurements  of  x(t)  usua  ii?  at^ discrete  points.  The  repre¬ 

sentation  is  different  from  a  Fourier  type  form  since  both  amplitudes  and  exponents  are  to  be  calculated 
(Fourier  methods  calculate  amplitudes  for  a  fixed  frequency).  The  advantage  of  the  Prony  series  is  that 
short  data  lengths  may  be  analysed  even  for  'almost  periodic*  phenomena.  The  disadvantage  is  that  the 
computational  procedure  involved  is  nonlinear,  involving  the  solution  of  a  polynomial  equation. 

The  original  idea  dates  back  to  1795  but  interest  was  re-awakened  in  the  1960's.  A  recent  paper  by 
Bento  Coelho  [26]  describes  the  method  and  applies  it  to  problems  in  duct  acoustics  with  comparisons 
with  Fourier  methods.  The  effects  of  additive  noise  on  the  effectiveness  of  the  algorithm  is  also  dis¬ 
cussed. 

A  whole  host  of  parameter  estimation  schemes  have  arisen  with  much  of  the  literature  to  be  found  in 
the  control  field  related  to  system  identification.  The  article  by  Lawrence  [28]  is  an  overview  of 
identification  and  parameter  estimation.  Studies  concerned  with  estimation  of  structural  system  para¬ 
meters  (using  ARMA  models)  have  been  reported  by,  for  example,  Gersh  et  al  |29,  30?  22],  Prado  [3l]  and 
Briens  [32]. 
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Summary 

Waves  in  solids  and  in  gases  or  fluids  are  governed  by  very  similar  equations,  which 
are  based  on  continuity  of  mass,  continuity  of  momentum  and  an  equation  of  state.  There- 
fore  sound  radiation  and  vibration  transmission  into  solid  media  have  much  in  common.  In 
this  lecture  radiation  from  planar  sources,  reflection  at  plane  boundaries,  the  behaviour 
of  wave  guides,  source  impedances  etc.  are  compared  and  discussed. 

1 .  Introduction 

In  this  paper  -  according  to  its  title  -  some  information  is  to  be  given  on  the  re¬ 
lation  between  vibration  transmission  and  sound  radiation.  Such  a  topic  can  be  understood 
in  several  different  ways;  e.g.  one  might  relate  the  vibrations  of  a  surface  to  the  radi¬ 
ated  sound  or  one  might  think  of  the  excitatioh  of  structural  vibrations  by  sound  waves. 
But  these  two  subjects  are  thoroughly  treated  in  the  lectures  by  M.C.  Junger  and 
B.L.  Clarkson;  therefore  it  seemed  appropriate  in  this  paper  to  relate  waves  and  vibrati¬ 
ons  in  solid  structures  to  sound  waves  in  fluids  or  gases  and  to  show  some  of  the  simi¬ 
larities  and  differences  between  the  two. 

The  basic  reason  for  the  similarities  between  waves  in  fluids  or  gases  and  waves  in 
solids  is  well  known,  it  is  due  to  the  fact  that  compressional  waves  are  possible  in  all 
of  them.  The  basic  reason  for  the  differences  is  also  clear,  it  is  due  to  the  fact  that 
shear  waves  can  exist  in  solid  materials  but  not  in  gases  or  fluids.  This  latter  state¬ 
ment  has  to  be  qualified  somewhat:  it  is  absolutely  correct  only  if  viscosity  is  neglec¬ 
ted;  if  this  is  not  the  case  there  are  some  highly  damped  shear  waves  near  the  boundary 
of  two  media  (especially  between  a  gas  or  fluid  and  a  solid  material) .  Although  these 
shear  waves  are  extremely  important  when  the  sound  absorption  in  porous  materials  is 
investigated,  they  can  be  neglected  here,  because  they  are  restricted  to  the  very  thin 
so-called  "acoustic  boundary  layer". 

2 .  Wave  equations 

All  wave  equations  can  be  drived  f'rom  continuity  of  mass  and  momentum  and  an  equation 
describing  the  properties  of  the  material.  If  we  deal  with  a  material  consisting  of  one 
component  only  (i.e.  no  mixtures  and  no  chemical  reactions)  continuity  of  mass  and  mo¬ 
mentum  can  be  expressed  by  the  familiar  relations 

djk  ,  Jptv,-  -Q  (D 

n  <?*£  ~u 

9p*v;  ,  <9oy,-  _  <2)  i,  j  =  i,  2,  a 

di  c)//  dx4 

Here  ft  is  the  density,  v^  are  the  components  of  the  velocity  vector,  t  is  the  time,  x^ 
are  the  space  components  and  <F\  j  is  the  stress  tensor  that  includes  all  the  forces  ac¬ 
ting  on  a  volume  element.  Volume  forces  from  the  outside  (e.g.  variation  in  gravity) 
easd'ly  could  have  been  included  in  eq.  (2)  but  since  they  do  not  play  an  important  role  in 
practical  cases  they  are  omitted  here.  As  usual  the  summation  convention  has  been  applied 
If  eq.(1)  is  differentiated  with  respect  to  t  and  if  the  three  equations  (2)  are  differen 
tiated  with  respect  to  x^  and  added  they  can  be  combined  to  give 

-  Pm&l  o) 

dt3-  fcfaj  dx(faj 

Eq .  ( 1 ) "  ( 3 )  hold  for  gases  as  well  as  fluids  or  solids.  The  differences  appear  when  the 
stress  tensor  is  related  to  the  components  of  the  displacements  or  velocities;  i.e.  when 
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the  equation  of  state  of  the  material  is  introduced.  Three  cases  are  of  interest  for 
this  paper  /!/: 

a.  Fluids  or  gases  with  vanishing  viscosity 

vA  , 

Here  pt  is  the  scalar  pressure  and  0^  is  the  Kronecker  symbol. 

b.  Fluids  or  gases  with  viscosity 

~ 1?  +  (5) 

Here  \i  is  the  coefficient  of  viscosity.  J 

c.  Solids 

o?l=pe4+(J[-^-'iL+i(S4]  ■ 

Here  G  is  the  shear  modulus  of  the  material  and  ^  are  the  components  of  the  dis¬ 
placement  vector.  Obviously  the  velocity  v^  is  the  time  derivation  of  the  displace¬ 
ment 

Eq . (4 ) - (6 )  have  in  common,  that  they  are  linear  and  that  the  stresses  at  a  certain 
time  depend  on  the  displacements  or  velocities  at  exactly  the  same  time  (i.e.  there  is 
no  influence  of  past  as  would  be  the  case  in  materials  with  "memory").  With  the  same 
order  of  accuracy  we  can  assume,  that  changes  in  pressure  are  proportional  to  changes  in 
density.  Thus  with 

MP+P  ;  =  /  +  ?  i’) 

we  can  write 

P  =  Kf/f  ■  _  181 

Here  the  bar  denotes  the  mean  value;  i.e.  -  0 j  “ySXj-O.  p  and  are  the  deviations 

of  pressure  and  density  from  the  mean  values  and  K  is  the  modulus  of  compressibility.  If 
eq.(4)-(8)  are  introduced  into  (3)  we  obtain  the  following  equations  for  the  three  cases: 
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(Here  A  is  the  Laplacian  operator) 


The  first  of  these  expressions  (eq.9),  which  may  be  called  Lighthill's  equation  / 2/ 

(or  Lighthill  analogy) ,  is  well  known  because  it  is  used  in  almost  all  theoretical  flow 

noise  problems.  In  the  purely  linear  case,  i.e.  when  pv.v.<p  (that  is  when  the  flow  ve- 

J  1  3 

locities  are  very  small  compared  to  the  speed  of  sound)  the  right  hand  side  of  eq. (9)  can 
be  neglected  and  the  normal  sound  wave  equation  is  obtained.  The  wave  speed  is  in  this 


The  second  equation  (eq.10)  -  with  the  nonlinear  term  on  the  right  hand  side  omitted 
is  used  to  describe  the  sound  field  in  viscous  media  and  the  details  of  the  wave  motion 
near  a  solid  surface  inside  the  acoustic  boundary  layer. 

In  order  to  bring  eq. (11)  into  a  familiar  form  the  nonlinear  term  is  again  neglected 
and  the  other  terms  are  rearranged.  This  way  it  is  found  that  for  an  elastic  isotropic 
solid  material  the  relation 


holds 


J i-4P  +  ±GA$)‘0 


Introducing  the  divergence 
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(f  ~  Mj.  -  Mj.  +  .{.  sth.  (14) 

Sxt  9xl 

and  using  the  fact  that  c f is  just  the  relative  change  of  a  volume  element  we  can  write 

f/}  -  -/ 


and  using  eq. (8) 

This  way  we  get 


p-  -k<f- 

!§-(K  +  'jG)*r-0. 


If  the  modulus  of  compressibility  and  the  shear  modulus  are  expressed  in  terms  of  Young's 
modulus  E  and  Poisson's  number^?  i.e.  if  we  write  /3 / 


K- 

eq.(17)  becomes 
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c  if  tj+vKl-Jr) 

is  the  speed  of  propagation  for  compressional  waves  (in  this  paper  the  term  longitudinal 
waves  is  purposely  avoided  because  there  is  always  the  danger  that  there  may  be  a  confu¬ 
sion  with  the  longitudinal  waves  in  bars  which  have  a  speed  cL=  Y  E/j?  and  which  show 
some  lateral  contraction) . 

There  are  two  types  of  solution  for  eq. (19) .  The  first  type  consists  of  non-vanishing 
functions  of  which  fulfill  eq.(19)  (and  the  prescribed  boundary  conditions);  the 

other  is  the  "trivial"  solution^  0.  In  order  to  find  out  wether  it  has  any  physical  sig¬ 
nificance,  we  introduce  it  into  the  basic  eq.(1),  (2),  (6). 

Since  for  /=  0  we  have 


we  find 


JW  ifc-O-,  f-0 


=  ? 

ovv-vTi- 

9xj 

(21) 

i-  + 

V 

4k) 

St,-  J . 

(22) 

dt  9x: 


Within  the  range  of  linear  approximations,  that  will  be  used  throughout  the  rest  of  the 
paper  we  can  neglect  the  v^v .  term  and  we  can  set  v^  =  9  ^l/9t  .  Thus  we  get 


p  Sk-'-rLl&+  ih) 

ydt*  U9xj(^  dA;  J 


v  «  p 

(The  index  T  indicates  that  this  is  only  that  part  of  the  full  solution  for  which  0=0 
i.e.  which  has  vanishing  divergence) .  Eq. (23)  can  be  cast  into  a  familiar  form  if  it  is 
written  with  index  K  instead  of  i;  thus 


5  ^x=fl  i_l  +  iirA 

*  dt2  0)  Jxj  \  Qx4-  ) . 


Differentiating  eq. (23)  with  respect  to  x^  and  eq. (24)  with  respect  to  x^  and  subtracting 
gives 


s  LI  2k-  dL c)  =  r 2$rK ) 

y  dil  (  dxK  dx{  J  $xj. 
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Eq.  (25)  is  correct  for  all  values  of  i  and  k  but  it  makes  sense  only  for  i^i/<  .  Of  these 
combinations  only  the  following  three  are  of  interest 


an  .  y, 

3x j  >  ’■* 


Thus  we  finally  have 

=  =  tfAy,  .  (27, 

Here  cT  =  tRT  is  the  speed  of  propagation  for  shear  waves. 

Since  (f  is  just  the  divergence  of  the  displacement  vector  and  the  components 
of  its  curl,  the  two  eq.(19)  and  (27)  give  the  complete  solution.  Therefore  the  usual 
way  of  solving  problems  in  the  field  of  vibration  transmission  is  to  write 

/  =<}r(ulA  +  cudQ  (28) 

giving  =AA  and  i|;=  curl  curl£  ^  then  the  wave  equations  -  taking  into  account  the  boundary 
conditions  which  also  have  to  be  expressed  in  terms  of  A  and  B  -  are  solved  using  stan¬ 
dard  techniques  and  the  two  parts  are  combined  to  give  the  whole  displacement  field. 

In  this  paper,  however,  an  alternate  approach  will  be  used  which  in  some  books  -  to 
this  author* s  surprise  -  is  called  more  cumbersome . in  this  approach  the  displacement  is 
obtained  directly  without  the  detour  using  the  divergence  and  the  curl.  The  starting 
equation  for  the  method  is  obtained  by  combining  eq.(1)  and  (2)  to  give 

dt  +  fa  '  *v' M  hj  *9xj  hj 

or 

p,  shit  4.  _  y  _  hiWVj  <29) 

J  H  ~  ‘  i 

Within  the  framework  of  linear  approximations  we  can  put  =  §  and  neglect  the  second 
order  terms  on  the  right  hand  side. 

Thus  together  with  eq. (6)  and  (16)  we  obtain 

p  f/j/+  v)  iLf  CM  (so 

s  9t  f  w  h:  l  K  +  jy/  h,  Y  d*  I 

^  L  J  ; 

After  some  rearrangements  this  becomes 

i  GaI+(I(+ (31) 

If  here  K  is  replaced  by  G  or  ^  (see  eq. (18))  the  result  is 


±IL,  a(+J-LIM.) 

(J-  J'  4-2  v  dx,  \  ), 


Obviously  this  equation  also  must  break  down  into  a  shear  wave  part  and  into  a  compressio- 
nal  wave  part.  This  can  be  shown  rather  easily  if  everything  is  expressed  in  terms  of 
Fourier  transforms.  Thus  if  we  write 


Eq. (32)  reduces  to 


-j'&i  jcot 


{•M=  /  '  v 


-4— 


t  VWjltW  (33) 
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Here  we  introduced  the  shear  wave  number 

4^-  co/c?  (35) 

and  the  abreviation 

4Z=4^42  +43  .  <36> 

Eq. (34)  is  a  system  of  three  linear  equations,  it  can  be  solved  only  if  the  determinant 
becomes  zero.  This  leads  to  a  polynomial  that  vanishes  when  either 

l-K 

These  are  just  the  wave  numbers  for  shear  waves  and  compressional  waves. 


or 


(37) 

(38) 


Thus  it  follows  from  the  linear  system  (34)  that  the  general  solution  is 


i  M  -/  f  +  (tr  (IA.«U 


:i'*X  f&xM 

/  v  -v 


Here 


is  the  value  of  k3  that  satisfies  eq. (37)  and 


w  ( 3  9 ) 


(40) 


% 


(41) 


is  the  value  of  k3  that  satisfies  eq.(38).  Furthermore  eq. (34)  yields  the  following  re- 


lations 


/jfr=  >  L-tL  ;  ^r{zr =  0  <42) 


This  might  also  be  written  as 


Url-A;  lA-° 


(42a) 

This  way  one  is  just  left  with  enough  free  variables  to  fulfill  the  boundary  conditions. 


3 .  Sound  radiation  and  vibration  transmission  from  planar  sources 
3 . 1  Gases  or  fluids 

If  the  sound  wave  equation  (9)  is  written  without  the  nonlinear  term  and  if  the  den¬ 
sity  change  is  expressed  through  the  fluctuating  pressure  (eq.8)  it  reads 

£ 

Ap  ±4S  p~  0.  (43) 

Here  we  have  restricted  ourselves  to  purely  harmonic  motion  with  angular  frequency  oj  (the 
factor  e^wt  is  omitted  throughout)  and  we  have  introduced  the  wave  number  for  sound  waves 

ir  "A  •  (44) 

In  addition  we  need  the  linearised  version  of  the  equation  of  conservation  of  momentum. 

It  follow  from  «<,.  (2)  and  14)  as  .  j  A, 

f  IF-- St:  I45> 

If  all  field  quantities  are  expressed  in  terms  of  spatial  Fourier  transforms  (similar  to 
Eq.(33))  the  only  information  we  get  out  of  the  wave  equation  (43)  is  that 

(46) 


Thus  if  we  rename  k^  as  qg  we  have  ^ _ _ _ _ 

The  sound  pressure  field  is  therefore  given  by 

*ct> 


(47) 


(48) 


If  we  take  as  a  first  example  the  sound  field  in  a  semi-infinite  space  that  is  excited 
at  its  surface  by  a  given  pressure  distribution  pe(x^,x2)  which  has  to  be  specified  over 
the  entire  surface  -  e.g.  an  air-borne  sound  wave  hitting  a  free  water  surface  -  we  can 
use  the  usual  radiation  condition  which  states  that  no  energy  comes  from  infinity.  This 
gives  in  our  case  pR(k^,k2)  »  0.  The  remaining  unknown  function  pA(k^,k2)  is  determined 
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///////////  compressional  waves  in  gases  or  fluids 
////////  /  /  .compressional  waves  and  shear  waves  in  solids 

by  the  fact  that  at  the  boundary  =  0  there  is  continuity  of  pressure;  i.e. 


Using  the  orthogonality  property  of  the  exponential  function  eq. (49)  can  be  inverted  to 


-MJ/  *  * 


Now  the  problem  is  solved  provided  we  chose  the  sign  of  qg  in  such  a  way  that  no  waves 
come  from  infinity.  For  the  example  shown  above  where  x^  is  always  negative  this  would 
mean  that  qg  has  to  be  positive  when  it  is  real  and  negative  when  it  is  imaginary. 

In  Fig.(1)  the  paths  of  the  fluid  particles  that  have  been  calculated  using  the  above 
equations  can  be  seen  for  some  examples.  The  ,re_suTts  shown  in  the  figure  are  based  on  two 
dimensional  calculations  (i.e.  variable  x2  does  not  appear) . 

By  looking  at  the  figure  (and  many  others,  including  a  film)  the  following  general 
conclusions  can  be  drawn: 


a.  If  the  excitation  has  a  spatial  periodicity  with  a  wave  length  which  is  smaller 
than  the  wave  length  of  the  sound  waves  in  the  medium  in  the  region  x^<0  there 
exists  a  strong  near  field.  The  radiated  sound  energy  is  small,  it  seems  to  come 
from  those  points  where  the  periodicity  is  not  perfect;  especially  from  the  ends 
of  the  excited  area.  In  this  case  the  radiated  sound  depends  rather  strongly  on 
the  details  of  the  excitation  near  the  ends. 


b.  The  radiation  is  rather  strong  when  the  wave  length  of  the  excitation  coincides 
with  the  sound  wave  length.  The  amplitude  in  this  case  depends  on  the  number  of 
wave  lengths  that  fit  into  the  excited  area. 

c.  If  the  excitation  is  due  to  a  convected  pattern,  no  sound  energy  is  generated 
(i.e.  there  are  no  propagating  waves)  provided  the  pattern  moves  with  a  speed  which 
is  below  the  speed  of  sound.  This  statement  holds  for  any  pattern  irrespective  of 
its  shape  provided  the  shape  remains  constant. 

d.  If  the  excited  area  is  small  compared  to  the  wavelength  of  sound,  there  is  a  strong 
nearfield.  If  the  pressure  within  this  region  is  constant  the  farfield  depends  on 
the  product  of  pressure  times  area;  the  nearfield  is  determined  by  the  details  of 
the  source  configuration. 

e.  The  strength  of  the  sound  wave  which  travels  perpendicular  to  the  free  surface  is 
determined  by  the  net  pressure  averaged  over  the  whole  surface. 

Similar  calculations  can  be  made  and  similar  pictures  could  have  been  obtained  for  the 

sound  radiation  if  the  velocity  over  the  surface  x^  =  0  were  prescribed;  e.g.  when  the 

sound  is  generated  by  a  planar  radiator  in  a  baffle  (see  lectures  by  M.C.  Junger) .  All 

that  has  to  be  done  is  to  express  the  velocity  in  terms  of  the  pressure  by  using  eq. (45) 

and  to  apply  the  boundary  conditions.  If  for  example  the  velocity  v  (x1 ,x  )  is  given  in 

„  e  1  2  v 

the  plane  x^  =  0  the  Fourier  transform  of  the  sound  pressure  is  pA(k^,k2)  =  ve(k^,k2)* 

(d/q0.  When  this  expression  is  inserted  into  eq. (48)  (with  p  =  0)  the  sound  field  is 
obtained.  In  spite  of  the  fact  that  q^  can  become  zero  the  solution  is  well  behaved 
except  when  the  exciting  pattern  is  purely  periodic  with  wavenumber  k^2  +  k22  =  kg2 . 

A  more  complicated  case  is  the  radiation  when  on  parts  of  the  area  the  pressure  and  on 
other  parts  the  velocity  is  prescribed.  For  such  (mixed  boundary  value)  problems  more 
elaborate  mathematical  techniques  (Wiener-Hopf )  have  to  be  used. 
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3.2  Solids 


For  solids  the  same  basic  procedure  can  be  used  as  for  gases  or  liquids.  The  basic 
equation  in  this  case  is  eq. (32) .  Expressing  all  quantities  in  terms  of  their  Fourier 
transforms  and  restricting  ourselves  to  purely  harmonic  motion  gives  the  following  gene- 
ral  solution  according  to  eq. (39) 


»•/[(, 


Sen 


/  ir>  +t 

oiAT 
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:Ht*3 


e  t  < 


(51) 


Sc#£  *y&T 

The  quantities  qc  and  qT  are  given  by  eq. (40)  and  (41)  and  the  relations  (42)  have  to  be 
observed. 

In  addition  to  eq.(51)  we  need  expressions  relating  the  stresses  and  the  displacements. 

Obviously  these  are  eq. (6)  and  (16)  which  in  terms  of  Fourier  transforms  become 

v  V 


f--&minu<+Ur+Hr- 


(52) 


Here  the  relations  (42a)  have  been  employed  already,  but  they  are  needed  again  to  elimina¬ 
te  some  of  the  variables  f  .  Eq. (52)  is  a  system  of  nine  equations  but  it  is  highly  redun- 

v  v  ^ 

dant;  e.g.  O'.  .  =  (T*.  .  .  Out  of  the  remaining  six  expressions  only  three  are  needed.  For 

31  x  /  x 


the  geometry  shown  in  sect.  3.1  these  are,  after  ^c,  ^2C 

1 

0  ‘  ft 


and 
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IT 


have  been  eliminated 
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By  combining  these  three  equations  one  finally  gets 

v 


(53) 


(54) 


(55) 
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and 


-7 
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/» 

w M'Mrt 

(56) 


f  =±  i 


or,, 2qc  fe 


(57) 


Thus  if  the  Fourier  transforms  of  the  normal  force  and  the  shear  forces  and 

3  3  /  *  3  2  31 

in  a  plane  are  known  the  Fourier  transforms  of  the  displacements  and  can  °ktained 

from  eq. (56)  and  (57) .  Since  the  other  displacement  components  follow  from  eq. (42)  or 
(42a)  the  problem  is  solved.  If  instead  of  the  forces  the  displacements  are  given  the 
procedure  is  similar.  The  problem  can  also  easily  be  solved  if  in  one  entire  x^ -plane 
one  component  of  the  displacement  vector  and  two  force  components  are  prescirbed.  If  for 
example  ^  e=  /3C  +  /2 


and  0^2  and  0^3  are  known  one  finds 


M*i34 1  .  A  M.+4&  {  .  n  {  ± 

Z  ^  V*  4f  ‘  ^ M  fi  4? 

The  other  components  can  again  be  found  from  eq. (42a) . 

In  Fig. 2  the  paths  of  the  particles  that  have  been  calculated  using  the  above  equati¬ 
ons  can  be  seen  for  examples,  which  again  are  of  two-dimensional  nature. 

From  these  figures  and  many  other  similar  data  some  general  conclusions  can  be  drawn 
which  are  very  similar  to  those  at  the  end  of  section  3.1. 

a.  If  the  excitation  has  a  spatial  periodicity  with  wavelength  A  the  generation  of 
compressional  waves  is  weak  if  A<A^  (A^  being  the  free  compressional  wavelength 
Ac  =  27r/kc)  ;  in  addition  the  generation  of  shear  waves  is  weak  if  Ae<AT  =  27r/kT. 
Deviations  from  the  periodicity  in  the  excitation  have  the  same  effect  as  described 
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in  sect.  3.1. 

b.  The  generation  of  compressional  waves  is  very  strong  when  The  generation 

of  shear  waves  is  very  strong  when  X^v  X T.  The  amplitudes  depend  mainly  on  the 
size  of  the  excitated  area. 

c.  If  the  excitation  is  due  to  a  "frozen"  pattern  that  moves  with  convection  speed  Ue 
no  compressional  waves  are  propagated  if  Ug  <  Cc  and  no  shear  waves  are  propagated 

if  ue  <  V 

d.  If  the  excited  area  is  very  small  conclusion  d  of  sect.  3.1  holds,  too. 

e.  Conclusion  e  of  sect.  3.1  holds  also. 

One  peculiarity  of  wave  propagation  in  solids  with  a  free  surface  is  the  existence  of 
Rayleigh  waves.  These  are  waves  that  are  limited  to  a  layer  near  the  free  surface  (see 
Fig. 2).  The  particle  path  in  this  case  is  neither  parallel  nor  perpendicular  to  the  di¬ 
rection  of  wave  propagation;  instead  the  particles  move  along  ellipses.  The  wave  number 
of  Rayleigh  waves  is  determined  by  the  vanishing  of  the  denominator  of  eg. (56)  or  (57) . 
This  leads  to  a  third  order  polynomial  in  (k^2+k22)  which  has  two  complex  and  one  real 
root.  It  can  be  shown  that  this  real  root  which  we  call  k  2  is  slightly  bigger  than  k  2 . 
It  is  approximately  given  by  . - - - > 


l\A-  v) 


As  in  the  case  of  the  other  wave  types  the  generation  of  Rayleigh  waves  is  especially 

pronounced  when  X  >  X_  -  27r/k_.  or  when  U  >  CD  =  u>/k_. 

e  k  k  e  k  k 

4 •  Reflection  of  waves 
4 . 1  Gases  or  fluids 

When  sound  waves  are  reflected  at  a  plane  boundary  the  resulting  field  can  be  under¬ 
stood  as  the  direct  field  combined  with  the  field  of  an  image  source.  The  amplitude  and 
the  phase  of  the  image  source  depend  on  the  reflection  coefficient  of  the  boundary.  Since 
this  phenomenon  is  so  simple  no  examples  need  to  be  given  here. 


4 . 2  Solids 

For  waves  in  solids  things  are  somewhat  more  complicated  and  usually  it  is  not  possi¬ 
ble  to  express  the  resulting  sound  field  in  terms  of  image  sources.  The  reason  for  this 
is  that  there  is  wave  type  conversion  at  boundaries?  i.e.  compressional  waves  are  parti¬ 
ally  transfered  to  shear  waves  and  vice  versa. 

Using  the  Fourier  transform  method  again  it  is  more  or  less  an  exercise  in  linear 
algebra  to  calculate  the  reflection  when  the  incoming  wave  and  the  properties  of  the 
boundaries  are  known. 

Out  of  the  many  possible  combinations  of  displacements  and  stresses,  we  shall  treat 
here  only  the  case  when  the  displacements  of  the  incoming  waves  are  known  and  the  stresses 
®33'  ^23'  ^ \3  t^ie  surface  x^  =  0  are  given  (usually  they  are  zero)  .  For  this  case 
the  incoming  wave  may  be  written 

e  i. A  f[e  .  f  jjl  jtL 


Not  all  of  the  functions  and  ^AT  need  be  given.  It  is  enough  to  know  two  of  them 

the  rest  follows  from  the  relations  (42a) . 


The  reflected  wave  has  the  same  wave  numbers  in  x^  and  direction  (trace-matching 
/4 / )  but  in  x^-direction  the  wave  numbers  are  opposite.  Thus  we  have  for  the  reflected 

U  4 J  «  «  <«> 
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If  eq.  (60)  and  (61)  are  introduced  into  eq.  (53) ,  (54)  , (55)  the  following  expressions  are 


has  been  used. 


Thus  if  the  incoming  wave  and  the  three  stresses  (f^,  ^3'  ^13  are  known  (most 

often  they  are  zero  because  this  corresponds  to  a  free  surface)  the  reflected  waves  can 
be  calculated. 

The  wave  field  in  solids  when  one  reflection  has  taken  place  was  also  calculated  for 
several  examples . Surprisingly  it  turned  out  that  quite  often  the  wavefields  look  very 
similar  to  those  in  fluids  or  gases  in  spite  of  the  fact  that  the  reflection  mechanism  is 
rather  different. 


5 .  Wave  guides 

If  we  now  turn  to  media  with  two  or  more  parallel  sides,  we  obtain  wave  guides.  Here 
again  the  spatial  Fourier  transform  method  is  useful  provided  that  everything  can  conve¬ 
niently  be  expressed  in  cartesion  coordinates.  (For  some  other  simple  geometries  similar 
calculations  can  be  performed  by  using  other  coordinate  systems) .  All  that  has  to  be  done 
is  to  express  the  field  in  terms  of  plane  waves  in  opposite  directions  and  to  adjust  the 
freee  variables  in  such  a  way  that  the  boundary  conditions  are  fulfilled.  If  this  is  done, 
it  turns  out,  that  there  are  a  number  of  wave  types  that  are  propagated  unchanged  if  the 
frequency  is  above  a  certain  cut-off  value. 


5 . 1  Gases  or  fluids 


A  very  simple  wave  guide  consists  of  a  gas-filled  duct  with  rigid  walls.  In  this  case 
the  normal  component  of  the  velocity  vanishes  at  =  ±  h.  Since  this  corresponds  to 

_  _  q 

i  Dx3  ' 

eq. (48)  leads  to 


f°r  x3  = 


(65) 


sin  2qgh  =  0  or  qgh  =  ir  n/2. 


Taking  into  account  that  Re  {  qg}^  kg,it  turns  out  that  propagating  waves  with  n  nodal 
lines  in  x^-direction  are  possible  only  if 

^  ~A-  n,t/H  n-°'1'2 .  *661 

Another  simple  wave  guide  consist  of  a  fluid-filled  duct  with  soft  or  free  surfaces. 
In  this  case  the  pressure  disappears  at  x^  =  ±  h  and  it  turns  out  that  propagating  waves 
are  possible  only  if 


Fig. 3  shows  some  examples  of  wave 


cJ 


*-> 


2^+4  ir 
& 


patterns  in 


2  & 

fluid- 


or  gas-filled  ducts. 


5 . 2  Solids 

For  solid,  rectangular  wave  guides  the  starting  equations  are  eq.  (51 ) -  (55) .  The  mathe¬ 
matical  procedure  is  the  same  that  has  been  applied  in  sect.  5.1  for  gases  and  fluids, 
the  only  difference  is  that  the  calculations  are  lengthier. 

If  we  restrict  ourselves  to  free  beams  and  plates  with  thickness  2  h;  i.e.  to  wave 
guides  with  ~  ®^31  =  0  at  ^he  planes  x^  =  ±  h,  eq.(51)  introduced  into  (53)- 

(55)  yields  the  following  conditions  for  free  wave  propagation. 
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(See  eg. (64)  for  N), 


Kg.  (67)  and  (68)  have  an  infinite  number  of  solutions,  but  unfortunately  they  cannot 
be  expressed  explicitely.  For  many  practical  applications  it  is  however  enough  to  know 
the  lowest  order  solution .  They  are  found  by  expanding  the  tg-f unction  up  to  the  third 
order.  The  result  is  that  free  waves  on  thin  plates  are  possible  if 


=€ . 


Eg. (69)  which  follows  from  (67)  is  just  the  dispersion  relation  for  bending  waves  on 
plates,  eg.  (70)  which  is  derived  from  (68)  describes  (guasi-)  longitudinal  waves  on  pla¬ 
tes  . 

Fig. 4  shows  some  examples  of  the  vibration  patterns  of  plates  of  different  thickness. 
Fig. 5  shows  plates  that  are  excited  over  a  small  area  with  a  constant  pressure.  In  this 
case  the  stress  component  6^3  is  zero  except  for  a  small  area  over  which  it  is  constant. 
By  Fourier-transforming  6^3  and  applying  eg.  (51) -(55)  the  wave-patterns  are  obtained. 

6 .  Impedances 

For  problems  of  sound  radiation  and  of  vibration  transmission  it  is  important  to  know 
the  impedance  or  admittance  of  a  system.  This  way  the  mechanical  power  generated  by  a 
source  and  the  transmission  properties  at  discontinuities  or  junctions  can  be  treated  in 
a  rather  convenient  way.  The  definition  of  impedance  Z  and  admittance  A  are 

1  p  A  _  v 


*-t;  A-f  , 

where  F  is  the  complex  amplitude  of  the  force  and  v  the  complex  amplitude  of  the  velocity; 
obviously  Z  and  A  are  defined  only  when  the  motion  is  purely  harmonic  in  time. 

Quite  often  it  is  said  that  F  is  a  “point  source"  i.e.  a  force  acting  over  a  vanishing 
small  area.  Such  a  condition,  however,  causes  some  difficulties,  because  if  the  force  is 
kept  constant  and  the  area  is  made  smaller  and  smaller  the  velocity  around  the  source  re¬ 
gion  increases.  This  is  true  for  all  materials  with  finite  shear  stiffness  (i.e.  for  all 
solids)  and  it  is  especially  true  for  liguid  or  gases.  Thus  it  turns  out  that  the  concept 
of  a  point  impedance  is  not  a  very  useful  one  if  it  is  taken  literally  because  it  depends 
on  the  size  of  a  "point".  The  problem  can  be  resolved,  however,  if  the  discussion  is  re¬ 
stricted  to  the  real  part  of  admittance.  This  guantity  determines  the  mechanical  power 
which  is  transmitted  from  a  source  into  a  medium.  If  damping  is  not  present  it  must  be 
possible  to  find  this  power  again  in  the  field.  In  the  farfield,  however,  the  wave  numbers 
k.  and  k  have  to  be  below  a  certain  limit  otherwise  the  guantities  q  or  g  or  q  be- 
come  imaginary  which  corresponds  to  exponentially  decaying  near  fields.  Thus  the  integra¬ 
tion  of  eg. (51)  has  to  be  performed  only  in  the  range  k^2+k22<kg2  or  k^2  or  kT2 .  If  we 
now  take  an  excitation  of  the  form 


®33  1^2  ) 


F/e2,  within  X?+xf<  V 


L  1/  otherwise 

-  i.e.  the  excitation  is  restricted  to  a  region  of  dimensional  -  we  get  a  Fourier-trans- 
v 

form  633(^1^2)  which  is  constant  for  k^2 +k^2 <1 /l2  .  Thus  if  k^l<1  or  k^l<1  the  integrati¬ 
on  in  the  far  field  extends  only  over  those  values  of  k^  and  k2  for  which  O^tk^k^)  is 
constant;  therefore  we  get  a  result  which  is  independent  of  the  details  of  the  source 
configuration . 


So  the  result  of  the  calculation  is  that  the  real  part  of  the  admittance  is  indepen- 
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dent  of  the  source  dimensions  and  source  shape  as  long  as  kgl<1  or  in  the  case  of  solids 
k^l<1 .  The  imaginary  part  of  the  admittance  depends  very  strongly  on  the  source  configu- 
ration.  If  the  source  is  very  small  there  is  a  very  pronounced  sloshing  motion.  These 
conclusions  hold  for  fluids  or  gases  (where  they  are  obvious)  as  well  as  for  solids.  As 
a  practical  conclusion  it  should  be  noted  that  the  measurement  of  the  imaginary  parts  of 
admittances  poses  some  difficulties  which  should  be  taken  care  of  when  results  are  com¬ 
pared. 


Fig. 6  shows  the  admittances  of  solid  layers  of  different  thickness  and  frequency.  In 
the  one  dimensional  case;  i.e.  when  a  strip  of  width  D  is  excited,  the  ordinate  is 

l-&± 

/V~  P  CO 

in  the  two  dimensional  case;  i.e.  when  a  circle  of  diameter  D  is  excited  the  ordinate  is 

/i'p  p  oJi?T  t 


(73) 


(73a) 


The  abzisse  is  H  =  2h7r/\ 


kTh  where  h  is  half  the  thickness. 


The  curves  are  surprisingly  smooth  in  spite  of  the  fact  that  there  are  many  cut-off 
frequencies.  As  has  been  expected  the  real  parts  are  independent  on  source  size  whereas 
the  imaginary  parts  change  considerably  ?  for  the  one  dimensional  case  they  have  a 

logarithmic  singularity  as  D  goes  to  zero,  for  the  two  dimensional  case  there  is  a  1 /D 
singularity.  The  limiting  cases  which  follow  either  from  the  simple  bending  wave  theory 
or  from  the  calculations  on  the  semi-infinite  model  are 


kellj  tf'H 
fe{4]  =  OMifT)  H" 


(74) 


falVs 

If  one  is  satisfied  with  a  25%  accuracy  the  real  parts  of  the  admittances  can  be 
estimated  the  following  way; 

a.  determine  the  relevant  wave  length  Xre-^;  i.e.  bending  wave  length  for  plates, 
Rayleigh  wavelength  for  a  very  thick  structure, 

b.  make  a  sphere  of  radius  ^rei/4  around  the  excitation  (in  the  case  of  strip  exci¬ 
tation  one  obviously  has  to  make  a  circle  of  radius 

c.  determine  the  mass  inside  this  sphere  (or  circle)  and  call  it  mre^, 

d.  calculate 


It  easily  can  be  checked  that  this  formula  holds  not  too  badly  when  it  is  applied  to  a 
force  acting  on  a  fluid  medium  (dipole-radiator) .  Thus  we  have  as  a  rather  general  rule: 
The  real  part  of  the  admittance  is  roughly  determined  by  the  mass  within  the  range  ^rej/4« 


0,H m-r) 

'  0,45  (1-vj 
0,OM-r)J.T/D. 
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7 .  Wave  guides  with  locally  reacting  absorbers 


Lined  ducts  are  very  successfully  used  to  reduce  the  sound  transmission  in  air  con¬ 
ditioning  systems  and  other  gas  or  fluid  filled  pipe  configurations.  The  theoretical  mo¬ 
del  which  is  used  to  describe  the  behaviour  of  such  devices  is  rather  simple;  it  consists 
of  a  wave  guide  with  boundaries  that  have  a  given  locally  reacting  impedance 


-%)/ . 

nnnnnnnnnnr 


locally  reacting 
attachments  with 
impedance  Z, 


h 


Using  the  same  notation  as  in  the  previous  sections  but  letting  =  0  the  boundary 
conditions  at  the  planes  -  ±  h  are  /5/,/6/ 

-/M 


(78) 


This  system  of  linear  equations  with  the  unknowns  pa  and  pR  has  a  solution  only  if 
the  determinant  vanishes.  This  way  the  real  and  imaginary  parts  of  qg  are  given  (as  a 
transcendental  equation);  they  in  turn  determine  the  wave  number  in  the  x^ -direction 
whose  imaginary  part  is  the  decay  constant  for  sound  waves  in  the  direction  of  the  duct 
axis . 

Thus  it  is  possible  to  calculate  the  decay  of  sound  in  ducts  if  the  impedances  are 
given  /6/,/7/.  This  is  done  quite  often  in  practice  and  the  fact  that  it  is  possible 
nowadays  to  build  silencers  that  show  a  decay  of  more  than  3  dB  per  duct  height  is  to  a 
large  degree  due  to  the  fact  that  the  sound  propagation  in  such  ducts  is  so  well  under¬ 
stood  . 

The  situation  is  much  less  favorable  for  solid  wave  guides.  In  this  case  the  theory 
is  just  at  the  beginning  / 8 /  and  the  decay  rates  that  are  achieved  in  practice  are  much 
lower  than  those  that  are  quite  common  in  air  borne  sound  problems  in  spite  of  the  fact 
that  the  wave  lengths  in  both  cases  are  of  the  same  order  of  magnitude. 

This  is  somewhat  surprising  because  the  theoretical  model  for  a  solid  wave  guide 
with  attachments  is  practically  the  same  as  the  one  used  in  the  first  part  of  this  sec¬ 
tion  to  describe  sound  in  gas  or  fluid  filled  wave  guides;  the  only  difference  is  that 
the  equations  are  approximately  twice  as  long. 

If  the  figure  between  eq. (77)  and  (78)  is  understood  as  a  solid  wave  guide  and  if 
it  is  assumed  that  the  attachments  do  not  generate  shear  forces  the  equations  corres¬ 
ponding  to  eq. (78)  are 


=  0 
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j 


(79) 


If  0^3  and  are  expressed  in  terms  of  |3  by  using  eq.(53)-(55)  a  set  of  four 

linear  equations  is  obtained.  Here  again  the  vanishing  of  the  determinant  yields  the 
free  wave  number  and  thus  also  the  decay  rate  in  -direction . 

If  realistic  impedances  are  introduced  into  equation  (79)  it  turns  out  that  at  least 
in  narrow  frequency  bands  the  decay  rates  can  be  extremely  high,  making  it  rather  likely 
that  effective  ’’mufflers"  for  structural  vibrations  on  beams  and  other  solid  wave  guides 
can  be  built. 

References 

/I/  Morse,  P.M. ;  Feshbach,  H. :  Methods  of  Theoretical  Physics.  Part  I,  Chapt.  1.6 

McGraw  ~  Hill  Book  Company,  New  York, (1953) 

/2/  Lighthill,  M.J.:  On  sound  generated  aerodynamically .  I  General  Theory. 

Proc.  Roy.  Soc.  A  211,  564-587  (1952) 

/ 3 /  Achenbach,  J.D.:  Wave  propagation  in  elastic  solids.  Chapt.  2.4 

North-Holland  Publishing  Company,  Amsterdam  (1973) 

/ 4 /  Cremer,  L.;  Heckl,  M. ;  Ungar,  E.E.:  Structure-borne  Sound.  Chapt.  II,  6,  a 

/ 5/  Morse,  P.M.: 

/ 6 /  Cremer,  L. : 

HI  Mechel,  F.: 

/8/  Heckl,  M.: 

/ 9 /  Heckl,  M.: 


Springer,  Berlin  (1975) 

The  transmission  of  sound  inside  pipes. 

J.  Acoust.  Soc.  Amer.  ££,  205  (1  939) 

Theorie  der  Luf tschalldampfung  im  Rechteckkanal  mit  schluckender 
Wand  und  das  sich  dabei  ergebende  hochste  Dampf ungsmafi . 

Acustica  3_,  249  (1953) 

Schalldampfer .  Chapt.  19  in  Taschenbuch  der  Technischen  Akustik 
Springer,  Berlin  (1973) 

Korperschalldampfung  bei  Balken  durch  seitlich  angebrachte  Wider- 
stande. 

Acustica  £5,  201  (1980) 

Korperschalliibertragung  bei  homogenen  Platten  beliebiger  Dicke. 

To  be  published  in  Acustica  1981 


137 


a) 


•  •  •  .  *  •  i  i  •  >#0  y  l  . .  *  •  * 

•  . »  e  fl  II  H  »  •  •  *  ‘  •  *  * 

••»•«♦***•*  I  |  j  I  #*****••  * 

. .  •  *  *  H  h  ’  . . *  * 

#•***###•*//!  1  \  ^  *  ******  • 

9  I  I  I  «***•**“  • 

•  ••«•**»•*  I  I  I  I  I  *  •  *  •  *  *  *  *  * 

...  * . ♦  f  I  *  I  »«*»*♦*•*  * 

#<*flt\\*»*%%*** 


Fig .  1 

Examples  of  calculated  particle  paths  in  fluids  which  are  excited  at  a  free  surface. 
The  upper  line  gives  the  spatial  distribution  of  the  excitation.  (Ae=  wave  length  of 
the  excitation) . 

a)  Ae>Ag  infinite  excitation  area,  above  coincidence 

b)  Ae<As  infinite  excitation  area,  below  coincidince 

c)  Ae>Ag  finite  excitation  area. 

d)  plane  radiator  with  constant  phase. 
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e)  f) 

Fig.  2 

Examples  of  calculated  particle  paths  in  solids  which  are  excited  at  a  free  surface. 

The  upper  line  gives  the  spatial  distribution  of  the  excitation. 

a)  Ae>Ac>AT  infinite  excitation  area.  Compressional  waves  and  shear  waves  are  generated. 

b)  Some  as  a)  but  without  shear  waves. 

c)  Ac>Ae>AT  infinite  excitation  area.  Mainly  shear  waves  are  generated. 

d)  Ac>AT>Ae  infinite  excitation  area.  Only  near  field  excitation. 

e)  Ac>Arp>xe  finite  excitation  area.  Mainly  Rayleigh  waves. 

f)  Localised  excitation. 
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Fig.  3 

Wave  fields  in  fluid  or  gas  filled  ducts 
a)  and  b)  hard  walls 

c)  and  d)  soft  walls 


g)  h) 

Fig .  4 

Wave  fields  in  solid  ducts  with  free  surface 

a)  bending  wave 

b)  (quasi-)  longitudinal  wave 

c) -h)  higher  order  modes 
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Fig .  5 

Wave  fields  in  thick  plates  that  are  excited  by  a  localised  pressure  distribution 
(see  upper  line) . 


Continued  from  page  18,  Fig.  6 

B:  Real  part  for  excitation  in  a  circle 

curve  a:  Poisson's  ratio  =  0;  D/X^  =  10 


curve  b:  Poisson's  ratio 
curve  c:  Poisson's  ratio 


10 


=  0,33;  D/Xt 
=  0,5;  D/Xt  =  10 
curve  d:  Theoretical  value  for  a  thin  plate 
Imaginary  part  for  strip  excitation 
curve  at  D/XT  =  0,316 
curve  c:  D/XT  =  0,0316 
curve  e:  D/XT  =  0,00316 

curve  g:  Theoretical  value  for  thin  beam. 


-3 

-3 


curve 

b: 

D/Xt  =0,1 

curve 

d: 

D/Xt  =  0,01 

curve 

f ; 

D/Xt  =  0,001 

D:  Imaginary  part  for  excitation  in  a  circle 


curve 

a: 

D/Xt 

= 

0,316 

curve 

b: 

D/Xt 

= 

0,1 

curve 

c : 

D  /  Xrp 

= 

0,0316 

curve 

ds 

D/  Xrp 

= 

o 

o 

curve 

e ; 

D/  Xrji 

= 

0,00316 

curve 

f : 

d/xt 

- 

0,001 

Real  and  imaginary  parts  of  the  normalised  admittance  for  excitation  within  a  circle  of 
diameter  D  (Ap)  or  a  strip  of  width  D  (As) . 

As  Real  part  for  strip  excitation 
curve  a:  Poisson* s  ratio  -  0 

curve  b:  Poisson's  ratio  =  0,33 

curve  c:  Poisson's  ratio  =  0,5 

curve  d:  Theoretical  value  for  a  thin  beam 


Continuation  at  page  1 7 
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PROCEDURES  RELATING  THE  NEAR-  TO  THE  FAR-FIELDi  IMAGING  TECHNIQUES 


M.  C.  Junger 

Cambridge  Acoustical  Associates,  Inc. 
54  Rindge  Avenue  Extension 
Cambridge,  Massachusetts  02140,  USA 


The  formulation  of  the  pressure  field  of  an  arbitrary  sound  source  in  terms  of 
the  Helmholtz  integral  is  discussed.  Analytical  and  experimental  approaches  to 
the  evaluation  of  this  integral  are  described.  The  latter  emphasize  the  use 
of  measurements  taken  in  the  near- field.  The  plane-wave  asymptotic  technique 
is  described.  The  concept  of  intensity  is  introduced  and  its  measurement . for 
harmonic  and  random  signals  described.  Finally,  two  types  of  computer 
holography  are  described:  One  of  these  provides  a  wavenumber  filtering 
procedure  which  reconstructs  only  the  supersonic  components  of  the  dynamic 
configuration  of  the  source;  the  other  reconstructs  the  actual  conf iguration 
of  the  source;  as  well  as  the  three-dimensional  pressure  and  vector  intensity 
fields. 


The  infinite  homogeneously  vibrating  surface.  Lecture  7,  Section  B.3,  generates  a  pressure  field 
uniquely  related  to  its  monochromatic  line  wavenumber  spectrum.  Specifically,  if  kg  <  k,  the  train  of  waves 

radiates  plane  sound  waves;  if  kg  >  k,  it  generates  incompressible  near-field  pressures.  In  other  more 

realistic  situations,  the  dynamic  configuration  of  the  radiating  surface  embodies  a  wavenumber  spectrum 
resulting  in  a  transform  extending  over  all  wavenumbers.  This  situation  was  encountered  in  the  analysis  of 
various  sound  sources:  the  piston,  the  finite  cylinder,  and  the  point-excited  plate.  In  these  situations, 
there  does  not  exist  a  one-to-one  relation  between  the  dynamic  configuration  of  the  vibrating  surface  and 
the  far-field  pressure.  Specifically,  the  transition  from  the  vibrating  surface  or  the  near-field  to  the 
far-field  is  effectively  a  low-pass  wavenumber  filter  which  eliminates  the  subsonic  portion  k  <  k^  of  the 

wavenumber  spectrum.  In  fact,  vibrational  patterns  differing  as  to  their  subsonic  spectrum  generate  similar 
far-fields  if  their  supersonic  wavenumber  spectra  coincide.  There  is  therefore  an  incentive  to  determine 
which,  features  of  the  structural  vibrations  are  responsible  for  sound  radiation.  Several  of  these 
techniques  will  be  described. 

A.  THE  HELMHOLTZ  INTEGRAL 

Rayleigh's  formula  (Lecture  7,  Section  B.l)  or  the  Hankel  transform  formulation  (Lecture  7,  Section  B.2 
to  B.5)  are  confined  to  planar  radiators  located  in  a  rigid  baffle  or  endowed  with  a  plane  of  symmetry. 

Other  source  configurations  which  allow  the  analytic  construction  of  the  far-field  from  information  on  their 
surface  configuration  are  equally  limited  to  certain  geometries,  e.g.,  the  infinite  cylinder.  For  arbitrary 
surfaces,  the  far-field  is  given  in  terms  of  the  surface  pressure  as  well  as  the  normal  accelerations  of  the 
radiating  surface.  An  expression  for  the  pressure,  applicable  both  in  the  near-  and  far-field,  is  the 
Helmholtz  Integral : 1 


Green's  function  which  satisfies  the  inhomogeneous  Helmholtz  equation 

=  -6C|r-ro|) 


p(R)  - 


/> 


S(R  ) 
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where  g  is  the  free-space 


(V2+k2)g(|R-R  I) 


The  free-space  Green's  function  is  effectively  the  point  source,  Eq.  5.26^  specialized  to  unit  strength 
Q  =  1  and  generalized  to  arbitrary  source  locations  by  replacing  R  by  | R-R  | .  This  function  and  its  normal 
derivative  are 


g(|R-Ro|> 


exp  ( ik  |  | )_ 
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(1-ik I R-R  I)cos0 
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(1) 


2  _  _  2 

=*  -ikgcosQ  ,  k  »  1 

where  0  is  the  angle  between  the  outward  normal  and  the  vector  R-R  . 

o 

The  Helmholtz  integral  is  a  powerful  tool  which  constructs  a  three-dimensional  pressure  field  from  the 
surface  pressure  and  its  normal  derivative.  This  integral  formulation  is  based  on  Gauss 1  Integral  Theorem 
which,  relates  volume  and  surface  integrals.  Introducing  the  boundary  condition,  Eq.  5.16,  the  Helmholtz 
integral  can  be  written  in  terms  of  pressures  and  accelerations: 

/  (p  S  +  p"g)  ds 

S  X  1 


P(R)  - 


(2) 
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On  a  planar  surface,  the  pressure  and  acceleration  integrals  contribute  equally.  One  can  therefore  drop 
the  pressure  component  of  the  integral  and  multiply  the  acceleration  integrand  by  2.  This  yields  Rayleigh ' s 
formula,  Eq.  7.4.  More  generally,  the  surface  pressure  can  be  eliminated  whenever  there  exists  a  Green's 
function 


G  =  g+r  ,  —  =  0  on-  S  (R  ) 

on  o 


(3) 


where  V  is  a  solution  of  the  homogeneous  Helmholtz  equation.  If  a  Green's  function  of  the  form  of  Eq.3  can 
be  constructed,  the  pressure  component  drops  out  and 

p  (R)  =  J  GpwdS  (4) 

S 

This  is  effectively  a  monopole  distribution.  Alternatively,  for  these  same  source  configurations,  the  far- 
field  can  be  constructed  from  the  surface  pressures  as  a  dipole  distribution: 

P(R>  =  J  P  f|  as  (5) 

s 

The  analytical  construction  of  Green's  functions  suitable  for  implementing  either  Eq.  4  or  5  is  possible 
only  for  the  few  source  configurations  described  by  coordinate  systems  in  which  the  wave  equation  is 
separable,  viz.  the  infinite  plane,  the  infinite  cylinder,  the  sphere,  the  spheroid,  and  a  few  other  shapes 
of  little  practical  interest.  For  arbitrary  geometries,  if  information  is  available  on  the  normal  acceler¬ 
ation  only,  a  Fredholm  integral  equation  in  the  surface  pressure  must  be  solved  before  one  can  evaluate  the 
far-field  by  means  of  Eq.  2.  This  is  achieved  by  asymptotic  or  computer  techniques.  Alternatively,  both 
accelerations  and  surface  pressures  may  in  some  situations  be  determined  experimentally  and  used  to  approx¬ 
imate  the  integral  in  Eq.  2. 

■r 

B.  EXPERIMENTAL  APPROACHES  TO  THE  HELMHOLTZ  INTEGRAL 


1.  The  Direct  Implementation  and  its  Shortcomings 

Measurements  of  surface  pressure  and  acceleration  over  a  grid  of  points  can  clearly  be  used  as  input 
for  a  finite-difference  approximation  to  the  Helmholtz  integral,  Eq.  2.  Severe  drawbacks  of  this  "brute 
force"  approach  are  that 

a.  phase  must  be  monitored  between  all  grid  points  simultaneously; 

b.  the  spacing  of  grid  points  is  determined  by  the  structural  wavenumber  spectrum  and  is 
therefore  laboriously  fine  for  a  structure  with  stiffening  frames  and  other  complexities; 

c.  information  on  surface  pressures  and  accelerations  associated  with  the  subsonic  portion  of 
the  wavenumber  spectrum  is  discarded  by  phase  cancellation  when  the  integral  is  evaluated, 
thus  making  the  procedure  inherently  inefficient  and  unnecessarily  cumbersome. 

An  elementary  example  of  the  nature  of  this  inefficiency  is  provided  by  a  small  source  combining  pulsating 
and  reciprocating  motions  of  the  same  amplitude.  The  former  component  radiates  with  monopole  efficiency, 
its  sound  field  being  given  by  Eq.  5.26.  The  dipole  pressure  component  is  smaller  by  a  factor  kL,  where  L 
is  the  characteristic  dimension  of  the  source.  Consequently,  the  dipole  component  is  of  no  practical 
significance  with  regard  to  sound  radiation,  even  though  accelerometer  measurements  suggest  an  importance 
comparable  to  the  monopole  pulsation. 

2 .  Plane-wave  Asymptotic  Technique 

The  Helmholtz  integral  expression,  Eq.  2  is  equally  valid  on  a  control  surface  surrounding  the 
source.  Selecting  a  surface  at  sufficient  range  to  endow  it  with  a  radius  of  curvature  large  compared  to 
the.  acoustic  wavelength,  the  impedance  z (R)  approaches  the  p c-impedance  as  illustrated  for  the  sphere  in 
Eq.  5.28.  Setting  z  -  pc,  the  surface  pressure  in  the  integral  in  Eq.  2  can  be  approximated  as  pew  =  ipw/k, 
provided  the  control  surface  coincides  with  the  wave  front.  Alternatively,  one  can  replace  pw  with  -ikp. 
Another  large-argument  approximation  consists  in  assuming  that  k^R-Rol^  >>  i  in  the  latter  of  Eqs.  1,  thus 
permitting  the  omission  of  the  unit  term..  Under  these  circumstances,  the  Helmholtz  integral  can  be  evaluated 
in  terms  of  either  acceleration  or,  more  practically,  pressure  measurements: 

P  (R)  cj  p  J  gw(l+cos0)dS 
S 

-  -  ik  J  gp(l+cos0)dS 
S 

A  second  advantage  of  the  plane-wave  approach  is  that  the  grid  spacing  can  be  coarse,  viz.  somewhat  less 
than  the  acoustic  wavelength.  A  drawback  this  technique  shares  with  the  direct  implementation  of  the 
Helmholtz  integral  discussed  in  the  preceding  section  is  that  phase  must  be  monitored  simultaneously  between 
measurement  points.  Discussions  of  the  application  of  this  technqiue  to  transducer  array  calibration  are 
found  in  the  literature.2' 3 


We  now  turn  to  two  near- fie Id  techniques  which  recently  benefited  from  considerable  development  work. 
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C.  ACOUSTIC  INTENSITY  MEASUREMENTS 
1.  Definition 


Sound  intensity  is  a  vector  representing  acoustic  power  flow  in  the  direction  of  the  fluid  particle 
velocity.  This  power  is  normalized  to  the  unit  area  of  wave  front: 

I<t)  =  pd  (6) 

Consider  first  a  pressure  varying  harmonically  with  time  as  coswt.  The  corresponding  fluid  particle  velocity 
vector  can  be  formally  written  in  terms  of  a  vector  impedance  z: 

d  =  p/z 

Like  the  pressure  the  particle  velocity  is  harmonic  but,  except  when  the  plane-wave  prerequisits  are  met, 
it  is  phase- shifted: 

d(R,t)  =  d(R)  cos  (u)t+4>)  (6a) 

The  phase  angle  is  determined  by  the  ratio  of  the  real  and  imaginary  components  of  the  impedance 


for  harmonic  time  dependence  is 


dt 

(7) 


In  the  far-field,  this  reduces  to 
2 

<t>  =  p  /pc 
^rms  K 

where  the  vector  notation  is  not  required  since  the  wave  propagates  radially  outward  in  this  region.  The 
incentive  to  utilize  the  intensity  concept  as  compared  to  the  plane-wave  asymptotic  technique  is.  that  the 
former  does  not  impose  a  minimum  range  or  frequency.  The  direct  implementation  of  the  Helmholtz  integral 
(Section  B.l)  offers  this  same  advantage,  but,  like  the  plane-wave  approach,  it  requires  simultaneous 
measurement  of  phase  at  all  grid  points.  The  great  advantage  of  the  intensity  concept  is  that  only  relative 
phase  between  two  neighboring  points  need  be  measured.  Furthermore,  it  yields  information  on  the  location 
of  source,  areas  responsible  for  power  radiation.  In  contrast  to  other  approaches,  including  computer 
holography  (see  next  section) ,  near-field  intensity  measurements  do  not  permit  construction  of  the  far-field 
dlstribution-in-angle,  precisely  because  the  directivity  pattern  depends  on  the  phase  relations  between  grid 
points  on  the  control  surface.  The  picture  is  further  confused  by  circulating  power  cells  which  do  not 
contribute  to  the  far-field. 

2 .  Signal  Processing  in  the  Time  Domain 

About  fifty  years  ago,  Olson  proposed  a  technique  aimed  at  discriminating  against  incompressible 
"pseudo-sound”  pressures  by  finite-difference  measurement  of  intensity.  This  he  accomplished  by  means  of 
two  probes  spaced  a  distance  D,  small  in  terms  of  wavelengths.  If  p^  and  p^  are  the  pressures  measured  by 
these  two  probes,  then 

p  “  2  (pa+pb)  =  I  lpa+pbl°OSUt 
and  from  Eq.  5.1  and  Eq.  6a  above: 


-=  -tan  x/r 


The  time- averaged  intensity 


<I>  = 


2tt/w 

f 

0 


2tt 


-  (pd)  cosl 
rms 


d  ~  — —  p.-p  cos  (wt+cj)) 
pckD  1  b  ^a1 

where  the  unit  vector  n  identifies  the  direction  where  Cpa"P^)  is  a  maximum.  Substituting  these  two 
relations  in  Eq.  7,  one  obtains  time-averaged  intensity  limited  however  to  harmonic  signals: 


<i>  s  2£os£  2  _  2 

2pckD  brms  arms 


(8) 


For  random  signals,  the  velocity  requires  time  integration  of  acceleration,  i.e.,  of  pa~p^.  A  further 
integration  of  the  instantaneous  intensity  yields  the  time- average  of  this  vector: 


<I> 


=  2DpT  f  (W  / 


<Pa-Pb)dt 


dt 
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For  stationary  signals,  the  product  of  a  function  by  its  time-derivative  tends  to  zero  if  averaged  over  a 
long  enough  time  interval.  Consequently,  only  the  two  cross  products  in  the  above  expression  contribute  to 
the  time- averaged  intensity: 


3.  Signal  Processing  in  the  Frequency  Domain 

Fahy4  noted  that  the  integral  in  Eq.  9  can  be  formulated  in  the  frequency  domain, 


<I> 


n 

2irDp 


/ 


ImG (p  ,p  ,f) 
_ a.  D _ 

f 


df 


(10) 


where  f  -  ai/27r  and  G  is  the  one-sided  cross  spectral  density.  The  evaluation  of  the  cross  spectral  density 
is  performed  after  digitization  of  the  signal.  This  technique  has  the  advantage  that  a  circuit  switching 
procedure  can  be  used  to  eliminate  instrument  phase  mismatch. 


The  time-averaged  product  in  Eq.  6  can  of  course  also  be  evaluated  from  a  pressure  measurement  made 
near  the  radiating  surface  and  an  acceleration  or  velocity  measurement  on  this  surface.5  The  intensity 
component  normal  to  the  surface  is 


<1  >  a=  <pw> 
n 


=  i  f  df 

2tt  J  f 
0 

A  comprehensive  up-to-date  description  of  intensity  measurements  tecniques  can  be  found  in  the  proceedings 
of  a  recent  international  congress.6 

D.  COMPUTER  HOLOGRAPHY 

This  last  technique  circumvents  some  of  the  drawbacks  of  the  approaches  described  above.  It  is, 
however,  still  at  an  early  stage  of  development.  Work  performed  to-date  in  the  U.S.,  at  the  Pennsylvania 
State  University  indicates  that  computer  holography  can  provide  a  detailed  picture  of  the  near-  and  far-field 
both  with  regard  to  pressure  and  vector  intensity.  It  provides,  furthermore,  a  means  of  filtering  the  wave- 
number  spectrum  of  the  vibrating  surface.  Two  basic  forms  of  the  technique  have  been  developed,  both 
limited  to  date  to  planar  radiating  surfaces,  even  though,  in  principle,  there  does  not  appear  to  be  an 
obstacle  to  their  adaptation  to  convex  sources. 

1.  Wavenumber  Filtering 


In  both  implementations,  pressures  are  measured  in  a  hologram  plane  parallel  to  the  source  plane. 

The  latter  coincides  with  the  (z=0)  plane,  while  the  hologram  plane  is  defined  by  z=z^.  In  the  first  appli¬ 
cation,  z^  is  large  enough  to  eliminate  evanescent  waves.  In  the  notation  of  Eq.  9.14,  exp(-ksZQ)  <<  1. 
Pressures  p  (x^y^/  ZQ)  are  measured  by  an  array  which  must  be  sparse  to  avoid  the  formation  of  standing  waves*. 

The  pressures  on  this  control  surface  can  be  used  to  construct  the  3-dimensional  pressure  field  by  means  of 
Eq.  5.  For  a  plane,  G  -  2g.  One  therefore  doubles  the  derivative  claculated  in  Eq.  1.  The  pressure  in 
Eq.  5  becomes 


p(.R) 


-2ik 


/ 


pgcosQ  dS 


(ID 


A  result  less  restricted  as  to  hologram  plane  range  can  be  constructed  by  using  the  first,  non- asymptotic 
expression  given  in  Eq.  1  for  3g/8r.  The  Green's  function  in  Eq.  1  describes  waves  propagating  outward 

into  the  semi-infinite  space  z  >  z  .  The  Green's  function  can  however  also  be  used  to  reconstruct  a  given 

o 

wave  front  at  an  earlier  time  t- (z^/c) ,  viz.  the  wave  front  on  the  source  plane  by  the  simple  device  of 
replacing  k  in  the  exponential  in  Eq.  1  by  -k,  thus  restoring  the  phase  of  the  sound  waves  as  it  leaves  the 

7  ft 

source  plane:''0 


p(x 


,yg)  =  -2ik 


/ 


pg  cos0  dS 


(12) 


The  asterisk  indicates  the  complex  conjugate  of  Eq.  1,  and  where  g  is  evaluated  for  the  range  from  a  point 
on  the  hologram  plane  to  a  point  on  the  source  plane: 
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|S-Rq|  =  tZo+<VXs)2+(yh“ys)2]1/2 

(13) 

z 

o 

cos0  =  - 

IHJ 


The  cosine  is  negative  since  z  >0  and  hence  0  >  tt/2.  The  pressure  on  the  source  plane  can  be  written 
explicitly  as 


p(xs'ys'0)  -  If  /  p(Wzo> 


ZQexp (— ik | R-R^ | ) 


dxhdyh 


(14) 


This  formulation  implies  a  time  dependance  of  the  form  exp(-iwt).  If  exp(ja)t)  is  assumed,  -i  must  be  changed 
to  +j.  In  theory,  should  be  infinite.  In  practice  the  integral  has  converged  for  an  array  measuring 

three  times  the  linear  dimension  of  the  source  plane. 


When  it  is  located  in  the  far-field,  the  array  senses,  by  definition,  exclusively  true  sound  pressures, 
rather  than  exponentially  decaying  "pseudo-sound" .  The  reconstructed  dynamic  configuration  of  the  source 
therefore  does  not  embody  subsonic  structural  wavenumbers.  The  dynamic  configuration 


w(xs,ys)  =  “P  19p/3z 


z  =  0 


reconstructed  from  Eq.  14  is  the  simplest  vibrational  pattern  capable  of  generating  the  measured  near-field. 
In  fact,  uniqueness  of  the  acoustic  solution  is  not  applicable  to  the  subsonic  portion  of  the  wavenumber 
spectrum  of  the  radiating  surface.7 8 * 

2.  Reconstruction  of  the  3-Dimensional  Field 

More  recently , 10  a  reconstruction  of  the  near-field  has  been  attempted  and  successfully  achieved. 
This  requires  an  array  located  close  to  the  radiating  surface  to  insure  that  the  evanescent  waves,  Eq.  9.14, 
are  of  sufficient  amplitude  to  be  detectable  in  the  presence  of  true  sound  waves.  The  pseudo-sound  amplifi- 
amplitude  on  the  radiating  surface  is  reconstructed  by  changing  the  sign  of  the  real  exponents  character¬ 
izing  evanescent  waves,  exp(-ksz)  being  replaced  by  exp(ksz) .  Consequently,  the  sign  of  all  exponents, 
whether  real  or  imaginary,  is  changed  to  restore  the  original  phase  of  sound  waves  and  amplitude  of 
evanescent  waves.  The  procedure  can  be  described  more  rigorously  by  stating  that  9G/9n  is  replaced  by 
its  reciprocal.  The  image  thus  reconstructed  yields  the  surface  pressure  spectrum.  The  computer 
reconstruction  is  also  used  to  calculate  the  distribution  of  Bp/9z,  and  hence  the  surface  acceleration  and 
the  normal  component  of  the  intensity  vector.  These  same  quantities  can  of  course  be  computed  on  other 
planes , 

This  technique  was  applied  to  a  shaker-excited  aluminum  plate  measuring  93  x  61  x  1.3  cm.  The  plate 
is  stiffened  with  one  frame.  An  array  of  256  microphones  covering  a  surface  of  325  x  324  cm  was  used.  Even 
though  the  elements  were  spaced  20  cm,  a  grid  point  distance  of  5  cm  was  achieved  by  translating  the  array. 

Figures  1  and  2  show  the  reconstructed  normal  intensity  component  on  the  plate.  Circulating  power 
cells,  whereby  a  portion  of  the  plate  acts  as  a  sink,  are  apparent,  especially  at  the  lower  frequency.  A 
drastic  change  in  the  distribution  and  amplitude  of  radiated  sound  results  from  the  minor  increase  in 
frequency  from  Figures  1  to  2.  The  reconstruction  of  the  z-component  of  the  intensity  field  61  cm  from  the 
plate  (Fig.  3)  shows  considerable  smoothing  and  the  absence  of  power  cells,  which  are  therefore  seen  to  be 
a  near- field  phenomenon.  Figures  4  and  5  display  the  intensity  vector  in  planes  normal  to  the  plate,  the 
orientation  of  the  plane  being  respectively  parallel  and  perpendicular  to  the  frame.  The  inability  of 
near-field  intensity  measurements  to  yield  information  on  far-field  distribution-in-angle  is  clearly 
apparent  from  the  change  in  directivity  with  range.  The  power  cell  in  Fig.  5  is  caused  by  a  failure  of 
the  epoxy  bond  between  plate  and  frame. 
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Fig.  2  -  Normal  component  of  the  intensity  vector  on  a  frame- stiffened  shaker- driven 
plate  at  877  Hz. 


WAVELENGTHS 


g.  3  -  Normal  component  of  the  intensity  vector  on  a  frame- stiffened  shaker-driven 
plate  at  688  Hz  on  a  plane  located  61  cm  from  the  plate. ** 
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Fig.  4  -  Intensity  vector  field  in  the  plane  of  symmetry  of  the  plate  normal  to  the 
stiffening  frame,  at  330  Hz.  The  asterisk  and  the  polygon  identify  vectors 
pointing  respectively  in  and  out  of  the  paper.  Vertical  grid  point  spacing 
is  4.5  cm. 11 
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Fig.  5  -  Intensity  vector  field  in  the  plane  containing  the  frame  of  the  plate  normal  to  the 
stiffening  frame,  at  330  Hz.  The  asterisk  and  the  polygon  identify  vectors  pointing 
respectively  in  and  out  of  the  paper.  Vertical  grid  point  spacing  is  4.5  cm. 11 
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RESUME 


Du  30  septeirbre  au  02  octobre  1981,  le  Centre  d1 Etudes  Techni¬ 
ques  des  Industries  Mecaniques  (CEHM)  a  organise  un  Congres  Interna¬ 
tional  sur  la  mesure  d 1 intensite  acoustique* 

Plus  de  200  participants,  represen tant  une  vingtaine  de  nations 
des  continents  de  l'Amerique  du  Nord,  de  l'Asie,  de  I'Australie  et  de 
1* Europe  (de  l’Est  came  de  l*Ouest) ,  ont  anime  des  debats  de  ce  Con¬ 
gres. 


Cccrpte  tenu  de  la  qualite  des  travaux  exposes  qui,  veritablenent, 
permettent  de  presenter  l’etat  des  ccnnaissances  dans  ce  danaine,  en 
nettant  en  evidence  les  difficultes  de  mise  en  oeuvre,  les  realisations 
actuelles  et  les  de ve loppemen ts  futurs,  une  tentative  de  synth ese  de  ce 
Coiloque  sera  exposee.  Les  legi  tines  contraintes  d '  edition  ne  permettent 
pas  de  foumir  en  tenps  utile  le  texte  de  cette  synthese  qui  sera  remis 
aux  participants  au  debut  de  ce  cours. 


&  et  Professeur  a  l'Universite  de  Tedmologie  de  Ccnpiegne. 
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SUMMARY 


Modal  Analysis  methods  based  upon  the  measurement  and  post  test  proces¬ 
sing  of  transfer  functions  in  digital  form  are  discussed.  The  analysis 
which  shows  how  modal  data  can  be  identified  from  transfer  function 
measurements  is  reviewed.  This  is  followed  by  a  discussion  of  alternative 
method  for  identifying  modal  data  from  transfer  function  measurements. 

Finally,  the  effect  of  vibration  in  terms  of  acoustics  is  covered. 


1.  INTRODUCTION 

At  the  present,  the  common  use  of  the  results  of  a  modal  analysis  carried  out  on  a  mechanical  structure 
consists  of  a  decomposition  of  vibration  into  animated  representation  of  the  different  mode  shapes. 

In  this  way  already  a  number  of  vibration  as  well  as  acoustic  problems  can  be  solved.  Measures  may  be 
proposed  based  upon  such  an  observation  to  get  rid  of  some  disturbing  fatigue  to  stiffen  the  structure 
dynamically  or  to  reduce  the  emitted  noise. 

There  are  a  few  techniques  to  analyse  the  dynamic  behaviour  of  a  structure  due  to  vibration  : 

-  equation  of  motion  (ref.l)  for  a  simple  rigid  body 

-  wave  equation  (ref.l)  for  an  elastic,  symetric  body 

-  finite  element  method  (ref.l)  for  complex  structure 

-  and  experimental  methods  as  normal  mode  (ref.l)  and  transfer  function  approach. 

In  this  paper,  modal  analysis  based  upon  measurement  and  post  test  processing  of  the  transfer  function 
data  in  digital  form  are  discussed.  Since  the  FFT  analyser  provides  a  broad  band  frequency  spectrum 
in  real  time,  it  can  be  used  to  get  modal  data  of  a  structure  from  a  serie  of  transfer  functions. 

Furthermore,  if  the  input  and  response  time  signals  are  measured  simultaneously,  FFT  transformed,  and  the 
transform  of  the  response  is  divided  by  the  transform  of  the  input,  a  transfer  function  between  input  and 
response  points  on  the  structure  is  obtained.  A  FFT  analyser  is  able  to  perform  this  operation  quickly 
and  accurately. 

Modal  analysis  is  the  process  of  characterizing  the  dynamic  behaviour  properties  of  an  elastic  structure 
by  identifying  its  modes  of  vibration.  A  mode  of  vibration  is  a  global  property  of  an  elastic  structure. 

It  can  be  expressed  in  terms  of  resonance  frequency,  modal  damping  and  mode  shapes.  Resonance  frequency 
and  modal  damping  can  be  identified  from  any  point  of  the  structure.  The  mode  shape  gives  a  spatial 
representation  of  the  structure  at  the  specified  resonance  frequency. 

Modal  testing  is  performed  on  mechanical  structures  in  an  effort  to  learn  more  about  their  elastic  beha¬ 
viour.  Once  these  dynamic  properties  of  the  structures  are  known,  its  behaviour  can  be  predicted,  and 
therefore  controlled  and  corrected  on  a  vibration  and  acoustical  point  of  view. 

All  these  modal  parameters  can  be  used  directly  by  a  mechanical  designer  to  modify  the  structure  by  adding 
mass,  stiffness  or  damping  in  order  to  minimize  the  modes  of  vibration  whose  radiation  efficiencies  are 
important. 

In  this  paper,  the  measurement  of  transfer  functions  in  digital  form  and  then  the  application  of  digital 
parameter  identification  techniques  to  identify  modal  parameters  from  the  measured  transfer  function  data 
are  discussed.  It  is  first  shown  that  the  transfer  matrix  which  is  a  complete  dynamic  model  of  an  elastic 
model  ofan  elastic  structure  can  be  written  in  terms  of  the  structure's  modes  of  vibration.  This  special 
mathematical  form  allows  one  to  identify  the  complete  dynamics  of  the  structure  from  a  reduced  set  of 
test  data,  and  is  the  essence  of  the  modal  approach  to  identifying  the  dynamics  of  a  structure. 

Next  various  considerations  which  apply  to  broad  band  testing  using  FFT  analyser  are  discussed.  Ways 
in  which  spectral  resol ution,  measurement  noise,  can  be  handled  with  a  digital  machine  are  also  discussed. 
Then  the  application  of  transfer  function  models  and  identification  techniques  for  obtaining  the  modal 
parameters,  single  degree  of  freedom  and  multi -degree  of  freedom  methods,  are  covered. 

Finally  one  needs  to  know  the  acoustic  radiation  from  the  vibration  structure. 

2.  THE  STRUCTURE  DYNAMIC  MODEL 


In  the  majority  of  present  days  modal  analysis  practice,  the  motion  of  the  physical  system  is  assumed  to 
be  adequately  described  by  a  set  of  simultaneous  second  order  linear  differential  equation  of  the  form 

Ax(t)  +  Cx(t)  +  Kx(t)  =  f(t)  (1) 
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where  f(t)  =  applied  force  vector 

x(t)  »  resulting  displacement  vector 
*(t)  =  resulting  velocity  vector 
x(t)  =  resulting  acceleration  vector 

and  C,  K  are  called  the  mass,  damping  and  stiffness  matrices.  If  the  system  has  n  dimension  or 
n  degrees  of  freedom,  then  the  above  vectors  are  n  dimensional  and  the  matrices  are  n  x  n.  The  mass, 
stiffness  and  damping  matrices  are  usually  assumed  to  be  real  valued  and  symmetric. 

If  the  damping  matrix  is  either  proportional  to  the  mass,  and  stiffness  matrices  (proportional  damping), 
or  can  be  replaced  by  a  complex  valued  stiffness  matrix  (structural  damping), or  does  not  exist  at  all, 
the  modal  analysis  is  called  normal  mode  practice. 

In  this  approach,  the  modal  parameters  are  identified  by  transfer  function  measurements.  Therefore  it  is 
convenient  to  write  equations  (1)  in  their  equivalent  transfer  function  form. 

Taking  the  Laplace  transform  of  the  system  equation  (1)  gives  : 

B(X)  *0Q  =  FOQ  (2) 

where  F(s)  :  Laplace  transform  of  applied  force  vector. 

X(s)  :  Laplace  transform  of  displacement  vector. 

B(s)  =Ms2  +  Cs  +  K 

B(s)  is  referred  as  the  system  matrix,  and  B(s)"1  as  the  transfer  matrix  H(s)  : 

H(s)  =  B(s)  -1  (3) 


Hence  H(s)  satisfies  the  following  equation  : 

*03  -  HCs)  .  F(V>  (4) 


For  a  n. dimensional  system,  the  matrix  H(s)  can  be  written  : 


(*)•••  In  .n  (s) 

:  hij(s) 

Hn.  (s)  h.n(s>) 


(5) 


Where  hij(s)  is  the  transfer  function  in  the  ith  row  and  jth  column  of  the  transfer  matrix. 

Typical  transfer  functions  of  one  single  degree  of  freedom  is  showed  in  figure  1. 

It  will  be  shown  in  the  next  section  that  it  is  possible  to  identify  all  modal  parameters  from 
measured  transfer  functions  to  specify  the  dynamic  characterises  of  the  structure. 


3.  MODAL  PARAMETERS  :  RESONANCE  FREQUENCY,  DAMPING  AND  MODE  SHAPES. 

The  modes  of  vibration  are  defined  in  mathematical  terms  and  it  is  shown  that  the  transfer  matrix  can  be 
written  in  terms  of  modal  frequency,  damping  and  modal  vectors. 

Since  the  transfer  matrix  H(s)  is  defined  as  the  inverse  of  the  system  matrix  B(s),  it  follows  that  the 
elements  of  H(s)  are  ratio  of  polynomials  in  s,  with  the  determinant  of  B(s)  in  each  denominator. 

The  transfer  function  hi j  can  be  written  : 

2n.2  2n.l 

hij(s)  =  bis  +  b2  s  .  +  b2rW5  +  b2n-2  (6) 

det  \>(s)] 

where  the  b's  are  polynomial  coefficients. 

If  the  system  is  n. dimensional  then  det  ( s )/  is  always  a  polinomial  of  order  2n  roots,  i.e  values  of 
s  for  which  det  jj3(s)j  =  0  L 

If  the  roots  of  det  Fb(s)J  are  assumed  to  be  distinct,  then  H(s)  can  always  be  written  in  the  partial 
fraction  form  u  J 

2n  Ak 

H(s)  =  - (7) 

k=l  S-  Pk 

where  Pk  :  kth  root  of  det  [b(s)J  =0 
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Ak  :  residue  matrix  for  k ^  root  (nxn  matrix) 
the  roots  Pk  are  referred  to  as  poles  of  the  transfer  function. 

From  figure  ,  the  system  is  said  subcritically  damped,  when  the  poles  are  complex  numbers.  Otherwise 

the  structure  is  critically  or  supercri tically  damped  when  the  poles  are  real  values  or  lie  along  the  real 
axis  of  the  s. plane. 

Each  complex  conjugate  pair  of  poles  corresponds  to  a  mode  of  vibration  in  the  structure.  They  are  complex 
numbers,  written  as 

Pk  =-6T+  iwk  Pk*  =  -Ck  -  iwk  (8) 

G?is  the  modal  damping  coefficient  andwk,  natural  frequency. 

Then  the  resonant  frequency  is  given  by _ 

5l>k  =\m^2  +  w<2  (9) 

and  damping  factor  or  percent  of  critical  damping  are 

C7 

£k  =  -p-—  no) 

J2k 

Therefore  when  £k  <  1,  the  mode  (k)  is  subcritically  damped. 

Modal  vector  (Uk)  are  defined  as  solutions  to  the  homogeneous  equation 

B[Pk]  Uk  =  0 

According  to  ref  [2J  ,  the  transfer  matrix  can  be  written 

H(s)  =  <£  qk  Uk  Uk  (11) 

KM  s  -  Pk 

ak  being  a  scaling  constant. 

Then  the  modal  residue  matrix  A  for  mode  (k)  can  be  written  in  terms  of  the  modal  vectors. 

Ak  =  <*k  Uk  uk*  ^ 

Shown  in  ref  M  ,  the  transfer  matrix  can  be  written  as  a  summation  of  (n)  conjugate  pairs  : 


%  u, 

where  U*  is  the  conjugate  of  Uk  and  P£  the  conjugate  of  Pk. 

Only  one  row  or  column  of  the  transfer  matrix  needs  to  be  measured  in  order  to  identify  all  modal  parameters 
of  a  structure  provided  the  following  assumptions  are  met. 

1.  The  motion  is  linear,  described  by  the  linear  second  order  equations. 

2.  The  symmetry  of  motion  or  reciprocity  £»•*.  B  and  H  matrices  are  symmetric]! 

3.  No  more  than  one  mode  exists  at  each  pole  location  of  the  system  transfer  matrix. 


4.  MODAL  TESTING  CONSIDERATIONS 


In  the  last  section,  it  was  shown  that  only  one  row  or  one  column  of  the  transfer  matrix  need  to  be  measured 
in  order  to  specify  the  modal  parameters  characterizing  the  mode  of  vibration  of  the  structure. 

In  this  section,  various  method  of  measuring  transfer  functions  with  a  digital  machine  are  discussed. 

In  addition,  digital  techniques  for  reducing  measurement  noise  and  increasing  frequency  resolution  are 
discussed. 

1 •  Iw2_channel_measurement^wi th_brgadband_exci tati on . 

Sine  wave  excitation  can  be  used  to  measure  transfer  function,  but  presents  some  disavantages  compared 
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to  other  types  of  signals  :  this  technique  is  slow  and  tends  to  invalidate  the  modal  parameter  estimates 
since  a  dynamic  behaviour  of  the  structure  presents  some  non  linearity.  A  broadband  random  signal  as 
transient  signal,  random  testing  is  actually  helpful  in  removing  the  effects  of  non  linear  behaviour 
from  the  measured  transfer  function  data. 

Iransient^testing 

As  fast  method  of  performing  transient  testing  is  to  use  a  hand  held  hammer  with  a  load  cell  attached 

to  impact  the  structure.  The  load  cell  measures  the  input  force,  and  accelerometers  mounted  on  the 

structure  measure  the  response  signals.  The  set  up  time  required  to  use  this  method  is  negligible  compared 

to  mounting  and  alignment  of  shakers.  A  typical  test  is  shown  in  fig. (3). 

One  way  to  control  the  frequency  band  of  excitation  on  the  structure  is  to  use  hard  or  soft  head  placed 
on  the  hammer. 

B§Ddom_testing 

Two  primary  advantages  of  using  a  shaker  driven  by  a  broadband  random  signal  are  that  it  is  more  controlla¬ 
ble  than  a  transient  signal  and  when  used  in  conjunction  with  power  spectrum  ensemble  averaging,  noise  and 
non  linear  components  of  the  structural  dynamics  can  be  removed  from  the  measured  data. 

Method  f  1 

A  straight  forward  approach  is  to  use  a  random  signal  generator  and  pass  the  signal  through  the 
band  pass  filter  of  interest.  The  measured  signals  are  not  periodic  in  the  measurement  time  window. 
Therefore  the  frequency  spectrum  will  contain  so  called  "leakage"  causing  inaccurate  resul t.  The  Hanning 
window  is  normally  used  to  reduce  this ‘leakage"  effect  in  the  spectrum  of  a  non  periodic  random  signal. 

Method  f  2 

To  avoid  the  problems  of  using  a  non  periodic  random  signal,  it  is  possible  with  a  digital  computer 
to  generate  a  random  periodic  signal  and  to  output  it  to  the  shaker  through  a  digital  to  analog  converter 
(D.A.C.).  This  signal  synthesized  by  the  computer  is  referred  as  pseudo  random  signal.  However,  because 
it  is  periodic,  a  pseudo  random  signal  will  not  effectively  remove  non  linear  distortion  components  from 
the  measurements. 

Method  f  3 

The  best  possible  random  signal  is  one  that  is  both  periodic  in  the  window,  i.e.  satisfies  the 
conditions  for  a  periodic  signal  and  yet  changes  with  time  so  short  it  excites  the  structure  in  a  truly 
random  manner.  This  type  of  signal  is  referred  to  as  a  periodic  signal.  Reference  (2)  explains  these 
methods  in  more  detail. 

2 .  Reducing_measurement_noise 

One  of  the  problems  of  any  modal  testing  system  is  that  extraneous  noise  from  various  sources  in  the 
measurement  equipment  or  on  the  structure  itself.  Since  we  are  interested  in  identifying  modal  Darameters 
from  measured  transfer  functions,  the  variance  on  the  parameter  estimates  is  reduced  in  proportion  to  the 
amount  of  noise  reduction  in  the  measurements. 

Two  methods  of  noise  reduction  which  take  advantage  of  the  digital  data  form.  One  is  an  averaging  technique 
and  the  other  is  a  smoothing  technique  which  is  applied  after  the  measurements  have  been  made. 

Averaging  technique  :  The  first  technique  tends  to  accumulate  frequency  measurements  with  a  certain  number 
of  averaging.  Before  being  FFT  transformed,  the  signal  has  been  weighted  by  a  Hanning  window.  In  order  to 
improve  the  statistical  properties  of  the  Fourier  transformed  signal,  a  overlapping  processing  technique  is 
used. 

Exponential  smoothing  :  If  after  a  reasonable  number  of  averages,  the  transfer  function  measurements  are 
sti "11 " re 1  a tTve 1 y  no i sy ,  the  noise  can  be  further  removed  by  means  of  exponential  smoothing  process.  The 
exponential  weighting  process  has  the  advantage  to  give  an  effect  on  the  data  which  is  known.  The  impulse 
response  of  a  system,  or  the  inverse  Fourier  transform  of  a  transfer  function  can  be  expressed  as  a  sum 
of  the  impulse  response  of  the  modes,  i.e. 


Since  the  noise  is  distributed  evenly  throughout  the  interval  of  time,  and  the  signal  decreases  exponentially. 
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the  signal  to  noise  rat™  of  the  combined  signal  decays  exponentially.  Now  if  the  noisy  impulse  response 
is  weighted  by  an  exponential  window  the  signal  information  is  preserved,  whereas  the  noise  is  limited. 
Transformed  back  to  the  frequency  domain,  the  corresponding  transfer  function  is  smoothed.  Nevertheless 
weighting  artificially  an  impulse  response  corresponds  to  an  known  increasing  of  the  damping  coefficient 
of  the  transfer  function.  Usually  this  known  amount  of  damping  is  taken  into  account. 

3.  Gaining_Freguency_Resol ution 

Normally,  the  Fourier  transform  is  computed  in  a  frequency  range  from  zero  frequency  to  some  maximum 
frequency.  The  digital  Fourier  transform  is  spread  over  a  fixed  number  of  frequency  lines  (typically  1024) 
which  therefore  limits  the  frequency  resolution  between  lines.  Band  selectable  Fourier  analysis  (B.S.F.A.) 
the  so  called  ZOOM  transform  is  a  measurement  technique  in  which  Fourier  transform  based  on  digital 
spectrum  analysis  is  performed  over  a  frequency  band  whose  upper  and  lower  frequencies  are  independendly 
selected.  B.S.F.A.  can  provide  an  improvement  in  frequency  resolution  of  more  than  a  factor  of  100,  as 
well  as  10  dB  increase  in  dynamic  range,  compared  to  baseband  Fourier  Analysis.  It  is  also  called  the 
ZOOM  transform  since  it  zooms  in  on  a  portion  of  a  baseband  spectrum  and  "magnifies11  it  with  mode  lines 
of  definition  much  as  a  camera  zoom  lens  magnifies  a  picture. 


4.  MODAL  PARAMETER  IDENTIFICATION 

When  a  structure  is  excited  by  a  broadband  input  force,  many  of  its  modes  of  vibration  are  excited  simulta¬ 
neously.  Since  the  structure  behaves  linearly,  the  transfer  function  can  be  expressed  as  the  sum  of 
different  one  single  degree  of  freedom  systems.  At  a  given  frequency  the  transfer  function  represents  the 
sum  of  the  modes  of  vibration  which  have  been  excited  for  this  particular  frequency.  However,  near  the 
natural  frequency  of  a  particular  mode  its  contribution  to  the  overall  motion  is  generally  the  greatest. 

The  degree  of  mode  overlap,  i.e.  the  contribution  of  adjacent  modes  of  vibration,  is  governed  by  the 
amount  of  damping  of  the  modes  and  the  frequency  separation. 

In  case  where  modal  overlap  is  light,  the  transfer  function  data  can  be  considered  in  the  vicinity  of  each 
modal  resonance  as  if  it  was  a  single  degree  of  freedom  system.  In  other  words  it  is  assumed  that  thecontri- 
bution  of  the  tails  of  adjacent  modes  near  each  modal  resonance  is  negligibly  small  (ref.  3). 

On  the  other  hand  when  modal  overlap  is  heavy  a  single  degree  of  freedom  to  modal  parameter  identification 
will  not  work  ;  the  parameters  of  a  certain  number  of  modes  have  to  be  identified  altogether  (ref.  4). 


5.  RADIATION  FROM  VIBRATING  STRUCTURES 


From  a  good  knowledge  of  the  dynamic  behaviour  of  a  structure,  it  is  now  possible  to  obtain  the  vibration 
energy  of  this  structure  by  knowing  the  excitation  forces.  Otherwise  one  gets  experimentally  the  total 
vibration  energy  directly  from  the  structure  by  using  transducers.  The  most  important  vibration  resonant 
frequency  does  not  mean  obligatory  that  they  have  the  most  effective  acoutic  radiation. 

First  it  is  necessary  to  review  shortly  some  principles  of  radiation  efficiency,  then  some  simple  examples 
in  order  to  link  vibration  effects  and  emitted  noise.  The  sound  radiation  efficiency  describes  the  relation 
between  structural  vibrations  an  acoustical  radiated  power.  This  quantity  is  usually  designated  as 

R  =  _ » -  (4S) 

(c  Sv  2 


where  W  represents  the  sound  power  radiated  by  an  structure  with  surface  area  S,  and  v  the  average  R.H.S. 
velocity  of  the  radiating  surface. 

Some  derivations  can  be  made  for  other  source  configurations,  only  the  results  for  an  infinite  plate, 
submitted  to  bending  waves  will  be  discussed  here,  since  they  are  of  interest  with  respect  to  the  experi¬ 
ments  carried  out.  It  is  showed  that  the  radiation  efficiency  for  an  infinite  plate  with  bending 

waves  is  given  by 

R  =  - - -  for  ks  cc. k  or  <<,  h  (M) 

k  -  k  $ 

where  ks  =  wave  number  of  the  plate  vibrations 
=  wave!  enght  of  the  plate  vibrations 

As  indicated  this  expression  is  only  valid  if  the  wavelength  of  the  plate  vibrations  is  greater  than  the 
wavelength  in  the  ambient  medium  (air).  For  the  situations  where  the  wavelength  of  the  plate  vibrations  is 
considerably  smaller  than  the  wave! enght  in  the  air  (kj»  k)  sound  pressure  is  90°  out  of  phase  with  plate 
velocity  and  the  sound  decreases.  The  frequency  which  separates  regions  is  the  frequency  where  bending 
waves  of  the  plate  travel  as  fast  as  the  acoustic  waves  in  the  air  (k  =  k$),  this  frequency  is  called 
the  critical  frequency. 

After  some  computation,  the  velocity  of  propagation  of  a  bending  wave  on  an  infinite  plate  is 

c3  =  vUnfc'e  ,  C'e  -  'f'p7  (A1) 

where  h  is  the  thickness  of  plate,  f  the  frequency  of  the  wave,  E  Young's  modulus,  and  eP  density  of  the 
plate. 

The  wavelength  of  the  bending  wave  in  the  plate  is  given  by 
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In  the  case  of  a  bending  wave,  the  wavelength  is  proportionnal  to  the  square  root  of  the  frequency. 
Because  bending  waves  of  different  frequencies  travel  of  different  velocities,  the  waveform  of  a  complex 
wave  is  not  preserved,  and  the  medium  when  excited  into  bending  waves  is  said  to  be  dispersive. 

Then  the  critical  frequency  fc  is  defined  as  the  frequency  where  =  b  or  cs  =  c*  From  equation 
one  gets 


The  equation  (AS)  is  strictly  valid  only  for  case  where  the  wavelength  of  the  flexural  wave  is  greater 
than  six  times  the  thickness  h  of  the  panel  (r/s  ;>  C  h  ). 

Thus  for  a  specified  structure  the  first  modes  whose  resonance  frequencies  are  above  the  critical 
frequency  fc,  radiate  sound  whereas  the  modes  shapes  whose  resonance  frequencies  are  smaller  than  the 
critical  frequencies  will  have  a  bad  radiation  efficiency. 


6.  CONCLUSION 

The  experimental  modal  analysis  is  based  on  a  black  box  approach  ;  for  n  points  defining  the  structure  n 
transfer  functions  are  performed,  therefore  only  one  column  or  one  row  of  the  transfer  matrix  is  obtained, 
assuming  some  properties  of  linearity,  reciprocity. 

The  choice  of  the  adequate  algorithm  of  curve  fitting  determines  the  accuracy  of  the  modal  parameters. 

It  must  depend  on  the  type  of  structure.  In  the  case  of  coupled  modes,  a  mono  mode  curve  fitting  would 
not  be  able  to  identify  each  mode  accurately,  therefore  a  multi  mode  approach  has  to  be  used. 

Once  all  modal  parameters  identified  from  the  transfer  function  measurements,  FFT  analysis  gives  an 
animation  of  the  mode  shape  at  the  different  calculated  modes.  This  performance  makes  easier  to  understand 
how  the  structure  vibrates  ;  mode  of  torsion,  of  flexion...  (fig.  4  ) 

From  all  these  information  the  dynamic  behaviour  of  the  structure,  it  is  interesting  to  know  how  to  modify 
this  structure  in  order  i.e.  to  shift  some  disturbing  resonance  frequencies,  or  to  decrease  the  displace¬ 
ment  due  to  vibration  at  a  point  of  the  structure,  without  retesting  the  structure  (ref.  5  ).  Some 
analytical  models  are  already  existing  relating  the  sensibility  of  the  resonance  frequency,  damping 
coefficient  and  mode  shapes  to  the  modification  of  mass,  stiffness  and  damping. 

Nevertheless  the  aim  tending  to  minimize  the  effect  of  vibration  does  not  necessarily  correspond  to  the 
acoustical  annoyance.  Therefore  some  other  factors  as  radiation  efficiency  have  to  be  taken  into  account 
when  the  goal  is  to  handle  with  acoustics. 
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